Community College of Philadelphia Maths 171 Calculus | Swenth2005 Exam |

NAME LAST 4 DIGITS SSN:

Instructions: You have the full period to complete this exam. You may usebymk, your notes, and a non-graphing
calculator. You may not borrow books, notes, nor calculatturing the exam.

Part |: Multiple Choice. 1 mark each.

V14X
V=X

Situation: Consider the assignment rule given bix) =

. Problem§&1l throudH 4 refer to this situation.

1. What is the domain of definition df?

OILF (®)[-10 (©1-10 (©Rr\{-1,0} (E) none of these

2. Which of the following gives ~1(x) wherever it exists?

@ f1(x) = Tlxz f1(x) = —ﬁ @ f1(x) = _(].Tlx)z @ f1(x) = \/1_:)()( @ none of these

3. Whatis lim f(x)?

x—0—

@0 1 @ —o0 @ 00 @ does not exist

1
4. Findf'(=3).

@—1 O @ 2 @—2 @ none of these
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5. Find the equation of the line tangent to the elligée- 2y* = 6 at(2,1).

@y:x—l y:—)—2(+2 @y:—x+3 @y:—2x+5 @noneofthese

6. If f is a continuous function with assignment rule

sinax

if x<O
fo=¢ % :

2x—1 ifx>0

find a.

@a:% a:2 @azl @a:—l @noneofthese

7. lf cosxy=y?, findy.

ysinxy 1 ysinxy y
®}/ - 2y — Xsinxy y = Xsinxy @ y = 2y @ y = m @ none of these

8. For which values of will the tangents ty = 4* andy = 2* will be parallel?

@x:l x:—l @x:lnz @x:z @noneofthese

9. If f(x) = (Inx)¢, find f'(e).

@ 1 ettt @ e @ et @ none of these

10. Which one most resembles the graply ef f (x) = ’2— (x—1)2 ‘?

1\ /A A

Figure 1: A Figure 2: B Figure 3: C Figure 4. D

A) A B) B c)C D)D E) none of these
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11. Find lim %

X—0— X

@0 +00 @ —o00 @ 1 @ does not exist

12. Find Iim%.
x—0 X

@0 +00 @ —o00 @ 1 @ does not exist

x(cot ) (sin 4x)

13. Find lim -
x—0 sinX

®; ®5 ©

Al
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o
o
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—
)
=
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@)+

X2 —x—2
15. Find Iim——.
e —ax+ 2

@3 % @ 0 @ 1 @ does not exist

2
16. Find Iign M where||a|| denotes the floor cdi and[[a]] is the ceiling ofa.
X—2—

kSl

OF ®3 ©3 ©
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o
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Situation: Consider a functiorf : R — R whose derivativef’ exists everywhere and which satisfies

Problem$I7 throudh RO refer to this situation.

17. Ifa(x) = f(2¥), find a'(1).

(A)2(n2) () (n2y? (©)4 (D) a(n2)

18. Ifb(x) = (f o f)(2x), find b'(1).

@4 OFL ©:1 OF

19. Ifc(x) = (f(x))%, find c¢'(1).

(A)2 (®)2(n2+1) (©)4 (D)2m2+1

@ none of these
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Part I1: A detailed answer isrequired.

21. (3 marks) Give an example of a function which is contiraieverywhere except for jump discontinuities at the points
x=-1,x=0,x=1.

22. (3 marks) Give an example of a continuous function evhgre differentiable, except for lack of differentiabilayx = 1
andx =2

23. (4 marks) By tweaking the floor function, give an examffle function which is continuous everywhere except for jump
discontinuities at the reciprocal of the non-zero integers

1 1
3 37 27 )
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Brief Solutionsto Exam |

1. What is the domain of definition df?
B. We need & x> 0 and—x > 0. Thusx € [-1;0[.

2. Which of the following gives ~1(x) wherever it exists?

B. Puty = i—ix Upon squaring=xy? = 1+ x, and thusc= _%yz'

3. Whatis Ii(r)n f(x)?

X—0—

V1 1
X — =+ asx— 0—.

c. —X 0+

4, Findf/(—%).
C. Using the quotient rule,
3 (A (V) - (VIEX(=D)5(—x) 2

f'(x) = — = f'(-1/2)=2.

