Math 118 Rules




Names of Special Sets 6. c:=included in; subset of; is included in; is a subset of
1. N:= the set of natural numbers (including zero). 7. (€ := complement
2. [P:= the set of all strictly positive integers (plus).

3. M:= the set of all strictly negative integers (minus).

Formulas from Logic and Set Theory
4. Z:=the set of all integers.

1. (@ pvg=qvp
(b) AUB=BUA

5. Q:= the set of all rational numbers.

6. R:=the set of all real numbers.
2. (@ png=qgnp
(b) AnB=BnA

7. C:=the set of all complex numbers.

Logical Symbols 3. @ (pvg)vr=pv(qvr)
(b) (AUB)UC=AU(BUQO)

1. T:=True
2. 1 :=False 4. @ (prg)ar=pa(qnr)
(b) (ANB)NC=An(BnNnO)

3. 7 :=not

5. @ ~(pvq)=(~p)r(-q)
(b) (AUB)®=A°NB°

4. v :=or (In Mathematics disjunction is inclusive, i.e. avb
means either a, or b, or both.)
5. A:=and 6. @ ~(prg)=(~p)v(~q)

. L (b) (ANB)¢ = A°UB°
6. = :=implies, if ... then

7. @ (pag)vr=(pvr)a(qvr)
(b) (ANB)UC=(AUuC)Nn(BUC)

7. < :=implies, and is implied by; if and only if

8. V :=for every; for all (The upside-down A is the A of ’for

All) 8. @ (pvg)ar=(par)v(gnr)
9. 3 := for some; there exists (The backwards E is the E of (b) (AUB)UC=(ANC)U(BNC)
"there Exists’)

9. (a —|(—|p):p

. b) (A=A
Set-theoretical Symbols

We note that 5, 6 and 9 have 10, 11 and 12 as their re-
1. & :=the empty set spective equivalent forms in which the universe with re-

2. (:= intersection spect to which complements are being taken, is explic-

itly mentioned.
3. U:=union
10. Z\(AUB)=(Z \AN (% \B)
4. \ := without
11. Z\(AnB)=(Z \AU(Z\B)
5. €:=in; contained in; element (member of); is in; is con-

tained in; is an element (a member) of 12 4\ (U \A=A



Bookkeeping Rules

These rules tell you how parentheses (singular: parenthesis)

are to be used.
1. a=(a)
2. a+tb=(a@+b=a+ ()= (a)+(b)=(a+Db)
3. a-b=(@-b=a-(b)=(a)—(b)=(a—-Db)

4. axb=(a)xb=ax (b)=(a)x(b)=(axb)
ab=(a)b=a(b) = (a) (b) = (ab)

a-b=(a)-b=a-(b)=(a)-(b)=(a-b)

5. a+b=(@+b=a+b) =)=+ =(@a=+hb)

=alb=(a)/b=al(b)=(a)! (b)=(alb)
_ a (@ a _(a)_(a)

b (b (b

b

b
6. a’=(@b=a? =@ =(ab)

=anb=(a@Ab=an(b)=(a)Ab)=(anb)

Note that many calculators use the symbol A to denote ex-
ponentiation. This usage conflicts with the other use of A to
denote conjunction, but this notational conflict is unlikely to
cause confusion.

Note that the + sign in +a, and the + sign in a + b, as also
the — signin —a, and the — sign in a—b do not denote the same
operation; this is why many calculators use different keys for

these different meanings.

Definitions for Subtraction and Division
1. a-b:=a+(-b)

1
2. a+b:= —
a ax(b)

Rules for Signs

l. a=+a=+(a)
2. —a=—-(a)=(-1a
3. —(—a)=a

4. (+a)(+b)=(-a)(—=b)=ab=+(ab)=+ab

5. (+a)(=b)=(—a)(+b)=—-ab=—(ab) = (-1)ab

6 ﬂ_‘_"_ﬁ_+(ﬁ)
“+b b b \p
Lm_m__z__(z)_—_a_i
"-b +b b BT b b
Rules for Fractions
a +a a
Loa=g=7=+(])
2 4= l=@ 1)
b b b
3 a_b:a(g):(g)bzl(ab)
C C C C

ab a\(b 1 1 1
+ a-(z)(a)-z(“%-“(a)b

Rules for Addition and Subtraction of

Fractions

a b a+b
1. —+—=

c ¢ c

a b ad+bc
2. —+—==

c d cd

a b a-b
3. ———=

c ¢ c

g_é_ad—bc
"¢ d cd

Rules for Multiplication and Division

(22
"¢ d) (cxd cd

23y (0-(6)- 28 -

d

Rules for Cancellation

In the following four rules, it is assumed that a # 0, and ¢ # 0

ab b
1. —=-
ac ¢
ab b
2. — =—
ca ¢
ba b
3. —=-—

ca Cc



ba b

“ac ¢

Switching Rules (Commutative Laws)

at+b=b+a
axb=bxa
a—Db# b—a,in general.

a-+b#b+a,in general.

anb#DbAa,in general.

Grouping Rules (Associative Laws)

1.

