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1 Intro duction

Usingthe methodsof Bohr, Jessen,andWintner [1, 2], it canbe shown that the

set

A (T; � 0) = ft 2 [T; 2T] : - <
� 0

�
(� + it ) � 0 8� � � 0g

hasa density when� 0 > 1=2 is �xed, in the sensethat

lim
T!1

meas
A(T; � 0)

T
(1)

exists. In particular, sucha density existsif we restrict ourselvesto the smaller

set

A (T; � 0; � 0) = ft 2 [T; 2T] : - <
� 0

�
(� + it ) � 0 8� 2 (� 0; � 0)g;

for 1=2< � 0 < 1 < � 0.

We will choose� 0 > 1 so that

X

p

logp
p� 0 = 29: (2)

This choiceof sigmais selectedmerelyto overwhelmsome�nite sumsthat will

appear later.

In this paper, we establishthe following.

Theorem 1

lim
T!1

measA(T; � 0; � 0)
T

� (� 0 - 1=2)2



as � 0 # 1=2 and the limit on the left is approacheduniformly for � 0 > 1=2+

B loglogloglogT=logloglogT if B is largeenough.

In order to do this, we argue that sincethe behaviourof - < � 0

� (� + it ) is

essentiallythat of

X

p

logp
p�

cos(t logp);

we are just led to investigatethe � for whichthis sumstayspositive. This study

canbe further reducedto the studyof the positivity of all the partial sumsof

X

p� x

logp
p1=2

cos(t logp):

To measurethe set of all t 2 [T; 2T] wherethe partial sumsof this last

sum are positive,we argue that sincethe logarithms of the primesare linearly

independentoverthe rationals,�nding this measureis equivalentto �nding the

probability

Prob

 
X

p� y

logp
p1=2

Xp � 0 for all y � x

!

; (3)

wherethe Xp are independent, identicallydistributedrandomvariableshaving

density

f (x) =
1

�
p

1 - x2
; x 2 (- 1;1):

To justify the passageto probability theory, we usea multidimensionalintegral

analogueof the Erd}os-Tur�an Inequality.

2



The computationof the probability in (3) is calculatedusingthe rudiments

of BrownianMotion Theory.

2 Reduction to Random Variables

In this sectionwe legitimisethe passageto probability theory. We estimatethe

di�erencebetweenthe number-theoretic quantity

1
T

measft 2 [T; 2T] :
X

p� y

logp
p�

cos(t logp) � 0 for all y � xg

and the probabilisticquantity

Prob

 
X

p� y

logp
p�

Xp � 0 for all y � x

!

;

wherethe Xp are independent, identicallydistributedrandomvariableshaving

density

f (x) =
1

�
p

1 - x2
; x 2 (- 1;1):

Thereare manyinstancesin the literaturewheresucha passagehasbeenneces-

sary, [2] beingprobablythe earliest, and the references[1], [3] and [4] providing

many diverseapplicationsof this technique. Seealso the work [5] for various

computationsof distributions.

In what follows,the lettersp andq will alwaysdenoteprimenumbers,� (x) =

P
p� x 1 and q = q(x) will denotethe largestprime not exceedingx. Also, the

3



vector u will havecoordinatesindexedby the primes,u = (u2; u3; u5; : : : ; uq );

h = (log2; log3; : : : ; logq). Observethat the vectors here live in a � (x)-

dimensionalspace.Furthermore, we let

c(t ) = (ft log2g; ft log3g; : : : ; ft logqg);

wherefxg denotes,as usual, the fractional part of x. Finally, we denoteby B

the collectionof all boxesB containedin the unit toruswith sidesparallel to the

axes,andT = R=Z.

From Theorem 1 of [6] we deduce

Lemma 2 Let m be a positiveinteger.For eachi; 1 � i � m, let Ki be a pos-

itive integer,� i ; � i realnumberswith � i � � i � � i + 1: Let B = Xm
i = 1[� i ; � i ] �

T m : Then thereexist trigonometricpolynomialsT+
B (x); T-

B (x), suchthat

T�
B (x) =

X

jk i j� K i

bT�
B (k)e(k � x);

T-
B (x) � � B(x) � T+

B (x)

for all x 2 T m , and

Z

T m

�
�T�

B (x) - � B(x)
�
� dx � 2

 
mY

i = 1

�
� i - � i +

1
Ki + 1

�
-

mY

i = 1

(� i - � i )

!