5. Find the equation of the line tangent to the elligde-2y*> = 6 at(2,1).
E. Differentiating both sidesx2+- 4yy = 0 and thus/ = —% and soy = —1 whenx = 2,y = 1. The equation has the

formy= —x+c¢. Thus 1= -2+ ¢ = ¢ = 3. The equation is thus= —x+ 3.
6. If f is a continuous function with assignment rule

sinax

if x<O
f(X) == 9
2x—1 ifx>0
find a.
D. We need )
im 2 jim (2x—1) = a=-1.
x—0— X X—0+

7. If cosxy=y?, findy.
E. Differentiating implicitly,
ysinxy

(—sinxy)(y+xy)=2yy = y = 2y +Xxsinxy’

8. For which values of will the tangents ty = 4* andy = 2* will be parallel?
B. We need
d . d

— = — 2 —= Hn4=2%In2 = 221 =X — x=-1.
dx dx
9. If f(x) = (Inx)€, find ' (e).
D. Using logarithmic differentiation

Inf(x) =€‘(Inlnx) = ) _e?‘(lnlnx)+e?<<i) (}> = f'(e)=f(e) <e"‘lnlne+ee (%) (})> =L

f(x) Inx /) \ x e

10. Which one most resembles the graply ef f(x) = ‘2— (x—1)2 ‘?

B.
11. Find lim is
X—0— X
C.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Find Iim%.
x—0 X

E.
Find fim (Ot (5N %)
x—0 sin3X
B. We have (cot3X)(sin4x) 3 inax\ [/ 3 1 1 4
x(cot3X)(sin X sin X
sinX = x(cos¥) (sina() ( 4x ) (sina() (5() (%) (5() )

. . 22 —3x+1
Find I, v 7
B.

23-3x+1 2@-3+1 2-3+3p 2
3(x+1)?  3:+6x+3 3+8+3 3

o X—x—2

Find e 3t 2
X¥—x—2 (x=2)(x+1) x+1 3
X—3x+2 (x—2)(x—1) x-1 7

o4 . .

Find Ilgn el where| a|| denotes the floor ad and[[a]] is the ceiling ofa.
X—2—
ey 3
e 4

Ifa(x) = f(2¥), find&(1).

D. We haved' (x) = 2(In2)f'(2¥) = &(1) =2(In2)f'(2) = 4In4.

Ifb(x) = (f o f)(2x), find b/ (L).
A. We haveb(x) = f (f(2x)) and st/ (x) = f/(f(2x))f'(2x)2 = b/(1) = f'(f(1))f'(1)2 = 2f'(2) = 4.

If c(x) = (f(x))*, findc/(1).
D. Using logarithmic differentiation

Inc(x) = xIn f(x) = % = (Inf(x)+xf/(x)) = (1) =c(1) <In2+%> =2In2+1.

2
Ifd(x) f(;( ) findd'(1).
B. We have ) 5
d'(x) = %{f(x) — d'(1)=2f'(1)— f(1) =0.
Give an example of a function which is continuous evemsnghexcept for jump discontinuities at the poirts: —1,

Xx=0,x=1.

Solution: One may take— (i> (X;1> (il)
X/ \Ix=11 ) \Ix+1

Give an example of a continuous function everywherebffitiable, except for lack of differentiability at= 1 and
X=2.
Solution: One may take— |[x— 1| + [x—2|.

By tweaking the floor function, give an example of a fumetivhich is continuous everywhere except for jump disconti-
nuities at the reciprocal of the non-zero integers
1 1 1 1
) _éa _Ea _17 17 Ea éa

Your function may also be discontinuous<at 0.

: 1
Solution: As an example one may take-» [L;JJ.
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NAME LAST 4 DIGITS SSN:

Instructions: You have the full period to complete this exam. You may usebymk, your notes, and a non-graphing
calculator. You may not borrow books, notes, nor calculatturing the exam.

Part |: Multiple Choice. 1 mark each.

Situation: Problem§1l througH 4 relate to a square inscribed in a caslé figurdb.

Figure 5: ProblemEl1 throudih 4.