10

a+b+c)=(a+b)+c=a+b+c

Because of this rule, we may write expressions like a +
b+ ¢+ dwithout parentheses; the various different man-
ners of inserting parentheses are all equivalent and the

different terms so formed are all equal.
Therefore, we shall use the compact notation:
Yriai=a+az+as+---+ap-2+ap-1+ap,

where the number of summands, 7, is indefinite, that is,

n is an unknown finite number.

ax(bxc)=(axb)yxc=axbxc

Similarly, we may write expressions like ax bx ¢ x d with-
out parentheses; the various different manners of in-
serting parentheses are all equivalent and the different

terms so formed are all equal.

Therefore, we shall use the compact notation:

[T, ai=a1 x az x az x - x ap-» x An-1 % an,
where the number of multiplicands or factors, n, is in-

definite, that is, » is an unknown finite number.
a-b-c:=(a-b)—c

a+b+c:=(a+b)+c

anbnc:=an(bAc)

a—(b—c) #(a-b)—c, in general.
a+(b+c)#(a+b)*c,in general.

a-+ (b+c) #(a+b)+c, in general.

Rearranging Rules (Distributive Laws)

1.

2.

3.

4.

ab+ac=a(b+c)

ba+ca=((b+c)a

ab—ac=a(b-oc)

ba-ca=((b-c)a

Rules for Exponentiation

1.

10.

11.

0% =0, provided that a > 0

(a) apaq = a(p+q)

(b) apaqar = a(p+q+r)

(c) aPraP?---aPn = a(p1+p2+--pn)

@ T, a” = alZiap)

(@) aPbP = (ab)?

(b) aPbPcP = (abc)P
(c)

(d)

(@)? (@)?---(ap)? = (@ az--- an)?

(I, ;) = ( i=1 a;)’

a’ = gp—a)

ad

(b) (azl)(azz)mm:n) = g(Prp2ttpp)=(qu+qa+-+qn)
(a 1)(61 2)"'(61 n)
Hn . (a’”f) n n

() —i=i _ a(z,-=,-l7i)—(zj=,-qj)

I7, (a®)

(a)

Z_Z = (%)P = (g)_p, in particular (%)_1 = g

(@)? ()P -~ (an)P _(ﬂlaz"'ﬂn)p: (ble"'bm)_p

()P (b2)P -+ (bp)P \biby-+- by ardz - an
in particular

(a1a2"'an)_1 _(ble"'bm)
biby---by)  \aay--ay

(aP)1 = a(r9)

((a”9)" = aPa7)



12. (((@PyP2)) P = a(Prp2-pn)
13. (((@P)P2)) P = alllizapi)
14. (aP1) 01 (“pz)qz“'(“p"].q” _alPrar+p2da2+-+pnan)-(r1s1+rasp+-+rmsm)
(a'1)%1 (a'2)%2 ...(aTm) S
n pi4gi
15. M7 ((a )S_) :a((Z?:ll’iqz')‘(Z;nzl rjs))
H}n:i((arj) ’)
() = (al3)) = al5)
16. (aP)\4 =(a q ) =a\), provided a >0
17 poL ticul —al= ided a #0
. aP = a_p,mpar icular, a=a" = a_l,pr0v1 eda
18. a P = i in particular, a~! = l rovided a #0
. - ap; p ) - a’ p
19. a?’ = a(P?)
Rules for Radicals
1
1. Ya=ar
In the above expression, it is to be assumed that, if p is
even then a, is assumed to be positive, that is, a € [0,00[
2. Y0=0
3. Y1=1
4 Va=ai=a'=a
5. Ya=va=a:
6. ¥a=as
7. Va= ai
8. 1{/5:@1—17
1
9. ¥a¥b=ab=(ab)¥
1
10. Ya¥/b{/c= Vabc= (abc)?
11. nW ”%/E--- Pe/q = plpZ“‘ﬂW:am
More compactly,
n n nl
12. [[(#Wa)= Mard/a= i
i=1
1
a a ayy
13. ~—={/— ==
v 15 (5)
14. Va= r{a

15.

16.

17

18.

19.

20.

21

22

W= tana

. Vaya="YarTi=q'ri

(= (v@ =@l = (a8 =)
(V@) =a
v a ifpisodd
lal if piseven
Pitfalls

. Va+¥Vb#Va+b
. Wa-Yb#Va-b

Fundamental Rules for Rewriting

.a=a+0=0+a
a=axl=1xa
a=a—-0

a
a=a+1=all=—

1
a=at=anl

p
a= Yap = (Q/E)p = (a%) = (a”)%, where suitable re-

strictions apply, if p is even.

Rules for Factoring

1.

(a)
(b)
()
(d
(e)

ab+ac=a(b+c)
ab+ac+ad=ab+c+d)

aby + aby + abs + aby = a(by + by + b + by)
aby+aby+---+ab,=a(by+by+---+by)
(X1 abi) = a(Zi, bi)

(a)
(b)
(©
(d)
(e)

ba+ca=(b+c)a
ba+ca+da=(b+c+d)a
bia+bya+bsa+bsa=(by1+by+bs+bsg)a
bia+bya+---+bpa=(b1+by+---+by)a

Yl bia= (X bi)a



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

In general, if there is an a common to each of the sum-
mands, in any position whatsoever, within the sum-
mand, it may be extracted from each term, and placed
either in front, or at the back, as shown below, in ex-

panded and also in more compact form.

