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1 Intro duction

Usingthe methads of Bohr, JessenandWintner[1, 2], it canbe shavn that the

set

A(T, O):ftz['|';2'|'];-<_0( +it) 08 o9

hasa densiy when o> 1=2is xed, in the sensehat

lim measA (T_o) (1)
T

exists. In paticular, sucha densiy existsif we restrict ourselvego the smaller
set
0
A(T o )=ft2[T2T]:-<—( +it) 08 2( o 99
for 1=2< y< 1< ©
We will choose °> 1 sothat

X
'i’)gf’ = 20: @)

p

This choiceof sigmais selectednerelyto overwhelnmsome nite sumsthat will
appea later.
In this paper, we establishthe following.

Theorem 1

. T o
fim measA(T, o; 9

_:2
™ T (o- 123




as o # 1=2andthe limit on the left is appoachedunifamly for o > 1=2+
BloglogloglogT=logloglogT if B is large enough.
In order to do this, we argue that sincethe behaviourof - < —°( +1it) is

essentiallyhat of

X
29 cogt logp):

p

we are just ledto investigatehe for whichthis sumstays positive. This study

can be further reducedo the study of the positivity of all the partial sumsof

X o
plgzg cogt logp):

p X

To measurethe set of all t 2 [T, 2T] wherethe patial sumsof this last
sum are positive, we argue that sincethe logaithms of the primesare linealy
independentoverthe rationals, nding this measurds equivalento nding the

probability |

X
loigxp Oforally x ; (3)
Py

Prob

wherethe X, are indegendent,identicallydistributed randomvariableshaving

densiy

ﬂ@zﬂﬁ%—ﬁ x2 (- 11):

X2

To justify the passagdo probability theay, we usea multidimensionalntegral
analogueof the Erdys-Turan Inequaliy.
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The computationof the probability in (3) is calculatedusingthe rudiments

of BrownianMotion Theay.

2 Reduction to Random Variables

In this sectionwe legitimisethe passageéo probabiliy theay. We estimatethe

di erence betweenthe numkber-theaetic quantity

X
%meas‘t 2 [T, 2T] : I?)ﬂcos(t logp) O forally xg

py
and the probabilisticquantity
!

X logp

Prob Xp Oforally x ;

py

wherethe X, are indegendent,identicallydistributed randomvariableshaving

densiy

f(x) = —9117; x2 (- 1,1):

X2

Thereare manyinstancesn the literaturewheresucha passagéasbeenneces-
say, [2] beingprobablythe ealiest, and the reference$l], [3] and[4] providing
many diverseapplicationsof this technique. Seealsothe work [5] for various
computationsof distributions.
In whatfollows, the lettersp andq will alweysdenoteprimenumtlers, (x) =
» x 1 andqg = q(x) will denotethe largestprime not exceeding. Also, the
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dimensionaspace.Furthermae, we let
c(t) = (ftlog2gft log3g:::;ftlogqg;

wherefxg denotes,as usual, the fractional pat of x. Finally we denoteby B
the collectionof all boxesB containedin the unit torus with sidesparallelto the
axes,andT = R=Z.
From Theaem 1 of [6] we deduce
Lemma 2 Letm be a positiveinteger.For eachi; 1 i m, let K; be a pos-
itive integer, i; i realnumberswith ; i i+ LlLetB= XT,[ i; il
T™: ThenthereexisttrigonometricpolynomialsTy (x); Ty (X), suchthat
X
Ts (¥) = P (Ke(k x);
jkij Kj
500 (¥ Tg(¥)
forallx2 T™, and

I
z yn 1 yn '
Tg(X)- 8(x) dx 2 i- it i) -

Tm



We remak that if wewritel; = ;- ; andexpand

i=1 i=1

in monomialsin the |;, then, sinceall the coe cients are 0, this expession

increasesvith the |;, andit attainsits maximumwhenall the |; are 1. Thus
Z
Y 1
1

T, (X) - 2 1+ -
L Te(9- s dx s

unifamly for all boxesB.

