Infinite Sequences and Series

APPLICATIONS OF TAYLOR POLYNOMIALS

In this section we explore two types of applications of Taylor polynomials. First§
at how they are used to approximate functions—computer scientists like them
polynomials are the simplest of functions. Then we investigate how physicists ~t
neers use them in such fields as relativity, optics, blackbody radiation, electric dip}
velocity of water waves, and building highways across a desert. J

APPROXIMATING FUNCTIONS BY POLYNOMIALS

Suppose that f(x) is equal to the sum of its Taylor series at a:

(n)
=3 LD (- gy

n={}

In Section 11.10 we introduced the notation T,(x) for the ath partial sum of thn
and called it the nth-degree Taylor polynomial of f at a. Thus
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Since f is the sum of its Taylor series, we know that T,(x) — f(x) as n — = and
be used as an approximation to f: f(x) = T,(x). '
Notice that the first-degree Taylor polynomial

Ti(x) = f(@) + f(@)(x — a)

is the same as the linearization of f at a that we discussed in Section 3.10. Noti§
T, and its derivative have the same values at a that f and f' have. In geners§
shown that the derivatives of T, at @ agree with those of f up to and mcludi
of order n (see Exercise 38).
To illustrate these ideas let’s take another look at the graphs of y = ¢* and
Taylor polynomials, as shown in Figure 1. The graph of T\ is the tangent lig
at (0, 1); this tangent line is the best linear approximation to e* near {0, 1
of T, is the parabola y = 1 + x + x%2, and the graph of T is thc
y =1+ x+ x%2 + x%/6, which is a closer fit to the exponential curve y =4
The next Taylor polynomial Ty would be an even better approximation, and s
The values in the table give a numerical demonstration of the convergenced
polynomials T,(x) to the function y = e*. We see that when x = (.2 the .'"'
.220000 8.500000 very rapid, but when x = 3 it is somewhat slower. In fact, the farther x is fros
221400 163753000 slowly T,(x) converges to ¢". r
1.221403 19.412500 When using a Taylor polynomial T, to approximate a function f, we ha
1.221403 | 20.009152 questions: How good an approximation is it? How large should we take n to
1221403 | 20079665 | achieve a desired accuracy? To answer these questions we need to look at
1221400 | 20085537 | value of the remainder: 1

FIGURE 1|

x =72 x= 30

IR,,(X)I = lf(x) - T,,(X)I
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There are three possible methods for estimating the size of the error:
1. If a graphing device is available, we can use it to graph | R,(x) | and thereby esti-
mate the error.

2. If the series happens to be an alternating series, we can use the Alternating Series
Estimation Theorem.

3. In all cases we can use Taylor’s Inequality (Theorem 11.10.9), which says that if
| F™*9(x}| = M, then

‘R"(x)l = ......,__Af«_‘_“

§2 EXAMPLE 1
(a) Approximate the function f(x) = I by a Taylor polynomial of degree 2 at a = 8.
(b) How accurate is this approximation when 7 < x < 9?7

SOLUTION
(a) £ =Y =x'7 f® =2

) =3x? f® =1
FO==" e =
£0) = B

Thus the second-degree Taylor polynomial is

f'®)

i) =f® + L2 (- gy + LY

2!
=2+ 15(x — 8) ~ g(x ~ 8)

(x — 8y

The desired approximation is
Yo~ D) =2 + 556 = 8) — mlx = 8)°

(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with
n=2anda=8:

| Rox) | &g—j-[x -8

where | f"(x)| = M. Because x = 7, we have x** = 7% and so
101101

(%) Y RTE S5 A

Therefore we can take M = 00021 Also 7 < x < 9,50 -1 = x —~ 8= 1 and

|x — 8| = 1. Then Taylor’s Inequality gives

00021 . _ 0.0021
3!

|Rx) | < < 0.0004

Thus, if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. O
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Let’s use a graphing device to check the calculation in Example 1. Figure 2 shows iy
the graphs of y = %/; and y = Th(x) are very close to each other when x is near 8. i
ure 3 shows the graph of | Ry(x) | computed from the expression 3

|R() | = | % — Ta(x)|

We see from the graph that

| Ry(x) | < 0.0003

when 7 = x < 9. Thus the error estimate from graphical methods is slightly better than