(byc1 +boco+-+-+bycp)a

byacy +boacy +---+ bpacy

= a(bycy+brco+---+bycy)
Z?:l biac; = d(Z?zl bici) = (Z?:l bici)
-b
ax+b=a|x—|—||, wherea#0
a

s}

a’>-b?>=(a-Db)(a+Db)

,where a #0

a?+b* = (a—ib) (a+ib) with i* = -1
a?+2ab+b*=(a+b)(a+Db) = (a+b)?
a?-2ab+b? = (a-b)(a-b) = (a—b)*
X2 +(a+b)x+ab=(x+a)(x+Db)

X2 —(a+b)x+ab=(x—a)(x—b)
xX2+(a-b)x—ab=(x+a)(x-b)
x2—(a-b)x—ab=(x—a)(x+Db)
acx®+(ad+bc)x+bd = (ax+Db) (cx+d)
acx?®—(ad+bc)x+bd = (ax—Db) (cx—d)
acx®—(ad—-bc)x—bd = (ax+b) (cx—d)

acx®+(ad-bc)x—bd = (ax—Db) (cx+d)

14x2+bx+c=a(x7(

el e

2a 2a

a’-b® = (a-b)(a® + ab+ b?)
a’+b® = (a+Db)(a® - ab+b?)
a3 +3a’b+3ab*+ b3 = (a+b)(a+b)(a+b) = (a+b)?

a®—3a?b+3ab* - b =(a-b)(a-b)(a-b) = (a-b)®

Pitfalls

a+b
a+c

b .
# —,in general.
c

a+b .
5 # a, in general.

c c?f c . :
—, in general.
arb 8

c+

a

¢a+b
d

+_

b
a,b in general
c d 18 )

(a+ b)P # a” + bP, in general

Fundamental Property of Real Numbers

1.

Law of Trichotomy: Va,beR, (a<b) VvV (a=b) Vv (a> b)

Abbreviations Involving Equality and In-

equalities

10.

11.

12.

13.

.aZzb:<—= -(a=b)<— (a<b)v(a>Db)

as<b:<— (a=b)v(a<b)

azb:<— (a=b)v(a>Db)

(asb)n(a=b):< (a=Db)

(a=b=c):<= (a=b)A(b=70)

(a<b<c)i=((a<b)An(b<c)

(ashb<c)i<=@a@<b)An(b=<o)

(a>b>c):<=@>b)A(b>0)

(az=b=c)i= (a=b)A(b=c)

“(a<bh)<= (a=b)

“(as<h)<= (a>b)

“(a>b)< (a<h)

“(as<h)<= (a>b)



Intervals

1. [a,b] ={xeR|a<x<b}
2. l[a,b] :={xeR|la<x<b}
3. la,b] ={xeR|la<x<hb}
4. la,b] ={xeR|a<x<b}

Rules of Inference for Equations and In-

equalities
T
.
a=a
a=>b
2.
b=a
(a=b) A (b=¢)
3.
a=c¢c
-
4.
a<a
T
5.
a=a

6.

N

10.

11.

la,+oo] :={xeR|a=x}
la,+ool :={xeR|a>x}
] — o0, b] ={xeR|x<b}
]—oo,b[ :={xeR|x<b}

]-o00,+o0[ :={xeR[-oco<x<+oo}={xeR[T}=R

a<b

b>a

a>b

(a<b)n(b<c)

a<c

(asb)n(b<o)



(a>b)A(b>c) (a=zb)n(b=a)

12. - 14.

Il
Sy

a>c a

(a=zb)n(b=c)

13.

a>c

15. Adding equals preserves equalities and inequalities:
a=b a<b asb a>b

+c=+cC +c=+cC +c=+cC +c=+cC

a+c=b+c a+c < b+c a+c < b+c a+c > b+c

16. Subtracting equals preserves equalities and inequalities:

a-c< b-c a-c<b-c a-c>b-c

17. Multiplying by strictly positive equals preserves equalities and inequalities:

a=b a<b a<b a>b

axc=bxc axc < bxc axc < bxc axc > bxc

+c=+c

a+c = b+c

XC=XC

axc=bxc



18. Multiplying by strictly negative equals reverses inequalities (¢ < 0):

a=>b a<b a<b a>b a=b
XC=XC XC= XC XC=XC XC=XC XC=XC
axc=bxc axc > bxc axc=bxc axc< bxc axc < bxc

Here ¢ < 0; hence, the sense of the inequality is reversed.

19. Dividing by strictly positive equals preserves equalities and inequalities:

a=>b a<b a<b a>b a=b
+c=+cC +c=+cC +c=+cC +c=+cC +c=+cC
a+c=b+c a+c < b+c a+c < b=+c a+c>b+c a+c=b+c

20. Dividing by strictly negative equals reverses inequalities ¢ < 0:

a=>b a<b a<b a>b a=b
+c=+cC +c=+c +c=+cC +c=+cC +c=+c
a+c=b=+c a+c > b+c a+c=b+c a+rc<b+c a+c < b+c

Here ¢ < 0; hence, the sense of the inequality is reversed.

21. Equals substituted into equals yield equals:
e1 (x) = ez (x)

h=r

e1{x — f1) = ex{x — f2)
where e (x) and e, (x) are equal expressions with the free variable x, and, f; and f, are equal expressions that are substi-

tuted in the place of x, in e; (x) and ey (x), respectively.

