Math 171 Review for the Final Exam

1. Find the limits (4 points each)

(a) lim vA==3,
T—00
(b) lim ($=3)%
(©) Tim(ck — )
sm(x 2)
(d) il_% x2—4

Solutions (a) The limit lim Y4£=3

T—00
form 2. Therefore we can keep only the leading terms in the

numerator and in the denominator of the fraction.

represents an indeterminate

. Ar2 _— . \/ 2 o . . .
lim ¥42°=3 — lim Y42° Because x tends to positive infinity we have
T—00 rx—oco0 ¥
. N Ar2 _ .
V4z? = 22 whence lim,_, o 4””1 3 — lim 2?”” = 2.

1
always when we deal with such an indeterminate form we will first
find the limit of the natural logarithm of our expression We have

In (22)” = zIn 2=, and the limit lim zln =2 is an indeterminate
z—1 z—1 500

form 0 X oo because the first factor tends to oo and the second one -

to In1 = 0. To apply the L’'Hospital’s rule we have to write the last

limit as an indeterminate form % or Q. In our case it is easier to write

(b) The limit lim (£=2)" represents an indeterminate form 1. As
T— 00

r—2
In =

it in the form 2, namely, lim zIn 2 —1 lim I According to the

0’ T—00 T—00
L’Hospital’s rule we will now differentiate the numerator and the

denominator and look at the following limit (when differentiating the
numerator we combine the chain rule and the quotient rule).

1(z—1)—(z—2)1 1 2
lim (z—1)* =
z—00 —x—12 T—00 —= T—00 (:p — 2)(x — 1)

z—1
r—2

Therefore lim (22)7 =e7! = 1.
T—>r00



(c) We have here an indeterminate form oo — co. First we bring it to
0. 1; 1 1\ _ 1i (@=D—Inz
the form g; h_rg(m - =)= }31_% oDz -

Next we use the L’Hospital’s rule to obtain the following limit

_ 1
z—1 ]nx—{—zT

It is still an indeterminate form 9

o so we apply the L’Hospital’s rule
once again and get the limit

1
. ol 1
hmlx—lzg
—1 = =
r x+w2

(d)

sin (z — 2)
im ———=
r—2 x2 — 4

This is an indeterminate form % and we apply the L’Hospital’s rule

cos(xr—2) 1
im —— = —.
T2 2x 4

. Find the derivatives of y = f(z) with respect to x (4 points each)
(x) = cos (sin (z 4+ 1));

(z) = Wamwt
(z) = Vasin/z;
(d) 5y* +siny = 22

Solutions.

(a) f(x) = cos(sin(z + 1)). We apply the chain rule to get

f'(z) = —sin(sin (x + 1)) cos (z + 1).



(b)f(z) = 77—z By the quotient rule combined with the chain rule
we have

2 2z
vi+zx T i

f@) = ——

We simplify the last expression by multiplying both numerator and
denominator by /1 + z2.

(1+2%) -2 1
(1+22)vV1+22  (1+a2)32

(c) f(x) = y/zsin/x. By the product rule combined with the chain
rule we have

f'(x) =

() =

sm\/_+\/5cos\/_ —(isin\/f+cos\/§>.

i w7175

If we recall the formula

B
Acosf + Bsinf = vV A2 + B?sin (0 + arctan Z)
then we can also write our answer as

1+

f(z) = sm(\/_—irarctan\/_)

(d) 5y* + siny = 2. We apply implicit differentiation to get

dy

dy
10y—= —i—cosyd = 2.

dz

Solving it for we get

dy 2x
de 10y + cosy’

. Find the integrals (5 points each)
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(a) f (33323:__1)2 dx;
(b) [ tan®zsec? x dx;
1

(c) LO[(:U?) —2x + 1) dx;

0
) [ 62 (¢ + 1)1 dt.
—~1

Solutions

(a) i
@t

If we notice that x is proportional to the derivative of 3% + 1 we can
use the following substitution; v = 322 + 1. Then g—z = 6x, du = 6zdz,
and therefore zdx = %du. The integral becomes

i [zdu

Applying the power rule we get

1
—d = C=————+C.
/ YT e T 6B+ 1)
(b)
/ tan? z sec? z dx

Notice that sec? z equals to the derivative of tan z and therefore it is
convenient to use the substitution u = tanz. Then du = sec? zdx and
our integral becomes

3 t 3
/quu:%+C: ar;x_i_a

(c) We apply the power rule and the Newton - Leibnitz formula to get



(d)
/6t2(t3 + 1) dt.

-1

We use the substitution u = t3 4+ 1. Then du = 3t*dt whence
6t2dt = 2du. If t = —1 then v = 0, and if ¢ = 0 then u = 1; we will
change the limits of integration accordingly.

1 1

0
2l 2
/6t2(t3+110 /2 0 gy =0 | = 2
11

]

0 0

. Use a linear approximation to estimate the following values (5 points
each)

(a) V63;
(b) sin31°.

Solutions In both cases we use the formula for linear approximation

L(z) = f(a) + f'(a)(x — a)

where point a should satisfy two (informal) conditions

e ¢ should be close to =

e the values of f(a) and f'(a) should be easy to compute.