0.0003 error estimate from Taylor’s Inequality in this case.
C %
t\ £ EXAMPLE 2
I / (a) What is the maximum error possible in using the approximation
£ \)’= [Ry(x)] /i
[N /o 3 5
\ /o inx~x— 4 X
§ § // § sinx=~x — - + 5
b 2 B i [+
0

when —0.3 < x < 0.3? Use this approximation to find sin 12° correct to six decimal §
FIGURE 3 places.

{b) For what values of x is this approximation accurate to within 0.000057

SOLUTION
{a) Notice that the Maclaurin series

x3 xS X7

smx=x—-?-’~!-+-5—?—7ﬁ+
is alternating for all nonzero values of x, and the successive terms decrease in size
because | x| < 1, so we can use the Alternating Series Estimation Theorem. The error 3
in approximating sin x by the first three terms of its Maclaurin series is at most '

x’l

7

_ =l

5040

If —0.3 < x < 0.3, then | x| < 0.3, so the error is smaller than

0.3y

== 4, b4 -8
5040 4.3 X 10

To find sin 12° we first convert to radian measure.

ime o (127 W
sin 12 Sm(]SO)_Sm(IS)

m w1 7\ 1
~ 15 (]5) 3 + (15) 5 == (0.20791169
Thus, correct to six decimal places, sin 12° = 0.207912.
{b) The error will be smaller than 0.00005 if

7
I 4.00005

5040




{5 Module 11.40/11.1) graphically
shows the remainders in Taylor polynomial
E pproximations.

) 43 % 10"

} = | Relx)]

\*vm

I PO N | ¥
] 0
| FIGURE 4
.. boooos
| »=000005 d
n |
! y=IRl| |
/|
o N 1
0

FIGURE 6

345

Infinite Sequences and Series

Solving this inequality for x, we get

|x] <0252  or  |x]<(0.252)" ~ 0.821
So the given approximation is accurate to within 0.00005 when | x| < 0.82. |
What if we use Taylor’s Inequality to solve Example 2? Since f7(x) = —cos x, we

have | f7'(x)| < 1 and so

1
|Rs(0) | = =7 |«

So we get the same estimates as with the Alternating Series Estimation Theorem.
‘What about graphical methods? Figure 4 shows the graph of

|Ro(x)| = |sinx — (x — §x° + 5x7) |

and we see from it that | Re(x) | < 4.3 X 107" when |x| < 0.3. This is the same estimate
that we obtained in Example 2. For part (b) we want | Re(x)} | < 0.00005, so we graph both
y = |Rs(x)| and y = 0.00005 in Figure 5. By placing the cursor on the right intersection
point we find that the inequality is satisfied when |x| < 0.82. Again this is the same esti-
mate that we obtained in the solution to Example 2.

If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it would
have been wise to use the Taylor polynomials at a = #/3 (instead of a = 0) because they
are better approximations to sin x for values of x close to 7/3. Notice that 72° is close to
60° (or /3 radians) and the derivatives of sin x are easy to compute at 7/3.

Figure 6 shows the graphs of the Maclavorin polynomial approximations

3

Tix) ==x Tix) =x— %’T
¥ %5 3 x5 %7
T5(x)=x—-é—!'+§!— T?(x)=x——5-!~+-§—7!-

to the sine curve, You can see that as # increases, T,(x) is a good approximation to sin x on
a larger and larger interval.

R YA T,
,f‘/ m“"\\ \ e . ’/
7 \.\\ % \\ N
5 0 5 x
/~ \\ 11 \\\ " .
/ .......... ~y=sinx
i T3 \Ty

One use of the type of calculation done in Examples 1 and 2 occurs in calculators and
computers. For instance, when you press the sin or e* key on your calculator, or when a
computer programmer uses a subroutine for a trigonometric or exponential or Bessel func-
tion, in many machines a polynomial approximation is calculated. The polynomial is often
a Taylor polynomial that has been modified so that the error is spread more evenly through-
out an interval.