1. If the radius of the circle is then the area of the square is

@ r? 2r? ;T rFZZ @ none of these

2. If A(r) denotes the area of the square when the radius of the circlansl! ift denotes the time, in minutes, thg%g =

@2r% 4r% @%% @%% @noneofthese

3. Assume the radius of the circle increases at a pace of & pgitminute. How fast is the area of the square increasing—in
square units per minutes—when the area of the circle is 2rsqurats?

@4\/% 8 @ 8\/% @ 16 @ none of these

4. Assume the radius of the circle increases at a pace of  p@itminute. How fast is the area of the square increasing—in
square units per minutes—when the radius of the circle isit3®in

@4\/% 8 @ 8\/% @ 16 @ none of these
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Situation: Problem$b through 8 relate to a rectangle inscribed in degias in figuréls. Assume that the rectangle has
width 2x and height g, and that the circle has aréa It may help you to know that iR is the radius of the circle then

2
X4y =R

Figure 6: ProblemEl5 throudih 8.

5. The the area of the rectangle as a function of the area afrtle is

®4X\/A—X2 4x\ / 7—AT—X2 @ X2 @ Xy A— x2 @ none of these

6. For this problem it may help you to square the area funatiolained above. The maximum area of the rectangle is
achieved fox =

@0 \/% @ \/é @ \/g @ none of these

7. The maximum area of the rectangle is achievegfer

@0 2#: @ \/é @ \/g @ none of these

8. The maximum area of the rectangle is

4#: Z?A @ % @ % @ none of these
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Situation: Consider the assignment rule given bix) = 2x — €. You may assume that

lim f(x)= lim f(x) = —o.

X——00 X— 400

Problem$B through 2 refer to this situation.

9. Which of the following is a critical point fof ?

@x:l x:ln4 @x:lnz @x:—lnz

10. Which of the following is true for all real numbex@

(A fx<2n2-2 (B)fx=>2In2-2 (C)f(x) <2ina—4 @f(x)g—Zln2+%

@ none of these

11. Which of the following is true?

@ f is everywhere convex

f is everywhere concave

@ f is everywhere increasing

@ f is everywhere decreasing

@ none of these

12. The graph of most resembles

Yl BN
Figure 7: A Figure 8: B Figure 9: Figure 10: D

@®a ®e ©c ©p

@ none of these
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Situation: Consider the assignment rule given bix) = 2x — tanx for —g <X< g You may assume that
lim  f(X) =+ lim f(x) = —co.
X——TT/2+ X—+T1/2—
Problem$IB throudh 16 refer to this situation.
. _ - . : T T
13. Which of the following is a local minimum fadf in the interval] — E; > [?

@x:g X:_IT: @x:o @x:g @noneofthese

14. Which of the following is a local maximum fdrin the interval] — 7—2T; g[?

@x:g x:—g @x:o @x:g @noneofthese

15. Which of the following is true?

@ f is everywhere convex ih— g; g[

i m
f is everywhere concave in- >

NS

[
@ f is concave i — g;O[ and convex ir10;7—2T[

@ f is convexin| — 7—2-[;0[ and concave ifi0; g[

@ none of these

16. The graph of most resembles

~

Figure 11: A Figure 12: B Figure 13: C Figure 14: D

@A B @ C @ D @ none of these
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Part I1: A detailed answer isrequired.

17. (5 marks) Find all the local extrema bfx) = x— cosxin [-271;, 271].

DL 1]
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18. (5 marks) Find all the critical points ¢{x) = (x* — 1)€".

19. (5 marks) Find all the inflexion points 6fx) = (x* — 1)€ .

DL 1]
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10.

11.
12.

13.

14.
15.
16.
17.

18.

Brief Solutionsto Exam ||

. B. Using the Pythagorean theorefnt r2 = s>, wheresis the side of the square.
. B. SinceA(r) = 2r2, we obtain thend'ztﬂ = 4r%.
. C.Ifthe area of the circle is 2thew? =2 — r = \/? HenceXA) _ 4 dr _ 4( E)(2)-
m dt dt m
dA(r) , dr
D= =4 =42)(2).