(a) In this case we take f(t) = v/t whence f'(t) = 1 . We also take
a =64 and z = 63. Then f(a) =4, f'(a) = 48,andx—a_—1 The
corresponding linear approximation to v/63 is

1
4 — — ~3.979
48



(b) Remember that we do not use the degree measure in calculus. In
our case we take

f(t) =sint,a = 30° = % and r = 31° :%—1—17;—0.
Then
1 3
f(a) :sin% = é,f’(a) :cosa:cos% = %, and z —a = %

Therefore the value of the linear approximation is

1 \/§ s
5 + 5 180 ° 0.515.
. Find the values of a and b, if the tangent line to y = az? — bz at
(—2,5) has slope m = 2. (5 points)
Solution. Because y(—2) = 5 we have the following equation for a
and b.

da+2b=5

The derivative Z—g is 2az — b. Because % (—2) = 2 we have the second

dx
equation for a and b.
—4a — b= 2.

Adding the equations we get
b="17

and plugging this value of b into the first equation we get 4a + 14 = 5
whence

a = Z

. If a ball is thrown vertically upward with a velocity of 80 ft/s, then its
height after t seconds is h(t) = 80t — 16¢*. What is the velocity of the
ball when it is 96 ft above the ground on its way up? On its way
down? (5 points)

Solution The velocity of the ball equals to the derivative of its height.

o(t) = C;—]Z — 80 — 32t.
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We can find the moments of time when the ball is 96 ft high by
solving the quadratic equation

80t — 16t% = 96.

Dividing both parts by —16 and moving all terms to the left we get

t2—5t+6=0

whence t = 2 or t = 3. At the moment ¢ = 2 the velocity of the ball is
16 ft/sec and the ball is moving up whilst at the moment ¢ = 3 the
velocity is -16 ft/sec and the ball is moving down.

. A rectangular box with open top must have the volume of V' em? and
its length must be twice greater than its height. Find the dimensions
of the box that will minimize its surface area S. .(10 points)
Solution Let x,y, z be the length, the width, and the height of the
box, respectively. Then x = 2h, V = 2h?y, and

S = 2hy + (4h + 2y)h = 4h? + 4hy.

We will consider y as a function of h. Then

av dy

— =4 2h*—= = 0.
i hy + 2h I 0
Therefore
dy _ 2y
dh ~  h’
At a critical point of S we have
ds dy —2h
— =8h+4y+4h—= =8h+ 4y + 4h(—— =8h — 4y = 0.
o +4y +dho + 4y + 4h( y Y

Thus, y = 2h = z. Now it becomes easy ti find the dimensions of the
box. Indeed, 4h® = V whence h = i’/g and y = x = v/2V.



8. Sketch the graph of y = 2® — 3z + 2. Find x- and y- intercepts; plot
the stationary points and the inflection points and determine the
intervals where y is increasing and decreasing, concave up and
concave down.(10 points)

Solution. To find the z-intercepts we have to solve the equation

22 —3r+2=0.

Notice that = 1 is a solution of this equation and therefore x — 1 is
a factor of 23 — 3z + 2. We can factor 2® — 3z + 2 using long division,
grouping, or synthetic division. The table below shows synthetic
division.

111]0]-3| 2
1111]-2
1111-210

Therefore 2* —3x +2 = (v — 1)(2? + x — 2) = (z — 1)*(z + 2) and the
x-intercepts are (—2,0) and (1,0).

The y-intercept is (0, 2).

The first derivative of y is

d
£:3x2—3:3(x—1)(x+1).

The function has two stationary points, —1 and 1 which divide the
x-axis into the intervals (—oo, —1), (—1,1), and (1,00). The next
table shows the behavior of the function on these intervals.

Interval (—o0, —1) (—=1,1) (1,00)
Sign of g—g + — +
Behavior of y | Increases /* | Decreases \, | Increases

To find the inflection points of the cubic function y we compute its
second derivative
d*y
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We see that y has only one inflection point 0. The information about
concavity of y is contained in the next table.

Interval | (—o0,0) | (0,00)
Sign of g% - +
Concavity | Down N | Up U

A computer generated graph of the function y = 23 — 3x + 2 is shown
below.
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9. Use the fundamental theorem of calculus:(4 points each)

(a) Find the derivative of the function
G(z) = / sint? dt;
x2
Solution. The fundamental theorem of calculus in its
generalized form tells us that

b(z)
o [ = o) - fa)
a(z)

Applying this formula when a(x) = 22, b(x) = sinz, and
f(t) = sint? we get

dG

- =cosT sin (sin® ) — 2z sin (z4).
(b) Prove that the function

dx
Flz) = / % dt
2z
is a constant on the interval (—oo,0).
Solution. Look at two ways to solve the problem.

First way. We apply the fundamental theorem of calculus to see
that

dF 2 2 2 2
= 2 0.

de  4r 22"z =z
Because the derivative of F' is identically 0 the function F' is a
constant function.
Second way.
A 4x
F(z)= [2dt=2Inlt| | =
2x 2%
=2In|dz| —2In|2z| =2In4+2In|z| —2In2 — 2In x| =
=2In4—-2In2=2In2.
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