APPLICATIONS TO PHYSICS

Taylor polynomials are also used frequently in physics. In order to gain insight into an
equation, a physicist often simplifies a function by considering only the first two or three
terms in its Taylor series. In other words, the physicist uses a Taylor polynomial as an
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- The upper curve in Figure 7 is the graph of
the expression for the kinetic energy K of an
object with velocity ¢ in special relativity. The
lower curve shows the function used for K in
classical Newtonian physics. When ¢ is much
smaller than the speed of light, the curves are
practically identical.

K
f
K =mc® — myc?
1!'
o
s
// K=%meuz
o P
FIGURE 7
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approximation to the function. Taylor's Inequality can then be used to gauge the accuray
of the approximation. The following example shows one way in which this idea is used
special relativity.

&4 EXAMPLE 3 In Einstein’s theory of special relativity the mass of an object moving ]
with velocity v is 3
"= mo 1
V1 —v¥e? 1
where m, is the mass of the object when at rest and ¢ is the speed of light. The kinetic
energy of the object is the difference between its total energy and its energy at rest:
K = mc?* = moc?

(a) Show that when v is very Small compared with ¢, this expression for K agrees wuh
classical Newtonian physics: K = fmg?,

{b) Use Taylor's Inequality to estimate the difference in these expressions for K when
|v| = 100 m/s. ]

SOLUTION
{a) Using the expressions given for K and m, we get

mgcz

K’=m62__ m(,c2=—\/1w—m~_.—é?.,_—2—mo€2
- Ve

2\ 172
¢

With x = —v?%/c?, the Maclaurin series for (1 + x)™'/? is most easily computed as a
binomial series with k = —}. (Notice that | x| < 1 because v < ¢.) Therefore we have |
-3 Y33
(] +x)—!;‘2= 1 —%X'*‘ ( 2)2(, 2)x2+ ( 2)(3:)( 2)x3+‘”

= x+8x —qu+

104 34 5 v
and K—'—“mg(‘z[(]+"2—;2—+§F+—'é-—6+"‘)“1]
= CZJ_EE.+_3_£+-5_L+...
EAZTE TR 16

If v is much smaller than ¢, then all terms after the first are very small when compared
with the first term. If we omit them, we get

1 ? .
K= mgcz(—z——c—z = smyv?

(b) x= —v¥c f(x) = mec?[(1 + x)7? — 1], and M is a number such that
| 7"(x}| = M, then we can use Taylor’s Inequality to write

IR;(X)I = Esz

We have £"(x) = 3moc¥(1 + x)™%2 and we are given that |¢| < 100 m/s, so

3moc2 3'?106‘2
A1 — 100%/c*)7?

= (= M)

If”(x)l = 4(] vl/CZ)ﬁfZ’




FIGURE 8
Refraction at a spherical interface

- Here we use the identity

cos(sr — @) = ~cos ¢
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Thus, with ¢ = 3 X 10* m/s,

l Sm{)Cz ]004
241 — 100%cH) !

|[Ri(0)| = < (4.17 X 107 ®)mq

So when |v| < 100 m/s, the magnitude of the error in using the Newtonian expression
for kinetic energy is at most (4.2 X 107")mg. O

Another application to physics occurs in optics. Figure 8 is adapted from Optics,
4th ed., by Eugene Hecht (San Francisco: Addison-Wesley, 2002), page 153. It depicts a
wave from the point source § meeting a spherical interface of radius R centered at C. The
ray SA is refracted toward P.

Courtesy of Eugene Hecht

Using Fermat’s principle that light travels so as to minimize the time taken, Hecht
derives the equation

........ . (31 15] 1 Na2S8; HySo
¥ il Coalale
L1 £, & R ( ¢ ¢, )

where n; and #, are indexes of refraction and €, €;, 5,, and s; are the distances indicated in
Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have

7 €, = /R + (5, + R)* — 2R(s, + R) cos ¢

€= R? + (s, — R)* + 2R(s; — R) cos ¢

Because Equation 1 is cumbersome to work with, Gauss, in 1841, simplified it by using
the linear approximation cos ¢ = | for small values of ¢. (This amounts to using the
Taylor polynomial of degree 1.) Then Equation 1 becomes the following simpler equation
[as you are asked to show in Exercise 34(a)]:

- 1y (5] Ry — My
- + =
- So i R

The resulting optical theory is known as Gaussian optics, or first-order optics, and has
become the basic theoretical tool used to design lenses.

