Community College of Philadelphia Maths 172 Calculus Il Homework Problems

1 Applications of Integration.

Note: I use log for what engineers write In.

1 Problem Find the work needed to pour sand for an embankment in the form of a cone of height H and base

radius R. The specific weight of the sand is y.
A

R

Figure 1: Problems 1.

2 Problem A cylinder of volume V is filled with steam under a pressure p. Find the work needed to compress the

vV o . . . .
steam to the volume > if the temperature of the steam is to remain constant. (Hint: From thermodynamics one

knows that dW = p dv, where W is the work, and v is the volume. Also, if the temperature is constant, then
pv = C, a constant.)

3 Problem Find the work necessary to pump the water out of a horizontal cylinder of length L and base radius R.
The specific weight of the waterisy.

4 Problem Two very long cylinders of the same radius R intersect at right angles as in figure 2. Find the volume of
the overlap.

Figure 2: Problem 4.

5 Problem Find the volume when the region
Z={(xy)eR?:0<x<2, 0<y< X
is revolved
1. about the x-axis.
2. about the y-axis.
3. aboutthe liney = —1.
4

. about the line x = —1.
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2 Techniques of Integration

1
6 Problem Find e® ** dx.

1
7 Problem Find tanxlog(cosx) dx.

I:ilo log x
8 Problem Find 09709 x dx
X log x
L] 18 1
9 Problem Find dx.
x3 —
- 1
10 Problem Find X.
X8 + X
I:I X
11 Problem Find dx.
2X+1
12 Problem Find —F F F— dx.
(x +1)10
]
13 Problem Find
1+eX
- 1
14 Problem Find ——
1—-sinx
]

15 Problem Find 1+ sin2x dx.

16 Problem Find ——— dx.

17 Problem Leta = 0,b = 0, and f a continuous strictly increasing function with ¥(0) = 0. Prove that

|

ab < f(X) dx +

0

Prove, moreover, that equality occurs if and only if b = f(a).

(I
18 Problem Find  sec? x dx.

(I
19 Problem Find  sec® x dx.

f1(x) dx.
0
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(I
20 Problem Find <" dx.

1
21 Problem Find log(x? + 1) dx.

(|
22 Problem Find xe* cos x dx.

1
23 Problem Find  x?/3log x dx.

[

24 Problem Find sin(log x) dx.

og1
25 Problem Find w dx.

1
. Use thisto find secx dx.

1 COS X COS X
26 Problem Prove that = - + -
cosx 21 +sinx) 2(1—sinx)

T

X
27 Problem Using sin20 = 2sin 6 cos 6 shewthat cscx dx = log | tan E| + C. Now use csc(% +X) = secx
1

to find yet another formula for  sec x dx.

1
28 Problem Find (arcsin x)? dx.

- dx

VXFTI+/X—-1

29 Problem Find

1
30 Problem X arctan x dx.

]
31 Problem Find +/tanx dx.

2x+ 1

32 Problem Find ———— dx.
! X2(x — 1) x

1
33 Problem Find log(x + /X) dx.