:
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We remark that if we write l i = � i - � i andexpand

mY

i = 1

�
l i +

1
Ki + 1

�
-

mY

i = 1

l i

in monomialsin the l i , then, sinceall the coe�cients are � 0, this expression

increaseswith the l i , and it attains its maximumwhenall the l i are 1. Thus

Z

T m

�
�T�

B (x) - � B(x)
�
� dx � 2

 
mY

i = 1

�
1 +

1
Ki + 1

�
- 1

!

uniformly for all boxesB.

The following lemmais, in a sense,a continuousanalogueof the Erd}os -

Tur�an Inequality.

Lemma 3 Let T > 0: For anypositiveK � � (x),

sup
B2B

�
�
�
�
1
T

Z2T

T
� B(c(t )) dt - measB

�
�
�
� �

� (x)
K

+
1
T

e4Kx :

Proof. Considera particular � (x)-dimensionalbox B = X� (x)
i = 1 (a i ; bi ); a i �

bi � a i + 1: We take Ki = K > 0 for all i; m = � (x) in Lemma2. Herek has

entriesk i with jk i j � K. In virtue of the just cited lemma,

1
T

Z2T

T
� B(c(t )) dt - measB �

1
T

Z2T

T
T+

B (c(t )) dt - measB:

Usingthe Fourierexpansionof T+
B , the aboveexpressionequals

bT+
B (0) +

1
T

X

k6= 0

bT+
B (k)

Z2T

T
e(t k � h) dt - measB:
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The aboveis in turn is lessthan or equalto

2
� (x)Y

i = 1

(bi - a i +
1

K + 1
) - 2

� (x)Y

i = 1

(bi - a i ) +
1
T

X

k6= 0

bT+
B (k)

Z2T

T
e(t k � h) dt:

Here,we are usingthe standard notation e(z) = e2�iz . Sincethe logarithms of

the prime numbersare linearly independentoverthe rationalnumbers,k � h 6= 0

for k 6= 0. This enablesus to concludethat

1
T

Z2T

T
� B(c(t )) dt - measB � 2

� (x)Y

j = 1

(1+
1

K + 1
)- 2+

2
T

X

k6= 0

�
�
�bT+

B (k)
�
�
�

1
jk � hj

: (4)

Now,

�
�
�bT+

B (k)
�
�
� �

�
�
�bT+

B (k) - b� B(k)
�
�
� + jb� B(k)j �

Z

T m
jT+

B (x) - � B(x)j dx+ jb� B(k)j : (5)

We observethat jb� B(k)j �
Q � (x)

j = 1 min(bj - a j ; 1
j�k j j

) � 1. By the remark pre-

cedingthis Lemma,the �rst quantity on the right-handsideof (5) is at most

2

0

@
� (x)Y

j = 1

(1 +
1

K + 1
) - 1

1

A :

Moreover,since1 + x � ex and � (x) � K, this is at most

2(exp(� (x)=(K + 1)) - 1) �
� (x)

K
:

Therefore
�
�
�bT+

B (k)
�
�
� � 1 + � (x)

K � 1. Upon combiningthis with (4) and (5), we

obtain

1
T

Z2T

T
� B(c(t )) dt - measB �

� (x)
K

+
1
T

X

k6= 0

1
jk � hj

: (6)
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Also,

X

k6= 0

1
jk � hj

�
X

0<m<n<
Q

p � x pK

1
log(n=m)

:

To estimatethis last sum,observethat if a > 1, then 1
log a � 1 + 1

a- 1 . Thus

X

0<m<n<
Q

p � x pK

1
log(n=m)

� e4Kx ; (7)

by the Chebyshevestimates.

Combining(6) and (7) we �nally arrive at

1
T

Z2T

T
� B(c(t )) dt - measB �

� (x)
K

+
1
T

e4Kx ; (8)

whencean upper boundis obtained.The lower boundis computedsimilarly.