The following lemmais, in a sense,a continuousanalogueof the Erdds -

Turan Inequaliy.
Lemma 3 Let T> 0: For any positiveK (x),

Z
172 1
sup = g(c(t)) dt - measB % + Te“KX:

B2B | T
Proof. Considera paticular (x)-dimensionabox B = Xiz(’i)(ai;bi); a;

bi aj+ 1:WetakeK; = K> Oforalli; m = (x) in Lemma2. Herek has

K. In virtue of the just cited lemma,

ZZT
T (c(t)) dt - measB:
.

entriesk; with jkij

1 ZZT

= c(t)) dt - meaB —
SRICO) =
Usingthe Fourierexpansiorof T; , the above expessiorequals

X Zot
bg(0)+% B (k) i etk h)dt - measB:

k60 T
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The aboveis in turn is lessthan or equalto

Y(X) 1 Y{X) 1X b ZZT
2i:1(bi- i+ )" zizl(bi- ai) + T (k) ] e(tk h)dt:

Here,we are usingthe standad notation e(z) = €27 . Sincethe logaithms of
the prime numkersare linealy independentoverthe rationalnumkers,k h 6 0

for k 6 0. This enableaisto concludethat

Z1 Yo g 2 X

T s(c(t)) dt- measB 2,-:1(1+ 1) 2+?kgo B (k)

1

ik n @

Now,

Z
Prk)  B(K) - ba(k) +jbg(K)j Te () - 8(X)j dx+ jbg(k)j: (5)
Tm
We observethat jbg (K)j Qj:(’i) min(b; - aj;j%j) 1. By the remak pre-
J
cedingthis Lemma,the rst quantity on the right-handsideof (5) is at most
0 1
@ Ly
2 1 - 1A
At

=1

Moreover,sincel+ x e and (x) K, thisisat most

2(exp( X)=(K+ 1)) - 1) %:

Therefae {T’g(k) 1+ % 1. Upon combiningthis with (4) and (5), we

obtain

1 x) 1X 1
T ] g(c(t)) dt - measB T+ fkgojk—hj. (6)



Also,

X1 X _ .
k60 Jk hJ 0<m<n< Qp  PK Iog(n:m)
To estimatethis last sum,observehat if a > 1, then ﬁ 1+ ﬁ Thus
X 1
oa(n=m e, (7)
oemenc @ pK og(n=m)
by the Chelyshevestimates.
Combining(6) and (7) we nally arrive at
Zr
1 1
T, s(c(t)) dt - measB %+ ?e“KX; (8)

whencean upper boundis obtained. The lower boundis computedsimilaly.

in [0; K]™ with the property
Property (M) :if x 2 B; then Xt ,[0;x] B:

We divide [0;K]™ into K™ cells X, [ki; ki + 1] wherethe integersk; satisfy

0 k; < K. Thereare threekindsof cellsC:
1. C B; (interior)

T
2.C B=;; (exteria)



T
3.C B6;;C6 B: (bounday)

The bounday @Bof B is containedin the union of the cellsof the third type.

Let # (B) denotethe numker of thesebounday cells,andlet f,, (K) denotethe

maximumof # (B) overall suchbodiesB. We will say that the m- 1-dimensional
body X7 [ki; ki + 1]Xfk, + 1gis the upper face of the m-dimensionabox

XM . [ki; ki + 1] andthat X7 [ki; ki + 1]Xfkn gis its lower face The following

will giveus an upper boundfor f, (K).

Lemma 4 Let K be a positiveintegerand let B a closedbody in [0; K]™ with

property (M). For everym 1 andeverypositiveintegerk,
fm(K)  2m(m+ 1)K™ 1

Proof. The proof is by inductionon m. Of the cellsunderconsiderationye
distinguishthreetypes:

i. Thosewith an upper facelying entirelyoutsideB;

ii. Thosewith a lower facelying entirelywithin B;

iii. All thosewith facesthat intersectB without lying in B.