[

1
34 Problem Find ——— dx.
x4 +1
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1
35 Problem Find ———— dx.
x3+1
[
36 Problem Verify that f(x)dx = F(x) + C.
f(x) F(x)
1 1 1 — sinX 1 H — v2sinXx
e s Al - . + o lOg . lOg
sin X sin 4x 4sin X 8 + sin X 242 14+ v/2sinx
lt—i—at% g—%log|cosx+sinx|
sin X+v/ cos 2X 1
cos Xv/ cos 2X + arcsin(1/2 sin X
3 2\/5 ( )
1
SInX 1 sin2x log(l —cosX) + = log(l + cos X) — —log|1—|—2cosx|
_r v/2arctanh(+/2 sin X) — arctanh(sin x)
cos X cos 2X
! ] L - ﬂ + v/2 arctan ﬂ (putu = 1/ sin x)
sinX sin X(1 4 sin X) sin X 2sin X
(IS
—gsinXx —_ arctan cos? X — a2 sin? x
cos X _cos2 X — a2sin® x a
1
37 Problem Verify that f(x) dx = F(x) + C.
f(x) F(x)
1
X31—1 %log|x—1|—%log(xz—l-x—i—l)—\/igarctan%(\/-gl
1
1 2 Lok 41 x
m ——10g|x—1|+ lOg(X +X+1)+ﬁarctan \/g — 3(X3—1)
1 1 Q —x+19 1 [Ax — 10
—— ———|—— ———— — —— arctan
x3(1 4 x3) 2x2 ' 6 (x+1)2 3 3
X+ x+1 3 1
(x2—1)2 4(x—1) 4(x+1)
1 ! lo g +xV2 4 l:—ll— 1 I:alrctan(l + X+/2) — arctan(1 — X\/§)|:I
1+ x4 4v'2 1—xvV24x2  2v2
2 _ 2 [] ] O
X—4 1 logL_I| xv2 4 X ! arctan(1 4+ Xv/2) — arctan(1l — X+/2)
1+Xx 4vV2 " 14 xvV24 %2 2v2
X arctan x? x2
(x%t4+1)2 4 4(x* +1)
x2 4+ x4+1 7 3 2 1
2_4 4 % Q
X6 — 2x4 | x2 x T 2(x2 log
1 _ n=E % — @
ﬁ 1—10 il 1Ij§|cosk0(log(x —2Xcoska+1)—51nkaarctanw +ilgx+i O(:%
1 % @ 1
> 2.
x—a)"(x—b) | b—ay °8 k=1 kb —a)r K (x—a)<' " = 2
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[
38 Problem Verify that

f(X)dx =F(x) +C.

f(x) F(X)
X+1 5 H
-~ T - \/2_7 = — \/2_7
Ny X 3x+2+2log%x 3+ 2v/X 3X + 2
4X — 3 3
—/—4ax2 - 2 i —
B TI3—% vV—4x2 +12x — 5 + 3 arcsin(Xx — 3/2)
1 1—+/2Xx — X2
2X — X2 4+ /2X — X2 X —1
1 R
T iTX L X% v1+ X — /3 — X — arcsin (putx =1+ 2cos )
24+ v/X4+3 —
1+ /<12 (VXF3+4)(VXxF4—-2)—4log(1+vX+4) +log(vXF3+vx+4)
2 2 )2
X + VATEX? (X+Va +x%) 1og(x+m)
n (X ++vaZFxz)" ! 2(X++vaZFxz)" !
/a2 F %2
X+ var+x%) 2(n + 1) ta 2(n — 1) (n#1)
1 1, M2yui™ o u+1 1 s
T
39 Problem Verify that f(x)dx = F(x) + C.
f(x) F()
x" log x X E]gx - =
k—l— 1 k+1
log(1 + x?) x log(1 + x?) — 2x + 2 arctan X
x? 4+ a 101 2
X1 arctan X 3 (2x + (a — 1) arctan X) arctan X — log(1 + x*)
1 |:|
1— ; e1/x Xe1/x
X
cos? X Xtan X + log | cos X|
exl T 2 arctan/e* — 1
L1 I_I_1
arctan z ::__ (X + 2) arctan i — log \/X +1++/%X+3
L1 L1
arcsin Xil(- X arcsin
earcsinx X+ v1— X3 earcsinx
2
—x[] 1
x (cos? x)e™* © (3 — 5x) cos 2x + (4 + 10x) sin 2x — 25(x + 1)
2 2x “X- 4_X 29 \a2x _2 _8X 27 o
(x* 4+ x 4+ 1)e** cos x ( —|— + 125)6 cos X + ( 25 + 125)6 sin X
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Can