. B. The the area of the rectangle isy4= 4xy. Sincex’ +y?> = R? = % we obtainy = 1/%—x2 and soA(x) = 4xy =

4x1/é—x2.
m

. D. We have from abové(x) = (A(x))? = 16x2(% —x?). Now
f'(x) =0 = ZX(é—XZ)—2X3:O — ZX(é—sz):O — x=0; x:i\/i.
T T 2

By physical considerations, we discare- 0 andx = —1 / % so the maximum area is achieved %o 4 / %

. D. The argument is symmetric ¥xandy, so the above carries.

A A 2A
—

. B. The maximum area of the rectangle ig/4 4( Zr)( —)=

.CfX)=2-€&=0 = x=In2.

A. Sincef’(x) > 0 forx < In2 andf’(x) < 0 forx > In2, f has an absolute maximumyat In2. Hencef (x) < f(In2)
which translates té(x) <2In2—2.

B. Sincef”(x) = —€* < 0 for all real numbers, f is everywhere concave. The other choices are easy to discard
C.

, 1 mo . mm
B. We have’(x) = 2—seéx=0 — cosx= iﬁ = X= iz, sincex must belong to the intervéal- > 5[' Now
f/(x) = —2(seéx)(tanx). Sincef”(—7—T) >0,X= _7ZT is a local minimum, and sincé’/(g) <0,x= 77: is a local

maximum. Alternately, one may observe tlidas an odd function.
A.
D.
A.

Find all the local extrema df(x) = x— cosx in [—271, 271].

Solution:We have f(x) = 1+ sinx > 0 for all real numbers. Hence the function is everywhere iasieg and
has no local extrema.

Find all the critical points of (x) = (x? — 1)€*.

Solution: We have f(x) = 2x& + (x* — 1)&* = &(x* + 2x— 1). Since &+ 0 for all real numbers x, we need
X2+ 2x— 1=0. Using, say, the quadratic formula it is easy to see thatdisurs for x= —1+ /2.
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19. Find all the inflexion points of (x) = (x> — 1)&".

Solution: Using the above, we havé (k) = (2x+ 2)e‘+ (x® +2x— 1)&" = &'(x* + 4x+1). Since & # 0 for
all real numbers x, we need % 4x-+ 1= 0. Using, say, the quadratic formula it is easy to see thatdiisurs
forx=—2++/3.
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NAME LAST 4 DIGITS SSN:

Instructions: You have the full period to complete this exam. You may usebymk, your notes, and a non-graphing
calculator. You may not borrow books, notes, nor calculatturing the exam.

Multiple Choice. 2 marks each.

18

X
1. Find | .
nMNTe

@ 6 0 @ -6 @ 1 @ none of these

2
2 Find/x L ix.
Xx—1

@zﬁ%gz X—22+X+C @X—;—X+C @x2+x+c @noneofthese
3. |:ino|/2 <5+12) dx.
1 AX X
@InZ—% In2+% @Inz @In% @noneofthese

-TT/4
4. Find / (sinx+ cosx) dx.
JO

OF ®:2 ©

NI =
o
>
o
>
@
o
=
—
>
)
)
@

~TT/3
5. Find/ secxtanx dx.
JO

@g 1 @gﬁ_l @gx/ﬁ @noneofthese

/4
6. Find/ | sinx| dx.
—n/4

®2+\/§ 1—\/72 @\/2+\/§ @2—\/5 @noneofthese

7. Find /.1 ’xz—x‘dx.
Ja

@ % 1 @ @ none of these

ol o
o
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8. Find a differentiable functiofi satisfyingf’(x) = 2x— % andf(1) =

2

®X2_1+In|x+8| X2;1+Inlxl (©%-nx  (D)¥-hx-1 (E) none of these

9. Find /h(sinx) sin(cosx) dx.

@sin(cosx) +C sin(sinx) +C @ —cogsinx) +C @ coqcosx)+C @ none of these

b . .
10. Flnd/ 2 dx. Here| -] is thefloor function.
1

@1 @ 1—2 ©2In2 @%2 @none of these

d 2X—1
11, Find—/ Inint .
dx /1

@ (2x—1)|f1(2x—1) (2x—1)|T1(2x—1) @ Inin(2x— 1) @2Inln(2x—1) @ none of these

Inx

12. Flnd/— dx.

2Inx 2Inx+1 2X
Inx s s T= il
@2 +C e In2+C Inx+1+c Inz+C @noneofthese

13. Flnd/ (x—1)( ——x 2 dx.

oF ®, ©

NI -
[N
>S5
o
=]
(9]
o
=
—
>0
D
n
(9]

1 e
14. Find lim (1+ W) .