For givenx;i, chooseintegersk; for allj 6 i;1 j m;0 k; < K; and

considerthe set

F(X) = f(Xe %2000 Xm) 2 R™ 0 = X k; ;. kj+ 1forallj 6 ig



Whenx is aninteger,this is the faceof a cell. This set movesparallelto itself
asx vaies. Considethe leastintegerx suchthat F (x) is disjointfrom B. Then
F (x) is the upper faceof a cell of type (i). Sincethereare m choicedor i, and
K™~ 1 choicedfor kj, we deducethat thereare at mostmK™- * cellsof type (i).
By similaly consideringhe greatestintegerx suchthat F(x) B, we deduce
that the numter of cellsof type (i) is at mostmkK™- 1:
Now, X ki, andconsider slicethrough[0; K]™ with x; = k;. Herel Kk;

K; andwe countat mostf,. 1(K) upper facesthat lie patially, but not entirely
within B. By varyingi andk;, we nd at most mKf .,. 1(K) suchupper faces.
By allowing k; to run over[0;K - 1]; we similaly count at most mKf ,,_ 1(K)
suchlower faces. Altogether, there are at most 2mKf ,. 1(K) cell faceslying
patially, but not entirely within B. Sinceeachcell of type (iii) has2m such
faces,it follows that there are at most Kf ,. 1(K) suchcells. Upon assembling

theseestimateswe deducethat
fm(K)  4mK™ 1+ Kf . 1(K):
The resultfollows from the expessiorabove and the inductionhypothesis.

Let

X
S=fu2(0;1 ®: %005(2 u, Oforally xg

py



Let R be a positiveintegerandlet F be the familyof all (x)-dimensionaboxes

ai_ai+1

V=X 5oy

)

wherea; rangesthroughall integersin [0;R- 1]. We de ne the in-boxesas
S=fV2F:V Sg

andthe out-boxesas

So=fV2F:V\ S6 ;g

Finally let

V2S,nS;

Corollary 5

mead 2(x)=R:
Proof. Considetthe body Sg,

X
Sk=fu2[0;R] ¥ : lopﬂcos( u,=R Oforaly xg

py

whereR is a positiveinteger. With m = (x);K = R, the body Sy is closed
and satis es property (M). By the precedingemma,there are 2(X)R -1
unit-volumeboxes intersectingthe bounday of Sg. It is clea, then, that D

consistsof (x)?R ®- 1 pounday boxes, eachhavingvolumeR ®). The
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resultfollows from this.

Theorem 6 Let X, be indegendent,identically distributed randomvariables

havingdensiy

1

)= P—7 x2 (- L1

Then, for x = [(loglogT)¥*¥ andasT! 1,

X
%measft 2 [T, 2T]: Ioiop cogftlogp) 08y xg
py P
!
X logp . 1
- Prob Fxp 08y x (logloglogT)2(loglog T)1=6"

py

Proof. We wishto demonstratehat

ZZT 1
T s(c(t)) dt - measS (logloglogT)2(loglogT)1=6"
Simplyobservehat, asS;, S S, we have
1 ZZT [ [ 1 ZZT
T si(c(t)) dt- meas V+meas V- measS T s(c(t)) dt- measS;
T V2S; V2S; T
and
1 ZZT 1 ZZT
T s(c(t)) dt- measS T so(c(t)) dt- meas V+meas V- measS:
T T

V2S, V2S,

11



Thus

lZZT 1ZZT [
= s(c(t)) dt - measS max = sj(c(t))dt - meas V
T ¢ j=io T 5 vas,
+ 2mead
ZZT

1
R ® sup = s(c(t)) dt - measB
B2B | T

+ mead;

whereB is the collectionof all boxesB containedin the unit torus with sides
paallelto the axes.

By Lemma3 and Caollay 5 the above quantity is

e4Kx Z(X)
T R

X)
R X,
K

ChaosingR = [(loglogT)%?]; K= 2T andx = [(loglogT)**], we obtain

the result.