40 Problem Let F be twice continuously differentiable in [0; 211] and convex. Prove that f(x)cosxdx > 0.
0]
= dx
41 Problem Find I ] .
1+ 144X

42 Problem Let ¥ : [a;b] — R a bounded integrable function for which ¥x € [a;b], f(a + b — X) = F(X).
Demonstrate that J J

a+b
XF(X)dx = —— - T(x) dx.
a 2 a

. 4 X sin x dx A x dx
Use this to calculate —————an _
o 1+ cosZx o l1+sinx

3 Improper Integrals

43 Problem (Putnam, 1995) For what pairs (a, b) of positive real numbers does the improper integral
[, O — s [
VXt+a—/X— VX— xX-—b dx

b

converge?

44 Problem (Putnam, 1997) Evaluate

Cd, [ x3 x5 x’ x2 x4 x5 -
X—— 4+ — — + ... 1+ — + + + ... dx.

) 2 2-4 2.4.6 22 22.42  22.42.62

45 Problem (Putnam, 2000) Show that the improper integral
)}
lim sin(x) sin(x?) dx
B - +co 0
converges.
=]

46 Problem Prove that improper integral 1 = log sin x dx converges and that I = —1t log 2.

0

4 L’Hobpital’s Rule

COS X — €O0S 3X

47 Problem Find limyx o
X2

48 Problem Find limx_, 1 (1 — X) tan "—2"

49 Problem Find
] 2sin®x +sinx — 1
lim — -
x-m/6 25iN“X — 3sinx + 1

50 Problem Find

im V1I+X—41-—X
x-0 JIT+X—+/1—-X
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51 Problem Find )
lim sin(x — 1/3)

x-1/3 1 — 2C0SX

52 Problem Find

V1+tanx — /1 +sinx

>I<I£no x3
53 Problem Find ]
. XTm/2 — arcsinx
lim
X1 1—X
54 Problem Find _
lim (1 + Zx)llsmx
X -0
55 Problem Find | )
og(sinx
x-m/2 1 —sinX
56 Problem Find
lim (arcsinx — x) csc® x
X -0
57 Problem Find 5
lim (1 —e )¢
X -0
5 Sequences and Series
58 Problem Test Py for convergence by comparing it to a suitable p-series. Use the direct comparison test.
n=1
P 11q
59 Problem Test Aivi71ogn for convergence by comparing it to a suitable p-series. Use the direct comparison
=2
test. :
11 o _ _ _
60 Problem Test , i i/Toglogn for convergence by comparing it to a suitable p-series. Use the direct compar-
n=
ison test.
61 Problem Test an using both direct comparison and the root test.
n=1

62 Problem (Putnam, 1996) Show that for every positive integer n,

by b g
<1.3.5.-..(2n—-1) < .

e

63 Problem Give an example of two series an (with an, # 0 forall n) and b such that the first series

n=1 n=1

is conditionally convergent and the second divergent, yet limp _, +co b—n =1.
n
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1 1 1
64 Problem Prove that the sequence 1 + 5 + 3 + ...+ o log n converges. Its limit is the Euler-Mascheroni
constant
y = 0.577215664901532860606512090082402431042. . ..

It is not known whether vy is rational or irrational.

65 Problem Prove that 1 1 1 —1
l1+-+_-+..-.+—_=logn+y+0 =
2 3 n n

L_,_—W' -1 n—1
66 Problem Prove that =) % = log 2.

L_,_—W' —1)n—1 T
67 Problem Prove that =) S M = —.
2n —1 4

68 Problem Let b(n) denote the number of ones in the binary expansion of the positive integer n, for example

b(n)

b(3) =b(112) = 2.P that _, ————— = log4.
3) (115) rovethat _; n(n + 1) 0g
o 1

69 Problem Find the sum | :

k(k + 1)(k + 2)
- 1 1
70 Problem Prove that |~ =log2 — —-.
2k — 1)(2k)(2k — 1) 2

71 Problem The Fibonacci Numbers f, are defined recursively as follows:

fO = l! fl = l! fn+2 = fn + fn+1! n Z O

CJf 3
Prove that ) — ==
3" 5
72 Problem Prove that the series 2, Tesinn diverges.
. : d i
73 Problem Find the exact numerical value of the sum = n2-7".

