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Problem 1 Find eigenvalues and eigenvectors of the matrix

1 0 1
A= 2 -11
-1 2 1

Solution. The characteristic equation det(11 — A) =0in our case becomes

A-1 0 -1
-2 A+1 -1|=0
1 -2 A-1

Expanding the determinant we obtain the equation 1* - 1 —21 = 0. The solutions
of this equation, i.e. the eigenvalues of A are-1,0,2. Notice that because all the

eigenvalues of Aare distinct the corresponding eigenvectors are linearly
independent and therefore Ais diagonalizable (see Theorems 5.2.1 and 5.2.2 on
pages 306 and 309, respectively). Let us find the eigenvectors. If 1 =-1then we
have to find a nontrivial solution of the homogeneous system (I + A)x =0which

in scalar form can be written as

2X+2=0
X—-2y-2z2=0

A particular solution is x=2,y =5,z = -4and we can take as an eigenvector
corresponding to eigenvalue -1the vector2i+5j-4k.

Similarly, if 2 =0we have to find a nontrivial solution of the system

X+2=0
2Xx-y+z=0
-X+2y+2=0

It is easy to see from these equations that y = xandz = —x; therefore an
eigenvector corresponding to eigenvalue0 is the vectori+j-k.

Finally, if 1 = 2the corresponding system of equations is



X-y=0
—2X+3y—-2=0
X—2y+2=0

We see immediately that x = y = zand thus we can take as the third eigenvector

i+j+k.

Problem 2. Diagonalize (if possible) matrix A from Problem 1, i.e. find a matrix P
such that P*AP is a diagonal matrix.

Solution. As the columns of matrix P we can take the eigenvectors of Afound in
the previous problem. Then

2 1 1
P=5 1 1
4 -1 1
-2 -2 0 -1 00
We compute P‘lzé 9 6 -3landD=P*'AP=|0 0 O0].
1 2 3 0 0 2

Problem 3 Evaluate the matrix B = A" where Ais the matrix from Problem 1.

170 342 512
Solution. B=PD"P*=|169 343 512]|.
172 340 512

Problem 4. Find eigenvalues, eigenvectors, and diagonalize the matrix

- 1



+1 —1+i

. . . .
Solution. The characteristic equation is = 0which expands to1? +1=0

1+i A-1
whence the eigenvalues are iand-i. If 1 =ithe corresponding homogeneous
system is reduced to one equation (1+i)x+(-1+i)y =0whencey = 11+'_ X = —ix
—1+i

. 1) . . . .
and we can take as an elgenvector( J . Similarly, if 1 = —i, we get an eigenvector
1
NE
11 L o1 (1 41 . .
Thus we can takeP = _—E ThenP™ = il o1 and a simple computation

i 0
shows that P-ICP = [(') J
—I