3 A Probabilistic Lemma

We now estimatethe probability that a randomwalk with shater and shater
stepsremainspositive.

In 1949, Spare Anderserproveda combinateial identity (see[7, 8, 9]) that

12



enablesisto computethe probability
ProbW,;> O;W, > 0;:::;Wp. 1 > O;W, > 0);

whereW,, = P v=1 Zk is the sum of symmetric,independent,identically dis-
tributed randomvariablesZ,. His techniquesexploitedthe fact that the dis-
tributions of P v Zy are identicalfor xed m. They do not readily gener-
alise. In 1961, G. Baxter [10] gavea proof utilising the all-sanctifyingtouch of
Harmonic Analysis exploitingthe fact that identicaldistributionshaveidentical
chaacteristicfunctions(Fourier-Stieltiegransfams) and usingthe Wiener-Hopf
factarisationtechnique([11] p. 402,[12] pp. 581-587).

Here, we obtain an asymptoticlower bound for this probability in the case
wherethe Z,, are not necessdy identicallydistributed. Our techniquesusethe
fact that the randomwalk we are considerings a martingale. We thenemtedthis
martingaleinto Brownianmotion by usingStrassen'xtensiorto Martingalesof
the Slkorohad representationtheaem.

For our problem,we are mainlyinterestedin the probability

X
Prob( chXn 08y  X) (9)
1ny

wherethe X, are independent,identicallydistributed randomvariableshaving

13



densiy function

f(x) = aef:x x2 (- 11):

Observethat the X,, havemeanO and vaiancel/2. Thus, X; + X, + +
Xnin = 1;2;::: forms a matingale. We note in passinghat all the moments
of the X, existand,in fact, the X,, havechaacteristicfunction

121 e2|xu
- p—dx = Jb(2u);

2n

whereJy(u) = P e O( D" sz 2 is the Oth Bessefunction.

We borrow the following resultfrom [13] (TheaemA.1).
Lemma 7 Skorokhod's Representation LetfS, = P EXi;Fn;n lgbe a
zeromean,squae-integrablematingale. Then there existsa probability space
supporting a (standad) Brownian Motion W and a sequenceof nonnegative
randomvaiables 1; ,::: with the following properties. If T, = 2 i;S? =
W(T,); X?=8%5X0=82- L  forn 2 andG, isthe -eld generatechy

S% 8%V andW(t) for 0 't T, then,
1. S;;n  1lisdistributedasS%;n 1,

2. T, is G,-measurable,

14



3. for eachrealnumberr 1,
E( hiGi-1)  GEGXRFIG- 1) = CEE(Xa XD 110 Xg) arss;
whereC, = 2(8= ?)" ! (r + 1); and

4. E( njGi- 1) = E(XFiGy-1) ass.

We remak that if the randomvariablesabove are independent,the ,, can

be choserto be independent.

We alsoneedthe following carollary of the so-calledRe exion Principle(see
[14] p. 96).

Lemma 8 De ne the runningmaximumof a BrownianMotion B(t) as
M = maxB(t):
0 st

Put (x)= p

= .1 exp(- u?=2) du: Then, for any positivereal numker a,

ProtM, ajB(0) = 0) = 2 (pa—f)- 1

Theorem 9 LetZ,;n = 1;2;::: be symmetric,indegendentrandomvaiables

. P P, .
with Prob(Z, = 0) = 0. SetW, = . Z;If 2= [ EZ? andif F,

] n

denotesthe cumulativedistributionfunction of Z4, then
Zl 1 8 xo
ProoW, >0 8 k n) pﬁjxj exf- x*=4 2)dFi(x)- ——  EZg:
n

-1 N k=1

15



Proof. Clealy
ProfWy > 08k; 1 k n)=Prol(sgrZ; = 1;Wy-2Z; - jZ1j 8k;2 Kk n):