74 Problem Find the exact numerical value of the sum n=; ;1 nZ21—n,

75 Problem Find the exact numerical value of the sum n=0; arctan _——.
nZ+n+1

1

76 Problem Find the sum of the series =, 1

77 Problem Find the exact numerical value of the infinite sum
—1
1 (n = 1)!
het A+ VDA +V2)A+V3)--- (1 + /N

[, _Jcosn

78 Problem Determine whether the series =)

converges.
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. . [ Jcos(logn
79 Problem Determine whether the series =) cos(logn) converges.
n
. . [ J cos(loglog n)
80 Problem Determine whether the series =) ———————— converges.
n
81 Problem Prove that - ? 1
— — Cddx=1-vy,
0 X X

where y is the Euler-Mascheroni constant from problem 64.

82 Problem Determine whether

L1 (I
1
1. 1+ — —e. 11.
n
2. cosh® n — sinh® n.
12.
3. 2log(n® + 1) — 3log(n? + 1).
4. Yn+1-— yn. 13
L
5. arccos
n3+2
an 14,
S Toaen
7 nn 15
e
8 (G 16
" logn '
1+ (-1)"/n
g 1+ (DN 17,
n
2.4.6..-(2n
10. ( )
nn

83 Problem Find the radius of convergence of =5 anx"

1. ifanh - 1#0asn — +oco. 9

2. There is a strictly positive integer p

such thatan = an+p foralln > 1 10.
—1
3.an= gnd*
n" 11.
4, ap = —.
n!
12.
5. apn = a", azxn+1 = 0",
O<a<h.
_ 13.
6. anz = n!,ax = 0if vVK & N.
14.
7. an = (logn)—'egn,
Va 15.

8. an=e "

— .
=2 &n converges, when a, is given as below.

U +21+---+n!
(n + 2)!

n-21+...+£n!
(n + 1)!

(=n"
" logn + sin(2nm/3)’
—1
D" 1

vn

1+

=n"
VR DY
(_1) Iﬁﬁ:]
. T.

(logm)”
nlogn

1

18— —.
(Iog n)lOg n

, for the following an,.
_147...3n-2)
no n! '
1
an = —=.
VN
—1 1 1 Liedn
an= 1+ —+...4+ — .
2 n
an+2 = 28n+1 + an,
ap=a; = 1.
[
a.n == IQn] .
an = e(n+1)? _ a(n—1)*
[
an = 1+ t3)" dt
t=0

Updated: November 8, 2006

Prepared by: David A. SANTOS



Community College of Philadelphia Maths 172 Calculus Il Homework Problems

16. apn = Yn— "vV/n+ 1 17 a. = cos no .
VA DD

6 Some Answers

1 Refer to figure 1. If a slab of the cone is at height y from the x-axis, the weight of the slab is

] -
n RHE=Y) "4y
H
and the work required to pour the sand is
|
- = R(H —vy) C=] dv — nyR*H?
. Y — YWY E—(
2 This is plainly
IQ/2 dv @/2
C ——Clogv = —Clog2 = —pV log2.
A\

3 Here we assume that a hole is at the top of the cylinder. Locate coordinate axes on a side of the cylinder so the centre of circular
face lies on the origin. A “rectangular” slab of the cylinder has weight

—1
2 R2 —y2lydy.

The distance that a slab will be pumped is R — y. Thus the desired work is

L& 1 L& L —1
2y R? —y2(R —y)Ldy = 2yRL R2—y2dy —2yL y R2—-y2?(R-y)dy =mnyR’L,

—R —R —R

as the first integral is the area of a semicircle of radius R and the second is the integral of an odd function over a domain
symmetric around zero.