Definition of, Properties of and Rules of | 2 vxer |x=0

Inference Involving Absolute Values
3. la+ bl <lal+|bl

x ifx=0 4. |lal—|b|| <|a-b|
1. |x|:=

—-x ifx<0



5. |ab| =lal|b|
a| |a|
6. |51 = D]
7. lab| =|al®
|x|=a
8.
(x=—-a)v(x=a)
|x|<a
9.
(—a<x)AN(x<a)
|x|<a
10.
(—a<x)AN(x<a)
|x|>a
11.
(—a>x)VvV(x>a)
|x|=a
12.
(—a=x)V(x=a)
lal <|b|
13.
(a<b)v(a>b)v(a<-b)Vv(a>-b)
lal < |b|
14.

(asbyv(@a=bVv@a<-b)v(a=-b)

10

More Rules of Inference For Equations

ax+b=0
1.
-b
Xx=—
a
ab=0
2.
(a=0)Vv(b=0)
abc=0
3.
(a=0)vb=0)Vv(c=0)
araz---ap=0
4,
(e =0)Vv(az=0)Vv---(ap=0)
X2 =a?
5.
(x=a)Vv(ix=-a)
G
X "=—=a|N(a#0)
X
6.

e

7. Quadratic Formula

ax’+bx+c=0

22 2o

2a 2a



8. Cramer’s Rule:

E

ax+by=e

cx+dy=f

_ed-bf _af-—ce
B ad—bc) A (y— ad - bc

|

11



Math 118 Homework




1 Homework

For each of the following left-sides and right-sides draw the graphs of the sets G-, G<, G<, G>, G>, where these sets are defined

below.

e G=:={(x,y) eR?|LS = RS}

e G<:={(x,y) eR?|LS < RS}

0G>

={
=1

e G<:={(x,y) eR?|LS < RS}
:={(x,y) e R*|LS > RS}
= {

e G>:={(x,y) eR?|LS = RS}

Use the numbers -5,—-4,-3,-2,-1,0,1,2,3,4,5 for x.
1. LS:=x, RS:=y 9. LS:=x2+y2, RS:=1

2. LS:=y, RS:=x 10. LS:=xy, RS:=1
3. LS:=x+1, RS:=y+2
11. LS:=xy, RS:=0

4. LS:=x-1, RS:=y+1
12. LS:=y, RS:=1+x+x?
5. LS§:=3x-2, RS:=y
13. LS:=y, RS:=1-x
6. LS:=2x+1, RS:=y

7. LS:=x%, RS:=y 14. LS:=x+y+1, RS:=2x-3y+1

8. LS:=x, RS:= y2 15. LS := x3+y3, RS =1

2 Homework

Compute the following expressions, and draw pictures

1. {1,2,3,4}u{l1,-2,3,-4,5} 10. {1,2} x (12,3} n{3,4})

2. {1,2,3,4n{1,-2,3,-4,5} 1L {1,2}n({2,31 U {3,4)

3. {1,2,3,4} x {1,-2,3,~4,5} 12. L,21vi1,2,3}

13. [1,2]n{L,2,3}
4. {1,2} x {2,3} x (3,4}
14. [1,2[u{1,2,3}
5. (1,2} n{2,3}) U {3,4}
15. [1,2[n{1,2,3}
6. {1,2}n({2,3}u{3,4})
16. {(1,2)}u{1,2,3}

7. {1,2}u{2,3} U {3,4} 17. {(1,2)}n1{L,2,3}

8. {1,2}n{2,3} n{3,4} 18. {(1,2)}u{1,2,3}

9. {1,2}1n ({2,3} x {3,4}) 19. [1,2]1U10,3[

13



20. [1,2[uU[0,3]

21. 11,2]uU]0,3(

3 Homework

1. Find two examples with actual numbers for a, b, and c,
for one of which the assertion is true, and for the other

of which, the assertion is false.

These examples are intended to show that assertions are

not true in general.

(@) Va,b,ceN((a+~b)+~c=a~+(b+c)
(b) Va,b,ceN (anb)nc=an(bAc))
2. Find all the formation-trees for the expression a+ b +

¢+ d + e; you are not allowed to change the order of the

letters.

3. Find

(a) a formation-tree for each of the following expres-

sions, and

(b) calculate the value of the expression, using the

formation-tree that you found in part 3a.

4 Homework

For each of the following expressions:

¢ find a formation-tree,

e calculate the value by hand,

22.

(@)
(b)

(©)

()
(e)
()
(€]

(h)

(1,21n[0,3[N{1,2}

24+2-2%x2+2N2 ) 2+2-2x2+2A2
2A2+42-2%x2+2 () 24+2-2x2A2+2A2
2+2A2+2-2x%2 & 2+@2+((2x2)+2)A2

2x2+2A242-2 N 2+2+((2%x2)+2)A2

2-2x2+2N2+42 m) 2+2+2x(2+2A2))
242-2-2+2-2+42+2+2 m) —-2+2-2+2-2+42
2-2-2-2+2+2+2 © —-(@2+2-2+2-2+2)
2-2-2+2-2A2A2A2 P (2-2)-2+@2+2A2)A2

4. Find a formation tree for each of the following expres-

sions.