Let K be a positiveinteger,x = (x1; x2; : : : ; xm ) and let B be a closedbody

in [0;K]m with the property

Property (M ) : if x 2 B; then Xm
i = 1[0;xi ] � B:

We divide [0;K]m into Km cells Xm
i = 1[k i ; k i + 1] wherethe integersk i satisfy

0 � k i < K. Thereare threekindsof cellsC:

1. C � B; (interior)

2. C
T

B = ; ; (exterior)
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3. C
T

B 6= ; ; C 6� B: (boundary)

The boundary @Bof B is containedin the union of the cellsof the third type.

Let # (B) denotethe number of theseboundary cells,and let f m (K) denotethe

maximumof # (B) overall suchbodiesB. Wewill say that the m- 1-dimensional

body Xm - 1
i = 1 [k i ; k i + 1]Xfkm + 1g is the upper face of the m-dimensionalbox

Xm
i = 1[k i ; k i + 1] and that Xm - 1

i = 1 [k i ; k i + 1]Xfkm gis its lower face. The following

will giveus an upper boundfor f m (K).

Lemma 4 Let K be a positiveintegerand let B a closedbody in [0;K]m with

property (M). For everym � 1 andeverypositiveintegerK,

f m (K) � 2m(m + 1)Km - 1:

Proof. The proof is by inductionon m. Of the cellsunderconsideration,we

distinguishthreetypes:

i. Thosewith an upper facelying entirelyoutsideB;

ii. Thosewith a lower facelying entirelywithin B;

iii. All thosewith facesthat intersectB without lying in B.

For givenx; i , chooseintegersk j for all j 6= i; 1 � j � m; 0 � k j < K; and

considerthe set

F (x) = f(x1; x2; : : : ; xm ) 2 Rm : xi = x; k j � xj � k j + 1for all j 6= ig:
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Whenx is an integer,this is the faceof a cell. This set movesparallel to itself

asx varies. Considerthe leastintegerx suchthat F (x) is disjoint from B. Then

F (x) is the upper faceof a cell of type (i). Sincethereare m choicesfor i , and

Km - 1 choicesfor k j , we deducethat thereare at most mKm - 1 cellsof type (i).

By similarly consideringthe greatestintegerx suchthat F (x) � B, we deduce

that the number of cellsof type (ii) is at most mKm - 1:

Now, �x k i , andconsidera slicethrough[0;K]m with xi = k i . Here1 � k i �

K; andwe count at most f m - 1(K) upper facesthat lie partially, but not entirely,

within B. By varying i and k i , we �nd at most mKf m - 1(K) suchupper faces.

By allowing k i to run over [0;K - 1]; we similarly count at most mKf m - 1(K)

such lower faces. Altogether, there are at most 2mKf m - 1(K) cell faceslying

partially, but not entirely, within B. Sinceeachcell of type (iii) has2m such

faces,it follows that there are at most Kf m - 1(K) suchcells. Upon assembling

theseestimates,we deducethat

f m (K) � 4mKm - 1 + Kf m - 1(K):

The result follows from the expressionaboveand the inductionhypothesis.

Let

S = fu 2 (0;1]� (x) :
X

p� y

logp
p�

cos(2�u p) � 0 for all y � xg:
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Let R be a positiveintegerandlet F be the familyof all � (x)-dimensionalboxes

V = X� (x)
i = 1 [

a i

R
;
a i + 1

R
)

wherea i rangesthroughall integersin [0;R- 1]. We de�ne the in-boxesas

Si = fV 2 F : V � Sg

and the out-boxesas

So = fV 2 F : V \ S 6= ; g:

Finally, let

D =
[

V2S o nSi

V:

Corollary 5

measD � � 2(x)=R:

Proof. Considerthe body SR,

SR = fu 2 [0;R]� (x) :
X

p� y

logp
p�

cos(�u p=R) � 0for all y � xg;

whereR is a positive integer. With m = � (x); K = R, the body SR is closed

and satis�esproperty (M). By the precedinglemma,there are � � 2(x)R� (x)- 1

unit-volumeboxes intersectingthe boundary of SR. It is clear, then, that D

consistsof � � (x)2R� (x)- 1 boundary boxes,eachhavingvolumeR- � (x) . The

10



result follows from this.