A more accurate theory is obtained by approximating cos ¢ by its Taylor polynomial of
degree 3 (which is the same as the Taylor polynomial of degree 2). This takes into account
rays for which ¢ is not so small, that is, rays that strike the surface at greater distances h
above the axis. In Exercise 34(b) you are asked to use this approximation to derive the
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more accurate equation

— 2 2
H] ﬂ_ + _2 = ___.__m____nz m + h2 m _]._ + _L + _fl_z_ _1. — _l.
““““ So S R 25, \ S, R 2si \ R Si
The resulting optical theory is known as third-order optics.

Other applications of Taylor polynomials to physics and engineering are explored
Exercises 32, 33, 35, 36, and 37 and in the Applied Project on page 757.

{1111 | EXERCISES

| (c) Check your result in part (b) by graphing | R.(x)/.

f(x) = cos x centered at @ = 0. Graph f and these 13. f(x) = Vi, a=4, n=2, 4<x<42

polynomials on a common screen.

(b) Evaluate f and these polynomials at x = /4, 7/2, 4. f(x)=x% a=1, n=2, 09=sx=<11
and .
(c¢) Comment on how the Taylor polynomials converge I5. f() =x*, a=1, n=3 08<x<I2

_ to f(x). 16. f(x) =sinx, a=7w/6, n=4, 0sx<7/3
P 2. (a) Find the Taylor polynomials up to degree 3 for
f(x) = 1/x centered at a = 1. Graph f and these

polynomials on a common screen. HB f()=In(1 +2%), a=1, n=3, 05=<x<15
(b) Evaluate f and these polynomials at x = 0.9 and 1.3.
(c) Comment on how the Taylor polynomials converge

to f(x). 2. f()=xInx, a=1, n=3, 05<x<I15

%{fj 3~10 Find the Taylor polynomial T,(x) for the function f at the . f(x) =xsinx, a=0, n=4 -1<x<1
number a. Graph f and T; on the same screen.

Lfx)=1/x, a=2
4 f(x)=x+e*, a=0
5. f(x) =cosx, a=m/2

6. f(x) =e*sinx, a=20

17. f(x) =secx, a=0, n=2, —-02=<x=02

iSif=e¢", a=0, n=3 0=<x<0l

22, f(x) =sinh2x, a=0, n=5, —-1sx=<|

23. Use the information from Exercise 5 to estimate cos 80° cor-;
rect to five decimal places.

24. Use the information from Exercise 16 to estimate sin 38°

7. f(x) =arcsinx, a=0 correct to five decimal places. ;
8. f(x) = Inx a=1 25.; Use Taylor’s Inequality to determine the number of terms of§

’ the Maclaurin series for e* that should be used to eslimatee
) =xe ™, a=0 to within 0.00001. ]
10. f(x) =tan"'x, a=1 26. How many terms of the Maclaurin series for In(1 + x) do yof

need to use to estimate In 1.4 to within 0.001?

! ""? Use a computer algebra system to find the Taylor poly- .[»"“i 27-29 Use the Alternating Series Estimation Theorem or :
nomials Tn centered at a for n = 2, 3,4, 5. Then graph these Taylor’s Inequality to estimate the range of values of x for which
polynomials and f on the same screen. the given approximation is accurate to within the stated error. |
. f(x) =cotx, a= w/4 Check your answer graphically.
ki

2. f) =¥1 +x2, a=0 27. sinx ~x — % (| error| < 0.01)
§3-22 %2 e
(a) Approximate f by a Taylor polynomial with degree r at the 28. cosx ~ 1 — >t (lerror | < 0.005)

number a.