P
SinceneitherWy - Z, = jkzzzj nar jZ,j dependson the signof Z,, the above

equals
Prob(sgrz; = 1) ProbWy - Z; - jZ1)j 8k; 2 k n):

Again,sinceProb(Z, a) = Prob(Z, - a), the abovequantity is equalto

1 o

éProt(Wk- Z, jZij 8k;2 k n):

By Skorokhad's Repesentationye can nd a serief timesTy; Tp; : : : suchthat
fW, - Wq;n  2gisidenticallydistributedwith fB(T,); n  1g Thus, the

above quantity equals
1 .
éProb(B(Tk) jZ1 8k; 1 k n- 1):
The abovequantity is at least
1 N
5Prob(B(t)  jZ4j 8t 2 [0;Ta);
whichin turn is at least

1 . 1
EProt(B(t) jZij 8t 2 [0;2 2]) - éProb(Tn > 2 2):

16



By Lemmas8, the aboveis
I |

iz 11 2.
E 92—% "5 - éProuTn >2 1)
Sincefor non-negativex
Z,

NI =

(x) -

- x2=
=912: exp(- u?=2) du ﬂgz_xiz);

0

it follows that

Zl
1 1
ProoW, >0 8 k n) p?JXJ exf(- x?=4 2) dFy(x)- EProb(Tn > 2 2):
1 A

To estimateProl(T, > 2 2), we observehat, by the One-sidedChelyshev
Inequaliy,

Prob(T, > 2 2)  va(T,)= 2%:

Sincethe randomvaiablesare indeendent,the times in Skorokhad's repre-

sentationcan be choseno be indepgendent. Thus
X X
va(T,) = va( K) E 2

k=1 k=1

But by the inequaliy for the momentggivenin Skorokhad's Theaem, by indepen-
denceandsincefW, - Wy; n  2gisidenticallydistributedwith fB(T,); n
1g E 2 1 EZ} Wethusdeduce

16 X

4 2
n

EZ::
k=1

Prob(T, > 2 2)

17



whencethe lemmafollows.

Corollary 10 Let X, be indegendentrandomvariableshavingdensiy func-
tion
1
f(X) = p—; x2 (- 1;1);
1- x2

andlet xo > 0. Then

X
Prob lo%xp >08y X<y X 1=logx;
Xo<p Yy
asx! 1:
.. . . P log?
Proof. This immediatelyfollows from the above theaem, since | , %
Llog” x and all momentsof the X, are unifarmly bounded.
4  Proof of Theorem 1
We stat by quotingthe following resultfrom [15].
Lemma 11
0 X n x2(1-5) | yl-s
U PR e =roes
n<x 2
1 R X~ 20-s -y~ 2(29+s) 1 X X "S- x2A -9
+ + -
logx 41 (2q + s)? logx (-92 °

where! ,(n)=1(1 n Xx); %; (x n x3):

18



We shallneedthe following zero-densit result (see[15]).
Lemma 12 Let N(; T) denotethe numberof zerees +1i of ( + it) with

:jj T. Then,for 1=2 1
N(; T) TH -129%%|ogT:

Lemma 13 If xg = P loglogx,
!

X
Prob %Xp Oforall > 1=2 1=logx:

Xo<p X

Proof. By Riemann-Stieltjesmtegration
|

X o 2 X o '
Oy = ur? g PXe
o x P T ou P
. logp 1=
— 1=2. _ 1=2.
p X p u
The resultnow follows upon appealingto Caollary 10.
Lemma 14
!
X logp 0- 1=2
Prob p)XO—XIO Oforall > “Tog( o- 1:3:

as o # 1=2; ¢ 1=2+ (A loglogx)=Ilogx for some positive constantA.