Theorem 6 Let Xp be independent, identicallydistributed randomvariables

havingdensity

f (x) =
1

�
p

1 - x2
; x 2 (- 1;1):

Then, for x = [(loglogT)1=4] andasT ! 1 ,

�
�
�
�
�
1
T

measft 2 [T; 2T] :
X

p� y

logp
p� 0

cos(t logp) � 0 8y � xg

- Prob

 
X

p� y

logp
p� 0

Xp � 0 8y � x

! �
�
�
�
�

�
1

(logloglogT)2(loglogT)1=6
:

Proof. We wishto demonstratethat

�
�
�
�
1
T

Z2T

T
� S(c(t )) dt - measS

�
�
�
� �

1
(logloglogT)2(loglogT)1=6

:

Simplyobservethat, asSi � S � So, we have

1
T

Z2T

T
� Si (c(t )) dt - meas

[

V2S i

V+ meas
[

V2S i

V- measS �
1
T

Z2T

T
� S(c(t )) dt - measS;

and

1
T

Z2T

T
� S(c(t )) dt - measS �

1
T

Z2T

T
� So(c(t )) dt - meas

[

V2S o

V+ meas
[

V2S o

V- measS:
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Thus

�
�
�
�
1
T

Z2T

T
� S(c(t )) dt - measS

�
�
�
� � max

j = i;o

�
�
�
�
�
�

1
T

Z2T

T
� Sj (c(t )) dt - meas

[

V2S j

V

�
�
�
�
�
�

+ 2measD

� R� (x) sup
B2B

�
�
�
�
1
T

Z2T

T
� B(c(t )) dt - measB

�
�
�
�

+ measD;

whereB is the collectionof all boxesB containedin the unit torus with sides

parallel to the axes.

By Lemma3 andCorollary 5 the abovequantity is

� R� (x)

�
� (x)

K
+

e4Kx

T

�
+

� 2(x)
R

:

ChoosingR = [(loglogT)2=3]; K =
� log T

8x

�
, and x = [(loglogT)1=4], we obtain

the result.

3 A Probabilistic Lemma

We now estimatethe probability that a randomwalk with shorter and shorter

stepsremainspositive.

In 1949,Sparre Andersenproveda combinatorial identity (see[7, 8, 9]) that

12



enablesus to computethe probability

Prob(W1 > 0;W2 > 0; : : : ; Wn - 1 > 0;Wn > 0);

whereWn =
P n

k= 1 Zk is the sum of symmetric,independent, identicallydis-

tributed randomvariablesZk . His techniquesexploitedthe fact that the dis-

tributions of
P m + n

k= n Zk are identical for �xed m. They do not readilygener-

alise. In 1961,G. Baxter [10] gavea proof utilising the all-sanctifyingtouch of

HarmonicAnalysis,exploitingthe fact that identicaldistributionshaveidentical

characteristicfunctions(Fourier-Stieltjestransforms) andusingthe Wiener-Hopf

factorisationtechnique([11] p. 402, [12] pp. 581-587).

Here,we obtain an asymptoticlower bound for this probability in the case

wherethe Zn are not necessarily identicallydistributed. Our techniquesusethe

fact that the randomwalkweareconsideringisa martingale. Wethenembedthis

martingaleinto Brownianmotionby usingStrassen'sextensionto Martingalesof

the Skorohod representationtheorem.

For our problem,we are mainlyinterestedin the probability

Prob(
X

1� n � y

cn Xn � 0 8y � x) (9)

wherethe Xn are independent,identicallydistributedrandomvariableshaving

13



density function

f (x) =
1

�
p

1 - x2
; x 2 (- 1;1):

Observethat the Xn havemean0 and variance1/2. Thus, X1 + X2 + � � � +

Xn ; n = 1;2; : : : forms a martingale. We note in passingthat all the moments

of the Xn existand, in fact, the Xn havecharacteristicfunction

1
�

Z1

- 1

e2�ixu

p
1 - x2

dx = J0(2�u );

whereJ0(u) =
P 1

n = 0(- 1)n u 2n

22n (n !)2 is the 0th Besselfunction.

We borrow the following result from [13] (Theorem A.1).