(a)
(b)
(c)
(d)
(e)
®
(8
(h)
Q)
§)

anbAchd+e+f+g
(anbro)n(d+e+f)+g
an(bacn(d+e+f+g))
(anb)A(chnd+e)+f+g
anbAa(cn(d+e+f)+g)
a+b+c—d—-exfxg+i+jnknl
anb+cxd+e—fNg
a+bxcxdNheNfAg
an(b+(cndne)+f)ng
(a-b-on(d-e-f)ng

¢ calculate the value, using a calculator (your work should include the sequence of keystrokes used)

¢ see that the answers to parts (b) and (c) agree, and

¢ find a situational meaning (that is: describe a situation and ask a question about the situation, to which the given expres-

sion is an answer).

14



1. 142-3-4
2. -2-3
3, —23-32

4. =2(-3)+(-2)(-3)

5. -234+1

6. (-2)3+1

10. 232

11. ——

12. —+4

13.

14.

15.

5 Homework

Find normal forms for the following expressions:

1. al+a)(1+a+b)

2. ab+ abc
3. a¥

. alira) )
a b
(5)-(2)

a+b)
b

™~

o

b
a+b

|

7)-(5)3
16. [—|+[=|x=
2 -3 5
7)-(5)3
17. |[—=|x[=]|+=
2 -3 5
-1\ (2)?
() -5 -
2 -3
1 1
19. 2(1+— 1+-—-+
2 2
=)=
20. |[—=|[—|+[=
-2 3 -2
21. 2¥
22. 22!
!
93, (_1)(1+12)(1 %)
=)-(5)
24, | —|—-|—
-3 2
(2+3) 3 )
25, | —|—-|——
3 2+3
(2 —3) 5
26. |[—|+|—|+
-3 5 2
(1+2) 1 )
2 1+2
27 (2+1) 1 )
[ + [
2 2+1
a b
7. —+—+[—
b ¢ (a)
2a 3b (46)
8. — - 4+[=]|-1
b c a
(x+1)
9. [—|—x
X
b
10. a?-
a a-b
11. (ab-1) 1
’ 1+ab
2a+1
12. ( -2
a

15

30.

31.

32.

Nl = NN =

N =N | =

+ [ + '
W~ Wl w]| =

W =W =~

+

N =N =N =

|
+
|

+
W =W~

—
—

|
+
|

33.

—

\S)
W~




6 Homework

Find situational meanings for the following expressions (that is, describe a situation, and ask a question about the situation to

which the given expression is an answer). In other words, make up your own word problem which has the given expression as

as an answer:

1.

10.

11.

12.

13.

14.

15.

16.

17.

2+3
3+2
2-3
3-2
1+a)(1+b)(1+c¢)
2x3

3Ix2

(2+3)+5
(2+3)+5
2+3+5

(2-3)-5
2—-(3-5)

2-3-5

7 Homework

18

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

. 2x3-5
2—-3x5
(2-3)x5

2+(3+5)

Find normal forms for the following expressions:

1. (- ab(-1)ac(-1)ca

(-2) ab®ccbh?a(-2)
ab-2bc+3ca
ab?®-ba? +3ca

1+a)(1+b)(1+c¢)

10

1l+a+b)(1+a+b)

. —(a+b)(-1-a+b)(2-3a+4b)

. (a—ab)2

ab(l1+ ab)

. 3ab+2+abc—4ab+3abc—7

16

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

11.

12.

13.

14.

15.

2x-3

2(x+3)

2(x-3)

X+y+z

X+xy

x(1+a)

(ab? - abcd)’ d
ab-2ab(b-rc)
ab(a+b)+bc(b+c)+calc+a)
(a+b)*+(a-b)?

(a+b)? - (a-Db)?



16. (a+b)3+(a-b)® 20. (a+b+0)?+(@-b+c)? 24. (—a+b-0c)?+(a-b+c)?
17. (a+b)® —(a-b)® 21. (a+b+0)%*—(a-b+c)?

25. —(a-b-c)?+(a-b+c)?
18. (a+b)* +(a-b)* 22. (a+b+c)*+@a-b-c)?
19. (a+b)*-(a-b)* 23. (a+b+c)?-(a-b-c)? 26. (a+b)?-a?-b*+4ab-1

8 Homework

Carry out the following substitutions:

1 2 X 1
2. - 5
a+a)< a<_g) 2
a—D»b 1
3. (a2+ab+b2)< > o 1 x—3
b‘—d ' 1+f 1
J 2
a— (x+y)
4, (a+ab+abc)<
b— (x-y) ) ) x—(x+y)
10 (—+y+— <
X z

&
B
+
>
+
X
S

Q
|
=
~—
S
=
I
N}
~_—
Q
I
)

b—y y—1>D
X+y—a
a—2 11. (x+y+2)
6 (l 1 L) y
a b ab y y+z—>b
a— =
X
1
a+ a— b+ a? x — 0
7. > 12. (x+y+2)
b+; b— a+b? y+z — x4y

9 Homework

1. Use 'Rules for Factoring’ to match each of the following expressions with the left or right side of a rule, and then rewrite

the expression to match the other side, that is the other side of the same rule that is did not match.

(a) 2x+3x (d a®-(a-Db)*
(b) xa+xy (€) (a+b)*+(a-Db)?
© a?-22 ) (a+b)?-(a-b)?