(b) Use Taylor’s Inequality to estimate the accuracy of the
approximation f(x) = T.(x) when x lies in the given
interval.

X
29. arctan x =~ x — T + 5 (| errorl < 0.05)




':Suppvse you know that
: (—1)"n!

(), PR
A 3n+ 1)

E wnd the Taylor series of f centered at 4 converges to f(x)

i for all x in the interval of convergence. Show that the fifth-
¥ degree Taylor polynomial approximates f(5) with error less
E than 0.0002.

i Acar is moving with speed 20 m/s and acceleration 2 m/s’

[ atagiven instant. Using a second-degree Taylor polynomial,
b estimale how far the car moves in the next second, Would it

| be reasonable to use this polynomial to estimate the distance
fraveled during the next minute?

The resistivity p of a conducting wire is the reciprocal of the
conductivity and is measured in units of ohm-meters ({2-m).
- The resistivity of a given melal depends on the temperature
" according to the equation

alt=20)

plt) = pxpe

where ¢ is the temperature in °C. There are tables that list the
values of o (called the temperature coefficient) and pa (the
fesistivity at 20°C) for various metals, Except at very fow
temperatures, the resistivity varies almost linearly with tem-
perature and so it is common to approximate the expression
for p(£) by its first- or second-degree Taylor polynomial
att=20.
(a) Find expressions for these linear and quadratic
approximations.
(b) For copper, the tables give ¢ = 0.0039/°C and
po = 1.7 X 107 Q-m. Graph the resistivity of copper
and the linear and quadratic approximations for
~250°C = t = 1000°C.
{¢) For what values of ¢t does the linear approximation agree
with the exponential expression to within one percent?

33. An electric dipole consists of two electric charges of equa!

magnitude and opposite sign. If the charges are ¢ and —¢ and
are Tocated at a distance d from each other, then the electric
field £ at the point P in the figure is

L . S
E=p" "o+

By expanding this expression for E as a series in powers of
d/D, show that E is approximately proportional to 1/D°
when P is far away from the dipole.

P

- D- e

34, (a) Derive Equation 3 for Gaussian optics from Equation 1
by approximating cos ¢ in Equation 2 by its first-degree
Taylor polynomial.

(b) Show that if cos ¢ is replaced by its third-degree Taylor
polynomial in Equation 2, then Equation 1 becomes
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Equation 4 for third-order optics. [Hint: Use the first two
terms in the binomial series for €, and £;. Also, use
& = sin ¢.]
35. If a water wave with length L moves with velocity v across a
body of water with depth d, as in the figure, then

2 9L 2md
v pyn tanh L

(a) If the water is deep, show that v = gL/ (27;)”

(b) If the water is shallow, use the Maclaurin series for tanh
to show that » = \/gd . (Thus in shallow water the veloc-
ity of a wave tends to be independent of the length of the
wave.)

(c) Use the Alternating Series Estimation Theorem to show
that if L > 10d, then the estimate v* = gd is accurate to
within 0.014¢L.

36. The period of a pendulum with length L that makes a maxi-
mum angle &, with the vertical is

'L“ o f2 dx
=4 .=
T \/g Jﬂ 41 — k%sin%

where k = sin(} 6y) and g is the acceleration due to gravity.

(In Exercise 40 in Section 7.7 we approximated this integral

using Simpson’s Rule.)

(a) Expand the integrand as a binomial series and use the
result of Exercise 46 in Section 7.1 to show that

L 1? 1232 173%57
T=Zﬂﬁ[l +~‘2‘2—k2+ i kd+mk6+'”]

If 6, is not too large, the approximation T = 27/L/g,
obtained by using only the first term in the series, is often
used. A better approximation is obtained by using two

terms:
T= 211'\/%:(1 + %kz)

(b) Notice that all the terms in the series after the first one
have coefficients that are at most L. Use this fact to com-
pare this series with a geometric series and show that

(c) Use the inequalities in part (b) to estimate the period of a
pendulum with L = 1 meter and 8, = 10°. How does it
compare with the estimate T = 2or/L/g 7 What if
60 = 420?
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37. If a surveyor measures differences in elevation when making 38. Show that T, and f have the same derivatives at g up to
plans for a highway across a desert, corrections must be made order n.
for the curvature of the earth. 39. In Section 4.8 we considered Newton’s method for approxi-