Lemma 7 Skorokhod's Representation Let fSn =
P n

1 Xi ; Fn ; n � 1gbe a

zeromean,square-integrablemartingale. Then there existsa probability space

supporting a (standard) Brownian Motion W and a sequenceof nonnegative

randomvariables� 1; � 2 : : : with the following properties. If Tn =
P n

1 � i ; S0
n =

W(Tn ); X0
1 = S0

1; X0
n = S0

n - S0
n - 1 for n � 2, andGn is the � -�eld generatedby

S0
1; S0

2; : : : ; S0
n andW(t ) for 0 � t � Tn , then,

1. Sn ; n � 1 is distributedasS0
n ; n � 1,

2. Tn is Gn -measurable,

14



3. for eachrealnumber r � 1,

E(� r
n jGn - 1) � Cr E(jX0

n j2r jGn - 1) = Cr E(jX0
n j2r jX0

1; : : : ; X0
n ) a:s:;

whereCr = 2(8=� 2)r - 1� (r + 1); and,

4. E(� n jGn - 1) = E(X02
n jGn - 1) a.s.

We remark that if the randomvariablesaboveare independent,the � n can

be chosento be independent.

We alsoneedthe following corollary of the so-calledRe
exionPrinciple(see

[14] p. 96).

Lemma 8 De�ne the runningmaximumof a BrownianMotion B(t ) as

M t = max
0� s� t

B(t ):

Put � (x) = 1p
2�

Rx
- 1 exp(- u2=2) du: Then, for anypositiverealnumber a,

Prob(M t � ajB(0) = 0) = 2� (
a

p
t
) - 1:

Theorem 9 Let Zn ; n = 1;2; : : : be symmetric,independentrandomvariables

with Prob(Zn = 0) = 0. Set Wn =
P

j � n Z j : If � 2
n =

P n
k= 1 EZ2

k and if F1

denotesthe cumulativedistributionfunctionof Z1, then

Prob(Wk > 0 8 k � n) �
Z1

- 1

1
p

4�� 2
n

jxj exp(- x2=4� 2
n ) dF1(x)-

8
� 2� 4

n

nX

k= 1

EZ4
k :

15



Proof. Clearly

Prob(Wk > 0 8k; 1 � k � n) = Prob(sgnZ1 = 1;Wk - Z1 � - jZ1j 8k; 2 � k � n):

SinceneitherWk - Z1 =
P k

j= 2 Z j nor jZ1j dependson the signof Z1, the above

equals

Prob(sgnZ1 = 1) � Prob(Wk - Z1 � - jZ1j 8k; 2 � k � n):

Again,sinceProb(Zn � a) = Prob(Zn � - a), the abovequantity is equalto

1
2

Prob(Wk - Z1 � jZ1j 8k; 2 � k � n):

By Skorokhod's Representation,we can�nd a seriesof timesT1; T2; : : : suchthat

fWn - W1; n � 2g is identicallydistributedwith fB(Tn ); n � 1g. Thus, the

abovequantity equals

1
2

Prob(B(Tk ) � jZ1j 8k; 1 � k � n - 1):

The abovequantity is at least

1
2

Prob(B(t ) � jZ1j 8t 2 [0;Tn ]);

whichin turn is at least

1
2

Prob(B(t ) � jZ1j 8t 2 [0;2� 2
n ]) -

1
2

Prob(Tn > 2� 2
n ):

16



By Lemma8, the aboveis

E

 

�

 
jZ1j

p
2� 2

n

!

-
1
2

!

-
1
2

Prob(Tn > 2� 2
n ):

Sincefor non-negativex

� (x) -
1
2

=
1

p
2�

Zx

0
exp(- u2=2) du �

x exp(- x2=2)
p

2�
;

it follows that

Prob(Wk > 0 8 k � n) �
Z1

- 1

1
p

4� 2
n

jxj exp(- x2=4� 2
n ) dF1(x)-

1
2

Prob(Tn > 2� 2
n ):

To estimateProb(Tn > 2� 2
n ), we observethat, by the One-sidedChebyshev

Inequality,

Prob(Tn > 2� 2
n ) � var(Tn )=� 4

n :

Sincethe randomvariablesare independent,the times � in Skorokhod's repre-

sentationcanbe chosento be independent.Thus

var(Tn ) = var(
nX

k= 1

� k ) �
nX

k= 1

E� 2
k :

But by the inequality for themomentsgivenin Skorokhod'sTheorem,by indepen-

dence,andsincefWn - W1; n � 2gis identicallydistributedwith fB(Tn ); n �

1g, E� 2
k � 16

� 2 EZ4
k . We thus deduce

Prob(Tn > 2� 2
n ) �

16
� 4

n � 2

nX

k= 1

EZ4
k ;
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whencethe lemmafollows.