17



@ (a+b)*+(a-b)° @ (a+b)?—-a?-b*+4ab-1
3 3 1 2
(h) (a+b)°—(a-b) o a+b)+3)
@ (a+b)*+(@-b)" 3\3
o -3
() (a+b)*—(a-b)* x
1 4
& (a+b+c)?+(a—b+c)? (t) (24_(5))
D) (@a+b+c)?-(a-b+c)? W -1 n_(x+1)n
m) (a+b+0)?%+(@a—b-c)? +1 x-1
(v) ab+ca
(M) (a+b+c)*—(a-b-c)? 1\
w 2~(3]
(0) (—a+b-0c)%+(a-b+c)? \
1
() —(@a—b-0)?+(a—b+c)? x) a+b)+3)

2. Match each of the following expressions with the left or right side of any equation of your choice, after rewriting it in a

way that you consider suitable.

(@) a?+b? ) —(a-b-0c%+@-b+c)?
(b) 100 - a? (g 9a®-16b°

(c) 125+ (a+b)® (h) 2a?-31?

(d) 1000 ) (i) 27x3 -1

o (2

3. Rewrite each of the following expressions in 10 different ways so that the resulting expression is of length at least 20. The

same symbol may not be used more than twice:

(@) 1 (g x—y
(b) 2 (h) x2
(c) 1+2
H A+x)1-x)
d x
© x+y 0] 1+x+x%
) xy K 1-x+y—-xy

10 Homework

For each of the following equations
¢ write down the machine and geometric interpretations,
¢ solve for the unknown exactly, by playing a game,
e check that your solution works,

* find an approximate solution by drawing a graph,

18



¢ find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 3x+4=7
2. 3x—-4=7
3. =3x+4=7
4. -3x—-4=7
5. 3x+4=-7
6. 3x—4=-7

11 Homework

For each of the following inequalities:

10.

11.

-3x+4=-7
-3x—-4=-7

V2(x)+V3=V7

1 3 2
27473

1
5x+v§:25

¢ write down the machine and geometric interpretations,

¢ solve for the unknown exactly, by playing a game,

¢ check that your solution works,

* find an approximate solution by drawing a graph,

e find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 3x+4<7

2. 3x—-4<7

3. -3x+4>7

4. -3x—-4=7

5. 3x+4< -7

6. 3x—-4=<-7

12 Homework

For each of the following inequalities:

10.

11.

. —3x+4>-7

-3x—-4=-7

V20 +V3<VT

| W
IA
[SSERS]

1
—x+
2

1
Sx+ V2>25

¢ write down the machine and geometric interpretations,

¢ solve for the unknown exactly, by playing a game,

¢ check that your solution works,

19

12.

13.

14. 3

15.

16.

12.

13.

14. 3

15.

16.

3vxX+4=7

3Yx+4=7

3VX+4>7

3Yx+4=7



¢ find an approximate solution by drawing a graph,

¢ find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 1<3x+4<7

2. -1=3x-4<7
3. 11=-3x+4>7
4. 11>-3x-4=7
5. -1=3x+4<-7

6. -8<3x-4=<-7

13 Homework

For each of the following equations:

7.22-3x+4>-7
8. 2>-3x-4=-7

9. V2<vV2(x)+V3<V7

2

X+—==
3

3
10. — =
4

N | =
1w

1
11. 1.5= 5%t V2>25

¢ write down the machine and geometric interpretations,

¢ solve for the unknown exactly, by playing a game,

¢ check that your solution works,

* find an approximate solution by drawing a graph,

¢ find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 13x+4[=7
2. 13x—-4|=7
3. |=3x+4|=7
4. |-3x-4]=7
5. [3x+4|=-7

6. [3x—4|=-7

14 Homework

For each of the following equations:

7. |=3x+4|=-7
8. |-3x—-4|=-7

9. V2 +V3l=V7

1 3] 2
10. |=x+=|=2
55433
1
11. Ex+\/§‘=2.5

¢ write down the machine and geometric interpretations,

¢ solve for the unknown exactly, by playing a game,

20

12.

13.

14.

15.

16.

12.

13.

14.

15.

16.

1
10>3(— +4=7
X

3
153(— +4<7
x+2

=)
Os|——=|+1=<2
x+1
11>3yx+4>7

11=3¢x+4=7

1
3 —)+4 =7

X

2

— | +4|=7

X+2

x—l)

—|+4|=7

x+1
[3v/x+4]|=7
[3¥/x+4|=7



¢ check that your solution works,
¢ find an approximate solution by drawing a graph,
¢ find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 3lx+4=7 7. =3lxl+4=-7
2. 3lxl=4=7 8. ~3lx|-4=-7
3. ~3x|+4=7

9. V2[x|+v3=V7

4. -3|x|-4=7

w

1 2
10. =|x[+-==
2 3

'S

5. 3|x|+4=7

1
6. 3lx|-4=7 11. §|x|+\/§=2.5

15 Homework
For each of the following inequalities:

¢ write down the machine and geometric interpretations,
¢ solve for the unknown exactly, by playing a game,

¢ check that your solution works,

¢ find an approximate solution by drawing a graph,

¢ find an approximate solution, using your calculator, and

¢ check that all the solutions agree approximately.