5

4 The horizontal slices cut are squares of area x?> = R? — yZ2. Thus the volume sought is 8 (R® —y*)dy = 16 R .
o
6 Putu = e*, etc. 1 1 1
e dx = eXe® dx = e® deX=¢e® +C
7 Putu = log(cos X), etc.
(| (| 2
tan Xlog(cos X) dx = (log(cos X)) d(— log(cos(X))) = —M +C
8 Putu = loglog X, etc.
Ell —
og log x . _ (loglogx)?
Xlog X dx = loglogxd (loglogX) = — +C
9 Carry out the long division.
[
x18 -1 15 12 9 6 3 X16 X13 XlO X7 X4
ﬁdx_ (X7 +XT4+ X+ X+ X +1)dx_1—+ﬁ+ﬁ+7+f+x+c

10 After an algebraic trick, putu = 1 + X ~7 etc.

= 1 = x8 Dd(l—i—x ™) _
mdx: de:—,? Trx—T = ——log|1—|—x |+C
11 Putu=2*+1
E g e 1 o A1) = I:Iu—1du_ P 1 y
> +1 % T Tog2 22+1 = Tog 2 u = fogz (U Tlog[UD+C = 15 (27 + 1 - log[27 +1))+C
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12 Putu = x + 1. Then x* = (u — 1)? = u? — 2u + 1, and hence
[ 2 2 _
Xi dXx — w du
(X + 1)10 . ulo
= u®—2u%4+u'°du
= -S4 odogC

7
—7 —8 —9
NCS AN CE S b S5 Y e

13 Algebraic trick, and then u = e™* + 1, etc.
1 . _ 1
! ax= &7 ax=— — 1 e *41)=—logle *+1|+C
1rex T e>xx19 7 e x 1 - o8
14
- 1 1+ sinX 1+ sinXx =
e — = an = idx: seczx—i-secxtanxdx:tanx+secx+C
1 —sinX 1 — sin® X cos? X
15 e B
1+ sin2xdx = sinZ? X + 2sin X cos X + cos? x dx
1
= (sin X 4 cos x)2 dx
= | sin X + cos x| dx
= —cosX+sinX+C or+cosX—sinx+C
16 Putu = X2, etc.
- 1 1 1 1
_ 1 . _ 1 . 2
A COE dX—E ﬁdu—zarcmnu—}—c—zarcsmx +C
18 We have 1 1
sec* xdx = sec® x(tan® x 4 1) dx
1 1
= sec? X tan® x dx + sec? x dx
= (tanx)? d(tanx) + sec® x dx
3
tar; X 4 tanx + C.
19 We have 1 1
sec® X dx = I:Isecs x sec? X dx
= sec® Xd(tané
= sec®xtanx — tanXx d(sec’® x)
(I
= sec®xtanx — 3 tan? xsec? X sec X dX
= sec®xtanx — 3 lﬂsec2 x — 1) sec® x dx
(I
= sec®xtanx — 3 sec® xdx +3 sec® x dx
The above implies that
- tan X sec® X -
sec® xdx = % + % sec® x dx
3
tan X sec” X 3tanxsecx+§log|secx+tanx|+C,
4 8 8
upon recalling from class that
- tan X X 1
sec® x dx = % + 3 log|secx + tanx| + C
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20 Firstputt = x*/3 thent® = x = 3t2dt = dx. Thus
] ]
e Tdx = 3t’e’ dt
= 3t%et — 6te' — 6e' +C
_ 3x2/3exll3 . 6X1/38Xl/3 . 68Xl/3 Lc,

where the penultimate step results from tabular integration by parts.