X——+00

e® el @ e @ e @ none of these
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Situation: Problem§T5 throudh 20 relate to the function with assigriméa f (x) = 1X+ .
X
15. Xl|m+ f(x) =
@0 1 @ —00 @ +o0 @ none of these
16. Xﬂrfmf(x) =
@0 1 @ —0o0 @ +0o0 @ none of these
17. f/(x) =
X 2 X+2
T — 2V/1+x — none of these
® 55 2w @Quin @5k ®
18. f"(x) =

@ none of these

19. Which of the following is always true?

@ f is everywhere increasing and everywhere concave in its aoofidefinition

f is everywhere decreasing and everywhere concave in itsidarhdefinition

@ f is everywhere increasing and everywhere convex in its dowfaiefinition

@ f is everywhere decreasing and everywhere convex in its doafaefinition

@ none of these

20. The graph of most resembles

/

Figure 15: A

-—/

on

Figure 16: B

(©c

Figure 17: C

O

Figure 18: D

@ none of these
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Brief Solutionsto Ex

X18

. C.lim——=

x—1

lopo, 187
3 = lim

x—1 — 3X2

.X2_1 .
. B.'/ X_ldx_/(x+1)dx

B/ < )dx_ <Inx——>‘ =(In2—-Inl)— (%_1):
’r[/4

4 ) 1 1
A./ (sinx+ cosx) dx = (— cosX+ Sinx) o
0

YRRV
R Y

cosO 3

N

2

X

= C.
5 +x+

w

E

=(—

1
cosrr/ 3

[$)

/3
. C. / secxtanx dx = secx‘

o

/4 0 /4 0
D./ | sinx| dx:/ —sinxdx+/ sinx dx = cosx
—n/4 —n/4 0

x3

3

X2 |0
2

~

1 0 1
B./ ’xz—x‘dx:/ xz—xdx+/ X — X2dx =
J-1 J-1 JO

C.f/(x) = 2x— =

©

C./(sinx) sin(cosx) dx = /dcos{cosx) = cogcox) +C.

4 4 2
. |%ﬂdx_/ d+/ dx+/3 *1

1
Dw/mmun:Fm+cmm/hmtm:Fﬁ)
2Inin(2x—1).

|
Ik

>/ 5

10. B

o

11. Thus—

dx /1

nx

n2

2Inx

2Inx

12. — dx=

13.

14. D. We have

lim
X——+400

(

-1

im —— — —= —
==

x——1+ /14X

15. C.

)_

—n/4

+X
-1 2

x> = f(x) =x2 —In|x +C and since &= f(1) =

23
X2

2x—1
d/ nint dt — 3

X 1 X2 —
E.lfu= = —x,du= (x— 1)dx. Thus/ (x—1)(% —x)? dx:/
2 0 2 0

limy— o €%In

am |11

1
In2+ .
n+2

(-1+0)=1.

2 31
3lo

—In|1/+C = C=0. Hencef (x) = x> —In|x.

34

XI13

& (F(2x-1)-

-1/2 1

2
du=—| =-_.
v 24

3
<H

L
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. X wfeo . 1 T .
16. D.Xﬂmﬂm = xL'Too%.(ler)fl/z_xL'Tmz 1+X= oo,

1 1
V3Itx=X-537= X+ 2

17. D.f'(x) = = .
) 1+4+x 2(x+1)%/?
3/2 _ .3. 1/2

18. 7(x) = (f'(x)) = 2(x+1) (X+2)-3-A+x)7°  x+4 .

4(x+1)? 4(x+1)5/?2

. X+ 2 X+ 4 . " .
19. A. This follows from—————= > 0forx> —1 and——— = < 0 forx > —1. (The “domain of definition of is
2(x+1)3/2 A(x+1)5/2 (

] = 1;+e0[.)

20. C. This follows upon assembling the results above.
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