Proof. Write
X" logp X logp, . * X logp
p_xp = p_xp + p—Xp: (20)
pP>X o Xo<p X r=1 2r-1x<p 2'x

19



For somdargeandpositiveconstantc,, we have viaKolmogaov'sinequaliy,

0 1
X 2p —— Co
Prob@ max Xp cr? 2rxA = (11)

2r-Ix<y 27X
2r-1x<p y

Therefae, via independence,

0 1
X p___ Y
Prob@ max X, cr? 2xforallr=1;2;:::A (1- C—g :
2r- Ix<y  2rx _ r
2 1x<p y r=1
(12)
Thein nite product on the right-handsideof (12) is somepositiveconstantcs,
P,
thanksto the convergencef |, =:
If the eventin (11) doeshold, then
X | p___
O9Py 12" 2x((log2 X)=(2'x) ): (13)
2r-1x<p  2rx P

upon summingby pats. Summingoverallr 1,
P_— -
r 2x((log2'x)=(2'x) ) x¥* (- 1=2*+ ( - 1=2 3logx ;
r=1
for > 1=2suciently closeto 1=2 Thus

A X
Ici)gpxp X2 (- 1=274+ ( - 1=2 3logx : (14)

r=1 2-1x<p 2'x
providedthe eventon (12) holds. Callingthe quantity on the right-handside
of (14) A(x; ), weseethat A(x; o) (logx)=(loglogx)® unifamly for 4
1=2+ A loglogx=logx for large enoughA. Now, sinceP Xo<p X log? p=p?

20



%Iogzx as #1=2;x! 1, bytheCentralLimit Theaemandthe Berry-Esseen

Inequaliy,

|
X lo ' ZC4=Iogx(log log x)3
Prob Oy cAX: o) e U=2dy; (15)

Xo<p X - c4=log x(log log x)3

whichis in turn

1
logx(loglogx)3’

for a positiveconstantc, chosenappgopriately The rst quantity on the right-
handsideof (10) will be positivefor all > ( with probability leiz)
in viewof Lemmal3. Combiningthis with (15), we obtain the result.

We are now in positionto proveour mainresult.

Proof of Theorem 1. By Lemmall,if s= + it

0 X o X o
c<—(9) = 3Py (p)cogt logp) + TP w,(p?) cogt logp?)
p X2 P p2 X2
1 )4- X 29- s _ X 2(2g+s)
logx 4-1 (29 + s)?

x2(1-5) . yl-s X X |ng
I
(1- s)?logx p"

n=3 pn x2

wy(p") cogt logp")-

X -s_ x2(-9)
L L XX T )
logx ( - s)?

P
Our strategyis the following. We decompse . "I’Oﬂwx(p) cogt logp)

21



as

X o X o
~w(p) cogt logp) + S rwi(p) coftlogp):  (17)

P Xo Xo<p X2

We force the rst term above to be positive, at the expenseof somesmall
probability, and we usethis term to overwhelnthe e ect of everyotherterm in
the sum(16). We then calculatethe measureof the setof t 2 [T, 2T] suchthat
the seconderm on the right-handsideabove be positivefor all > .

To determinethe proportion of t 2 [T; 2T] suchthat the quantity

X o X o
= w(p) cogt logp) + P wy(p?) cogt logp?)

p x2 p2 x2

be positivefor > o, it is enoughto determinethe probability that

X X
P )Xo+ P

p x2 p2 x2

wx(P?)(2X5 - 1)

be positivefor > (. Sincethe weights! ,(n) are decreasingit is enoughto

computethe probability that

be positivefor > .

We notethat Prol(X, > 3=4forallp  xo) = (R;:4(1- x2)" 72 dx) (xo)

( 0- 1=2%¥2if > , 1=2+ Aloglogx=Ilogx;xo = (loglogx)'=2. Thus
X lo -
SWPXs X o1~ o) (oglogx)*

P Xo

22



P lo 2 2 i
If > 3=4 then oWy (p?)(2X5 - 1) 1: Considethe event

P X2 b7

X logp
2
p2 x2

Wi (p?)(2X5 - 1) > (loglogx)™=;

for some 2 [1=2;3=4. Let | = 1=2+ IOQLZX; 0 k @ Then, the event

descriled aboveis containedin the event

[ X logp

2
k p2 sz

wx(p?)(2X7 - 1) > (loglogx)*™®;

P
by the MeanValueTheaem. Chaosey aslargeaspossiblesothat "’%

%(Ioglogx) 126: Thenthe precedingunion of eventsis containedin
!