(a) If R is the radius of the earth and L is the length of the

, .. mating a root r of the equation = 0, and from an
highway, show that the correction is g 4 A

initial approximation x, we obtained successive approxi-

C = R sec(L/R) ~ R mations x, X3, . . . , where
(b) Use a Taylor polynomial to show that flx
- LZ sL* TR ) !
24R’ Use Taylor’s Inequality withn =1, a=x,,and x = rlo

(c) Compare the corrections given by the formulas in parts show that if f"(x) exists on an interval / containing r, x,.
(a) and (b) for a highway that is 100 km long. (Take the and x,+i, and | f(x) | < M, | f(x)| = K forall x € I, then 1
radius of the earth to be 6370 km.) 1

M

2K

[x,,+|—r|=£ an'_rlz
[This means that if x, is accurate to d decimal places, then |
Xx+1 I8 accurate 10 about 24 decimal places. More precisely, §
if the error at stage n is at most 107", then the error at stage |
n + 1is at most (M/2K)107%" ] j

APPLIED
PROIJECT

RADIATION FROM THE STARS

h experimental mcasurements for.long wavelength
rt wavelengths, [The law predxcts that f ()L) —p2as A= 0!

@ tuke ﬂudﬂ Phum aesemhers Pnc

~ ‘expériments have showan th
i In 1900 Max Planck foul
radiation: .’ i

Planck’s constant 6 6262 X 10”"1 B



i1} REVIEW

Vi for the staré Betelgeuse (T
as well as the sun How does

o mately the same values as the Raylen gh Jeans Law
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. Graph 1 as given by both Iaws on thie sami¢ screen zmd cominent on the s:mnantnes and
differerices. Use T= 570(} K (the temparature of the sun}. (You may want to change from

~

(ORCEPT CHECK

. (a) What is a convergent sequence?

{(b) What is a convergent series?
(c) What does lim, .« a, = 3 mean?
{d) What does Z7- a, = 3 mean?

. (2) What is a bounded sequence?

(b) What is a monotonic sequence?
(c) What can you say about a bounded monotonic sequence?

. (a) What is a geometric series? Under what circumstances is

it convergent? What is its sum?
(b} What is a p-series? Under what c1rcumstances is it
convergent?

. Suppose X a, = 3 and s, is the nth partial sum of the series.

What is lim, . a,7 What is lim,_« 5,7

. State the following.

{a) The Test for Divergence

(b) The Integral Test

{c) The Comparison Test

(d) The Limit Comparison Test
{e) The Alternating Series Test
(f) The Ratio Test

{g) The Root Test

. (a) What is an absolutely convergent series?

(b} What can you say about such a series?
(c) What is a conditionally convergent series?

. (a) If a series is convergent by the Integral Test, how do you

estimate its sum?

(b) If a series is convergent by the Comparison Test, how do
you estimate its sum?

(c) If a series is convergent by the Alternating Series Test, how
do you estimate its sum?

. (a) Write the general form of a power series.

(b) What is the radias of convergence of a power series?
(c) What is the interval of convergence of a power series?

. Suppose f{x) is the sum of a power series with radius of con-

vergence R.

(a) How do you differentiate f? What is the radius of conver-
gence of the series for f'7

{b) How do you integrate f? What is the radius of convergence
of the series for [ f(x) dx?

{a) Write an expression for the nth-degree Taylor polynomial
of f centered at .

(b) Write an expression for the Taylor series of f centered at a.

{c) Write an expression for the Maclaurin series of f.

(d) How do you show that f{x) is equal to the sum of its
Taylor series?

(e) State Taylor’s Inequality.

. Write the Maclaurin series and the interval of convergence for

each of the following functions.
(@ 1/(1 —x) by e*

(d) cos x (e) tan"'x

(c) sinx

. Write the binomial series expansion of (1 + x)*. What is the

radius of convergence of this series?




