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Problem 1. Verify the identity

SIN X+ COS X B 1+ 2sinxcosx

?)

. )
SIN X —COS X 2sin” x—1

Solution. To verify that two fractions are identical it is enough to verify that the
cross-products are identical, i.e. that

2sin’ x —sinx+ 2sin’ xcosx —cos x =
=sinx—cosx+2sin’ xcosx —2sinxcos’x  (?)
After canceling out identical terms in the left and the right parts we get
2sin’ x —sinx =sinx—2sinxcos’ x (?)
Dividing both parts by Sin xprovides
2sinx—1=1-2cos’x (?)
Finally, moving —2 COS2 Xto the left and —]to the right we get

2sin® x+2cos’ x =2,

which is obviously equivalent to the first Pythagorean identity.



Problem 2. Verify the identity

u cscu+cotu
cot’ — = 7
cscu —cotu

Solution. We will work with the right part of the alleged identity

cscu+cotu _ 1/sinu+cosu/sinu

cscu—cotu 1/sinu —cosu/sinu
Multiplying both the numerator and the denominator of the right part by sinu

- I+cosu _ . .
we get the expression—— . Finally, recalling that by power reduction

1—cosu
2 U .2 u ) i
formulas] + cosu = 2¢os Eandl —Ccosu =2sIn Ewe obtain the desired

identity.



In problems 3 -5

(a) Describe all the solutions of the given trigonometric equation.

(b) List the solutions in the interval [0, 271')(if any) and approximate them with
the accuracy 0.0001.
Problem 3 sec” x —5secx +1=0.

Solution. (a) We have here an equation of the quadratic type. Applying the
guadratic formula we obtain

SCCX =

5++/21
2

The sign minus provides a positive value smaller than 1 which is not in the range
of SCC X ; therefore we only have to consider the possibility

5++/21
——

SCCX =

Or, equivalently

22y

54421 (5+~21)(5-+21)
2(5—@)_5_\/i
4 2

All the solutions of the last equation can be described as

—+/21
X = Xarccos T\/— +2nw, ne”z



(b) There are two solutions in the intervaI[O, 27[):

5-21
2

x=arccos[ ]z1.3605.

And

5-21
2

x=27r—arccos( ]z4.923



Problem42sinx —3cosx =1.

Solution (a) We transform the left part of the equation according to the formula
Asinx* Bcosx =+ A” + B” sin(x+arctan (B/4)).

The equation now can be written as

J13 sin(x —arctan(3/2)) =1

Or
sin(x —arctan(3/2)) = 1/ J13=413 / 13.
From here
x—arctan(3/2) =(-1)’ arcsin(\/ﬁ/l?)) +nmw, neZ
And finally

xX= (—1)" arcsin(\/ﬁ/l?)) +arctan(3/2)+nx, neZ



(b) We have two solutions in the interval [0, 27[) corresponding to the values

n=0andn =1.
x= arcsin(\/ﬁ / 13) +arctan(3/2) =1.2638
And

x=—arcsin(+/13/13) + arctan(3/2) + 77 ~ 3.8434.
(Vi3/13) /



Problem 5 COS3x—COS7x = \E sin 2.x.

Solution (a) We will transform the left part according to the sum-to-product

cosA—cosBzZsin(A;B )Sin[B;Aj

Then the equation becomes

formula

2sin5xsin2x = \/5 sin2x

Or
sin2x(2sin5x —v2) =0
If Sin2x =0then2x=nxw, neZ,or

x=n§, neZ (%)

If sinSx = \/5/2 then
S5x = (—l)n arcsin(\/a/2)+ niw = (—l)n (77:/4)—!— nt, ne/z,

x= (—l)n (77:/20)+ n(n‘/S), neZ (**)

Formulas (*) and (**) together define all the solutions of the equation

(b) It is easy to see the solutions provided by (*) in the interval [0, 27[)are

0,7/2,7,37/2



And the solutions provided by (**) in the same interval are

7/20,37/20,97/20,117/20,177/20,197/20,257/20,277/ 20,
337/20,357 / 20.