1. 3x+4|<7 7. |-3x+4|>-7
2. 13x-4l=7 8. |-3x—4|=-7
.| =-3x+4|>
S 1= Seral>T 9. WV2(x0)+v3|<V7
4, |-3x—-4|=27 1 3 2
10. |[=x+—-|=<-—

2 4 3
5. 3x+4| < -7

1
6. |3x_4|5_7 11. 5x+\/§ >2.5

16 Homework
For each of the following equations

* write down the machine and geometric interpretations,

21

12.

13. 3

14.

15.

16.

12.

13.

14.

15

16

1
3(—)+4=7
| x|
3

|x+2|

+4=7

x—1

3 +4=7
x+1

x|+ x+1=7

21x|+3|lx+1| =7

3 =7

X

3
—|+4

3
3|——|+4
x+2

x—1
3(_)+4
x+1

. 3vx+4]>7

<7

<7

C3Vx+4|=27



1. 2B(x-D+4)+1=7
1
2.2@(——Q+4 +1=7
X
3 1( (2x-3)+ )—1
"2 2
(x—l
4. 2|=——|+3=5
x+1
x-1 (x+1)
5. o| WXL \x=1) g
x—-1 (x+1)
x+1 x—1
17 Homework

For each of the following equations

o

solve for the unknown exactly, by playing a game,

check that your solution works,

find an approximate solution by drawing a graph,

find an approximate solution, using your calculator, and

check that all the solutions agree approximately.

10. 2

6. 2(3lx—-1[+4) +1=7

1
7. 2(3‘——1
X

+g+1:7

N =

2 3
(—mx—m+—):
3 2

x| -1
9. 2 +3=5
|x]+1

N =

x—1

x+1

+3=5

write down the machine and geometric interpretations,

solve for the unknown exactly, by playing a game,

check that your solution works,

find an approximate solution by drawing a graph,

find an approximate solution, using your calculator, and

check that all the solutions agree approximately.

2Bx-D+4)+1<7

1
2(3(——1)+4 +1<7
X
1(2 3 1
—[=2x-3)+=|>=
213 2 2
x—1
—1|+3=5
x+1
x—1 (x+1)
o Xt Ax=14 5 g
x—1 (x+1)
— + —
x+1 x—1

10.

6. 2(3|x—-1|+4)+1=7

1
7. 2(3 ——1 +4)+1>7
X
1(2 3 1
8.—(—&x—3h+—)z—
21\3 2 2

|x|—1
9. 2 +3<5
x| +1

x—1

x+1

+3<5

22

11. 2

12.

13.

14.

15.

16.

11. 2

12.

13.

14.

15.

16.

x| —1
x| +1

+3=5

3lx+1|=2|x-1]
3lx+1]1-2|x-1| =1

(Ix+1D(x—-1) =2

[x+1]-1
[x—1|+1

[x+1]-1
[x—1]+1

x| —1

+3>5
x| +1

3lx+1|=2|x-1]
3lx+1|-2|x—-1|=1

(Ix+1D(x—-1]) <2

[x+1|—-1

—+1=<2
[x—=1]+1

[x+1]-1
[x—=1]+1

'+1>2



18 Homework

Factor the following expressions:

1. ax+bx 16. X2 +4x+4 31. abx’ = (a+b) x+1
2
2. xa+xb+xc 17. x*—-4x+4 32. ax’—(a+b)x+b
3. 4a®>-22 18. 4x® +4x+1
33. x> -3x+70
4. 2a®-b? 19. 4x% —4x+1
(a-b)2 34. 6x*>+13x+6
5. (a+b)*>+ ) 20. (x+1)2+5(x+1)+6
2_
(a+b)? , 21. 2x-3)2-5(@2x-3)+6 35. 6x7~13x+6
6. -3(a-b)
22. (ax-b)*-5(ax—b)+6 36. 1+x+y+xy
7. a*+b?
23. x*+5x°+6
37. 1-x+y—-x
8. a®-bb ym
24. x°-5x3+6
9. (a+b)®+(a-b)?® n 38 1+x—y—xy
25. (x4—(—) )
10. a*(a+b)*-b®(a—b)* 2 39. 1-x—y+xy
, ) 26 (x—1)4_ x+1\*
11. (a+b+c)*+(@a-b+c) “lx+1 x—1 40. x*-(V2+V3)x+6
12. x>+5x+6 27. x> +10x+21 ) )
41. (—)xz—x+(—)
13. x2—5x+6 28. x2—-3x+70 4 4
2
14. x*>*—x-6 29. X2 - (1+V2)x+V2 42. 6x*+5x—6
15. x2+x-6 30. xz—(\/ﬁ+\/5)x+\/ab 43. 6x*>-5x—6
19 Homework
Show that the following are true:
2 2 2 2 1 1 1 1
L (V2 V3) 4 =5+2V6 o @ rabsip= NI | s fanZ) (b )ela-Z) (p-5)-
2 2
2
2. (\/E+\/E) =a+b+2Vab . . X X 2(E+B
2 10. (a——) b E)+(a+_ _E)z b a
3. (\/ﬁ—\/E) =a+b-2Vvab a 1 a
Z(ab——)
b
4. (V2+ V2 =242+ V2T “
12 12 1 (a—l b+l)—(a+l b_l): 14. (@*+b?)(c?+d?) = (ad+bo)* +
5. a+—) =a2+2+(—) ' a b b (ac—bd)?
a a (d b)
2l ===
6. (a+b)*+(a-b?*=2(a’+1? b a
7. (a+b)? - (a-b? = 4ab 12. (ml b+l)—( —1)(17—1):
12 2 a ) b a b 15. (@2 +PP+c2+d?) (p*+q*+r2+ %) =
8. a+;) —(a—;) =4, (a#0) 2 ab+% (a2+ﬁ2+y2+52),

23



where
a = ap—-bg—cr—ds
B = aq+bp+cs—dr
Y = as—-br+cp+dq
6 = ar+bs—cq+dp

20 Homework

Show that the following are true:

1.