Corollary 10 Let Xp be independentrandomvariableshavingdensity func-

tion

f (x) =
1

�
p

1 - x2
; x 2 (- 1;1);

and let x0 > 0. Then

Prob

 
X

x0 <p � y

logp
p1=2

Xp > 0 8y x0 < y � x

!

� 1=logx;

asx ! 1 :

Proof. This immediatelyfollows from the above theorem, since
P

p� x
log2 p

p �

1
2 log2 x andall momentsof the Xp are uniformly bounded.

4 Proof of Theorem 1

We start by quotingthe following result from [15].

Lemma 11

� 0

�
(s) = -

X

n<x 2

� (n)
n s

! x(n) +
x2(1- s) - x1- s

(1 - s)2 logx

+
1

logx

1X

q= 1

x- 2q- s - x- 2(2q+ s)

(2q + s)2
+

1
logx

X

�

x� - s - x2(� - s)

(� - s)2
;

where! x(n) = 1(1 � n � x); log(x2 =n)
log x ; (x � n � x2):
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We shallneedthe following zero-density result (see[15]).

Lemma 12 Let N(�; T) denotethe number of zeroes� + i
 of � (� + it ) with

� � �; j
 j � T. Then, for 1=2� � � 1;

N(�; T) � T1-( � - 1=2)=4 logT:

Lemma 13 If x0 =
p

loglogx,

Prob

 
X

x0 <p � x

logp
p�

Xp � 0 for all � > 1=2

!

� 1=logx:

Proof. By Riemann-Stieltjesintegration

X

p� x

logp
p�

Xp =
Zx

1-
u1=2- � d

 
X

p� u

logp
p1=2

Xp

!

= x1=2- �
X

p� x

logp
p1=2

Xp + (� - 1=2)
Zx

1
u - 1=2- �

X

p� u

logp
p1=2

Xp du:

The resultnow follows upon appealingto Corollary 10.

Lemma 14

Prob

 
X

p>x 0

logp
p�

Xp � 0 for all � > � 0

!

�
� 0 - 1=2

- log(� 0 - 1=2)
:

as � 0 # 1=2;� 0 � 1=2+ (A loglogx)=logx for somepositive constant A.

Proof. Write

X

p>x 0

logp
p�

Xp =
X

x0 <p � x

logp
p�

Xp +
1X

r= 1

X

2r - 1 x<p � 2r x

logp
p�

Xp : (10)
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For somelargeandpositiveconstantc1, wehave,viaKolmogorov'sInequality,

Prob

0

@ max
2r - 1 x<y � 2r x

�
�
�
�
�
�

X

2r - 1 x<p � y

Xp

�
�
�
�
�
�

� c1r2
p

2r x

1

A � 1 -
c2

r5
: (11)

Therefore, via independence,

Prob

0

@ max
2r - 1 x<y � 2r x

�
�
�
�
�
�

X

2r - 1 x<p � y

Xp

�
�
�
�
�
�

� c1r2
p

2r x for all r = 1;2; : : :

1

A �
1Y

r= 1

(1-
c2

r5
):

(12)

The in�nite product on the right-handsideof (12) is somepositiveconstantc3,

thanksto the convergenceof
P 1

r= 1
1
r 5 :

If the eventin (11) doeshold, then

X

2r - 1 x<p � 2r x

logp
p�

Xp � r2
p

2r x(( log2r x)=(2r x) � ); (13)

upon summingby parts. Summingoverall r � 1,

1X

r= 1

r2
p

2r x (( log2r x)=(2r x) � ) � x1=2- �
�
(� - 1=2)- 4 + (� - 1=2)- 3 logx

�
;

for � > 1=2su�ciently closeto 1=2. Thus

1X

r= 1

X

2r - 1 x<p � 2r x

logp
p�

Xp � x1=2- �
�
(� - 1=2)- 4 + (� - 1=2)- 3 logx

�
; (14)

providedthe eventon (12) holds. Calling the quantity on the right-handside

of (14) A(x; � ), we seethat A(x; � 0) � (logx)=(loglogx)3 uniformly for � 0 �

1=2+ A loglogx=logx for large enoughA. Now, since
P

x0 <p � x log2 p=p2� �
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1
2 log2 x as� # 1=2;x ! 1 , by the CentralLimit Theoremandthe Berry-Esseen

Inequality,

Prob

 �
�
�
�
�

X

x0 <p � x

logp
p�

Xp

�
�
�
�
�

� c4A(x; � 0)

!