[ X
9w (pA(2X2- 1) > (loglogx)!=:

2
k ypxp

Thus, for a xed Kk,

X ) 1=3"
Prob Iozgfwx(pz)(ZXf,- 1) > (loglogx)*=® exp a.é’(IOgl()lc%);) ,
y p X PY P
But by our choiceof y, thisis
- agy(loglogx)*= 1=6 1
exp logy exp - exp ay(loglogx) Iogl—ox:

Summingoverk,

|
[ X |
0P, (pA(2X2 - 1) > (loglog)™=® =

Prob :
v oo xP logf x

23



Thus

X o 1X o
P (PAXE- D 5 W (p)Xs
p2 x2 P Xo P

exceptfor a setof measure 1. We then deducethat the probability that
log® x

X X
Pt WP D

p x2 p2 X2

be positivefor all > ois ( o- 1=22 in viewof the precedingLemma.

We observehat sincep’= < p3%2- p'=2 for p > 5;

X logp . X logp X logn
p p3:2 - p1=2 p 5 p3=2 - pl=2 _ n7=5
X logp 1
< ——="__+ u "“®logudu
p3=2_ p1=2 1
p 5
25

< 1+ — (2)=7:25:
2

We choose °sothat

X o
P = 2.

p
We setx = (loglogT)** andlet A be the positive constantfrom Lemmai4.

To all zerees in the rectangle

1=2+ AloglogloglogT=logloglogT o T t 2T

male a circlecentredat the zerowith radiuslog? T: andthen deletethesecircles
from the rectangle. Also, male a circle of radiusof logT arounds = 1 and

deleteit.
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P
We now shaw that, independentof 990 X, being positive for all

Xo<p X2 p
> o, the absolutevaluesof the last four termsin (17) are no larger than

logp it
b xo pXp forall > o, onasetof positivemeasure.

First observehat

X 1 X 1 X
— 1
. t- )2 nz
jt- j log®T n log®T n jt- j<n+1
This last sumis 0 1
X
0@ logt+n+Da.
n2
n log®T
whichisin turn
Zl
logT + logu 1
O ©g9° * gy 5 Mau =0 ——
(log? T)=2 u (logT)1=
Therefae, outsidethe neightmurhads of the zerces,
1 X x-s. x2(-9 x1=2- A loglogloglog T=(logloglog T) X 1
- 2 _ 2
logx (-9 logx e t- )

For T su ciently large, this canbe made

This will hold true for all 2 [ o; 9, exceptfor a setof t 2 [T 2T] of

proportion T- A leglegloglog T=4(logloglog M) (1og T)3 in view of Lemmal2.
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P, P
Totreat »_ ) .2 9Py, (p") cogt logp"), we note that
n=3 p" x% p

X‘ X |O X IO
?pr(pn) cogt logp") < 3=2 _gp 1=2
n=3pn x2 P p P P
X
< % |ng’
P Xo P

on a set of positivemeasurefor all 2 ( o; 9:

1 X" 2q- s_ X 2(2q +s)

To treat i 3<  4o1 gase? we observethat since > 1=2the

seriesconvergesbsolutelyand being multiplied by 1=logx, we will haveeven-

tually
1 R x2s. A2t 1 X logp
(29 + s)? 6 p

q=1 p Xo

logx
forall 2 ( o; 9 ona setof positivemeasure.
P
. . . x2(1-s)_ y1-'s 1 logp
Finally if T is chosenlarge enough, TS Togx F opxop for all

2 ( o; Y, exceptfor a setof measurglogT)=T.

Upon gatheringall of the above,we achievethe result.
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