1 5 1
X+—-=3|=|x"+5=7
x X

1 2 2
2. |x+—-=a|=|x¥"+ 5 =a"-2
X
1 2, 1 3
3. |[x+—=a|=|x +t—=a —3a
X X
1 4, 1 4 2
4, |x+—=a|=|(x +t—=a —4a° -3
X X

21 Homework

(1—t2
1412

2 2t)2

1+ 12
(t2+1 2 ( 2t )2_1
-1 2-1)

Solve the following equations for the designated unknown, by factoring:

1. ax+bx=1, x
2. x2-4=0, x

3. 4a>-22=0, a

4. 2a>-b*=0, b
—p)?
5. (a+b)®+ %):0, b
(a+ b)?

— )—3(a—b)2=0, a
7.3x*-7=0, x
8. (x0)3+10=0, x
9. 8(x)®-1=0, x

10. a*(a+b)* -3 @a-b*=0, b

11. (a+b+0?-(a-b+0)%=0, ¢

12. x>+5x+6=0, x

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

x2-5x+6=0, x

x2

-x—6=0, x
X+x-6=0, x

X2 +4x+4=0, x

X2 —4x+4=0, x

4x? +4x+10=0, x
4x?—4x+10=0, x
(x+1)2+5(x+1)+6=0, x
(2x-3)2-5(2x-3)+6=0, x
(ax—b)?*-5(ax-b)+6=0, x
x*+5x2+6=0, x

x¥-53+6=0, x

24

25.

2

28.

29.

30.

31.

32.

33.

34.

35.

(x—1)4 (x+1
6. |[—| -|=—
x+1 x—1

27.

5. (a+b+c=0)= ((a®+ab+b?) = (b*+bc+c?) = (a? + ac+c?))
6. (a+b+c=0)= (a®+b>+c* =3abc)
7. (@a+b+c=28)= (S +(s—@?+(s—D)*+(s—)?> = a> + b* + ?)

8. (ab+bc+ca=0)= (a’+b*+c*=(a+b+c)?)

-3 -

4
=0, x

x?+10x+21=0, x
x?-3x+70=0, x

¥ -(1+V2)x+v2=0, x
xz—(\/ﬁ+\/5)x+\/ﬁzo, x
abx®*-(a+b)x+1=0, x
ax’—(a+b)x+b=0, x
x?-3x+70=0, x
6x°>+13x+6=0, x

6x2—-13x+6=0, x



36. 1+x+y+xy=0, x,y
37. 1-x+y-xy=0, x, ¥

38. 1+x—y-xy=0, x, ¥

22 Homework

Solve the following quadratic equations by:

¢ the quadratic formula, and draw a graph indicating the roots on the graph,

 factoring,

e completing the square.
1. 3x*-7=0, x

2. X2+5x+6=0, x

3. x*-5x+6=0, x

4. x*-x-6=0, x

5. x2+x—6=0, X

6. x> +4x+4=0, x

7. x>—4x+4=0, x

8. 4x*+4x+10=0, x

9. 4x*—4x+10=0, x

23 Homework

10.

11.

12.

13.

14.

15.

16.

17.

18.

39. 1-x—-y+xy=0, x,y
40. x> (V2+V3)x+v6=0, x

1) 5
41. [=-|x*—x+
4

)
-1=0, x
4

(x+1)2+5(x+1)+6=0, x
(2x-3)2-5(2x-3)+6=0, x
(ax—b)*-5(ax—b)+6=0, x
+5x%2+6=0, x
x¥-5x3+6=0, x
x?+10x+21=0, x

x> -3x+70=0, x

¥ -(1+V2)x+v2=0, x
xz—(\/ﬁ+\/5)x+\/%=0, X

Solve the following systems of equations for x and y by:

¢ the formula,
¢ playing a game,

¢ drawing a graph, and

¢ find a situational meaning.

x+y=1

x-y=0

2x+3y=1

2x-3y=0

25

42.

43.

19.

20.

21.

22.

23.

24.

25.

26.

27.

6x2+5x-6=0, x

6x2-5x-6=0, x

abx®*-(a+b)x+1=0, x
ax’—(a+b)x+b=0, x
x> -3x+70=0, x
6x2+13x+6=0, x
6x2—-13x+6=0, x

¥ - (V2+V3)x+v6=0, x
[5)=-=+[3)
—|x*—x+(-|=0, x

4 4
6x2+5x-6=0, x

6x2-5x-6=0, x

\/§x+\/§y=1
V2x-V3y=0



26

10.

x+y=1

2x+2y=2