�
Zc4 = log x(log log x)3

- c4 = log x(log log x)3
e- u 2 =2du; (15)

whichis in turn

�
1

logx(loglogx)3
:

for a positiveconstantc4 chosenappropriately. The �rst quantity on the right-

handsideof (10) will be positivefor all � > � 0 with probability � � 0 - 1=2
- log(� 0 - 1=2)

in viewof Lemma13. Combiningthis with (15), we obtain the result.

We are now in positionto proveour main result.

Proof of Theorem 1. By Lemma11, if s = � + it;

- <
� 0

�
(s) =

X

p� x2

logp
p�

wx(p) cos(t logp) +
X

p2 � x2

logp
p2�

wx(p2) cos(t logp2)

+
1

logx
<

1X

q= 1

x- 2q- s - x- 2(2q+ s)

(2q + s)2

- <
x2(1- s) - x1- s

(1 - s)2 logx
+

1X

n = 3

X

pn � x2

logp
pn�

wx(pn ) cos(t logpn )-

- <
1

logx

X

�

x� - s - x2(� - s)

(� - s)2
: (16)

Our strategyis the following. We decompose
P

p� x2
log p
p � wx(p) cos(t logp)
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as

X

p� x0

logp
p�

wx(p) cos(t logp) +
X

x0 <p � x2

logp
p�

wx(p) cos(t logp): (17)

We force the �rst term above to be positive, at the expenseof somesmall

probability, andwe usethis term to overwhelmthe e�ect of everyother term in

the sum(16). We then calculatethe measureof the set of t 2 [T; 2T] suchthat

the secondterm on the right-handsideabovebe positivefor all � > � 0.

To determinethe proportion of t 2 [T; 2T] suchthat the quantity

X

p� x2

logp
p�

wx(p) cos(t logp) +
X

p2 � x2

logp
p2�

wx(p2) cos(t logp2)

be positivefor � > � 0, it is enoughto determinethe probability that

X

p� x2

logp
p�

wx(p)Xp +
X

p2 � x2

logp
p2�

wx(p2)(2X2
p - 1)

be positivefor � > � 0. Sincethe weights! x(n) are decreasing,it is enoughto

computethe probability that

X

x0 <p � x2

logp
p�

Xp

be positivefor � > � 0.

We notethat Prob(Xp > 3=4for all p � x0) = (
R1

3=4(1- x2)- 1=2 dx) � (x0 ) �

(� 0 - 1=2)1=2 if � > � 0 � 1=2+ A loglogx=logx; x0 = (loglogx)1=2. Thus

X

p� x0

logp
p�

wx(p)Xp � x1- � 0
0 =(1 - � 0) � (loglogx)1=5:
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If � > 3=4, then
P

p2 � x2
log p
p2� wx(p2)(2X2

p - 1) � 1: Considerthe event

�
�
�
�
�
�

X

p2 � x2

logp
p2�

wx(p2)(2X2
p - 1)

�
�
�
�
�
�

> (loglogx)1=5;

for some� 2 [1=2;3=4]. Let � k = 1=2+ k
log2 x

; 0 � k � 3 log2 x
4 . Then, the event

described aboveis containedin the event

[

k

�
�
�
�
�
�

X

p2 � x2

logp
p2� k

wx(p2)(2X2
p - 1)

�
�
�
�
�
�

> (loglogx)1=6;

by the MeanValueTheorem. Choosey aslargeaspossiblesothat
P

p� y
log p

p �

1
2(loglogx)1=6: Then the precedingunionof eventsis containedin

[

k

 �
�
�
�
�

X

y � p� x

logp
p2� k

wx(p2)(2X2
p - 1)

�
�
�
�
�

!

> (loglogx)1=6:

Thus, for a �xed k,

Prob

 �
�
�
�
�

X

y � p� x

logp
p2� k

wx(p2)(2X2
p - 1)

�
�
�
�
�

> (loglogx)1=6

!

� exp

 
- a3(loglogx)1=3

P
p� y

log p
p

!

:

But by our choiceof y, this is

� exp
�

- a3y(loglogx)1=3

logy

�
� exp

�
- exp

�
a4(loglogx)1=6

��
�

1

log10 x
:

Summingoverk,

Prob

 
[

k

�
�
�
�
�

X

y � p� x

logp
p2� k

wx(p2)(2X2
p - 1)

�
�
�
�
�

> (loglogx)1=6

!

�
1

log8 x
:
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Thus �
�
�
�
�
�

X

p2 � x2

logp
p2�

wx(p2)(2X2
p - 1)

�
�
�
�
�
�

�
1
2

X

p� x0

logp
p�

wx(p)Xp ;

exceptfor a set of measure� 1
log8 x

. We then deducethat the probability that

X

p� x2

logp
p�

wx(p)Xp +
X

p2 � x2

logp
p2�

wx(p2)(2X2
p - 1)

be positivefor all � > � 0 is � (� 0 - 1=2)2 in viewof the precedingLemma.

We observethat sincep7=5 < p3=2 - p1=2 for p > 5;

X

p

logp
p3=2 - p1=2

<
X

p� 5

logp
p3=2 - p1=2

+
1X

n = 7

logn
n7=5

<
X

p� 5

logp
p3=2 - p1=2

+
Z1

1
u - 7=5 logu du

< 1 +
25
4

� (2) = 7:25:

We choose� 0 so that

X

p

logp
p� 0 = 29:

We set x = (loglogT)1=4 and let A be the positiveconstantfrom Lemma14.

To all zeroes� in the rectangle

1=2+ A loglogloglogT=logloglogT � � � � 0; T � t � 2T;

make a circlecentredat the zerowith radiuslog2 T; andthen deletethesecircles

from the rectangle. Also, make a circle of radiusof logT around s = 1 and

deleteit.
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We now show that, independentof
P

x0 <p � x2
log p
p � Xp being positive for all

� > � 0, the absolutevaluesof the last four terms in (17) are no larger than

P
p� x0

log p
p � Xp for all � > � 0, on a set of positivemeasure.

First observethat

X

jt - 
 j� log2 T

1
(t - 
 )2

�
X

n � log2 T

1
n2

X

n � jt - 
 j<n + 1

1:

This last sumis

O

0

@
X

n � log2 T

log(t + n + 1)
n2

1

A ;

whichis in turn

O
� Z1

(log2 T)=2

logT + logu
u2

du
�

= O
�

1
(logT)1=2

�
:

Therefore, outsidethe neighbourhoods of the zeroes,

�
�
�
�
�

1
logx

X

�

x� - s - x2(� - s)

(� - s)2

�
�
�
�
�

�
x1=2- A log log log log T=(log log log T)

logx

X

jt - 
 j� log2 T

1
(t - 
 )2

For T su�ciently large, this canbe made

<
1
6

X

p� x0

logp
p�

:

This will hold true for all � 2 [� 0; � 0), exceptfor a set of t 2 [T; 2T] of

proportion T- A log log log log T=4(log log log T) (logT)3 in viewof Lemma12.
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To treat
P 1

n = 3

P
pn � x2

log p
pn� wx(pn ) cos(t logpn ), we note that

�
�
�
�
�
�

1X

n = 3

X

pn � x2

logp
pn�

wx(pn ) cos(t logpn )

�
�
�
�
�
�

<
X

p

logp
p3=2 - p1=2

<
1
2

X

p� x0

logp
p�

;

on a set of positivemeasure,for all � 2 (� 0; � 0]:

To treat 1
log x <

P 1
q= 1

x- 2q - s - x- 2 ( 2q + s)

(2q+ s)2 we observethat since� > 1=2 the

seriesconvergesabsolutely, and beingmultipliedby 1=logx, we will haveeven-

tually

1
logx

�
�
�
�
�
<

1X

q= 1

x- 2q- s - x- 2(2q+ s)

(2q + s)2

�
�
�
�
�

<
1
6

X

p� x0

logp
p�

;

for all � 2 (� 0; � 0] on a set of positivemeasure.

Finally, if T is chosenlarge enough,
�
�
� x2( 1- s ) - x1- s

(1- s)2 log x

�
�
� < 1

6

P
p� x0

log p
p � for all

� 2 (� 0; � 0], exceptfor a set of measure(logT)=T.

Upon gatheringall of the above,we achievethe result.
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