21 We have 1 (|
log(x?> +1)dx = xlog(x®*+1)— xd(log(x®+ 1))
- 2
— 2 X
= Xlog(x*+1)—2 2+1dx
x*4+1-1

= Xlog(xX*4+1)—2 ———dx
( ) COCEXP + 11 1
— 2
= xlog(x® 4+ 1) — 2(x — arctanx) + C
22 This method parallels the one in class of “solving for the integral.” Put

1
I = xe*cosX:=(AxXx+ B)e*cosx + (Cx + D)e*sinx + K.

Differentiating both sides,
xe™ cos X = Ae* cos X + (AX + B)e* cos X — (AX + B)e* sinx + Ce*sin X 4+ (Cx + D)e* sin X + (CX + D)e™ cos X.

Equating coefficients,
XeXcosXx : 1=A+4+C
xe*sinx : 0= -—-A+4+C

e* cos X : 0=A+B+D
e* sin X : 0=—-B+4+C+D
From the first two equations C = 1, A = 1. Then the third and fourth equations become —3 = B + D;—1 = —B + D,
whence D = —%, and B = 0. We conclude that
1 1 1]
XexcosX=§excosX—|— X; e*sinx + K.

23 We will do this one two ways: first, by making the substitution
t=logx = e'=x = e'dt= dx.

Observe also that x?/3 = e2¥3, Then

1 1
x*3logxdx = te?3et dt
3t 5t/3 9 5t/3
= —e — —e C
Brogx) 2 o
og X) 5/3 5/3
= —=Ix" - —=x C.
5 25 +
Aliter: By directly integrating by parts,
1 1 c1,,, 1
2/3 _ X
X““logxdx = log xd

= = logx — % é?’s d(log x)
3(log x) »5/3 3
5

X2/3 dx

5
3(log X) _5/3 9 _s/3
——X — —X C,
5 25 +

as before.
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24 This integral can be done multiple ways. For example, you may integrate by parts directly and then “solve” for the integral.
Another way, which parallels a method shewn in class is the following. Start by putting

t=logx = e'=x = e'dt= dx.

Then (I 1
sin(logx) dx = e'sintdt,
an integral that we found in class. We will find it again, using a method similar of problem 22. Put
1
I = e'costdt:= Aetcost—}—Betsint—}—K.

Differentiating both sides
e'cost = Ae'cost — Ae'sint + Be'sint + Be'cost.
Equating coefficients,
elcost : 1=A+B
elsint : 0=—-A+B
and so A = B = 1. We have thus
1 1
sin(logx)dx = e'sintdt
%et cost+ %et sint + K
%X coslog X + %X sinlog X + K.

25 Putt = loglogx = e° =x —> e'e® dt = dx. Hence

log log X EIteteet
08108 X yx = dt
eet

= tet—et+C
(log x)(loglog X) — (logx) + C,

where the penultimate equality follows from a tabular integration by parts.

26 Simple algebra will yield the identity. We have

= X X
cos cos
Xdx = ——— dXx ——— dXx
sec 20 +sinx) T 3@ —sinx)

= 1log|l+sinx|= 1log|l —sinx|+C

_ 1 + sin X

-2 — sin X

27 We have [ |
csceXdx = - dx
[Bin X
. 1
B P sin 3 cos 3
_ cos 3 dx
B sin 3 cos? 3
_ sec? 3 dx
- [ tan3
wmans lau
- u
= log |tan 3| + C.
Thus 1 (I (I
sec X dx = csc(%—}—x) dx = csc(%—}—x) d(g—l—x) =log§an(%+§)@+ C.

28 Putting t = arcsin X we have
sint = X — costdt = dx,
whence (| (|
(arcsinx)?dx = t? costdt
= t’sint+ 2tcost — 2sint+C
= (arcsin x)?x 4 2(arcsin X) cos(arcsin x) — 2x + C
= (arcsin X)2Xx + 2(arcsin X)y/1 — X2 — 2x + C
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29 We have 1 1
dx . (VX+1—-/%x—=-1)dx
VXFI1I4+vX—1 ) 21 _
— —(X + 1)3/2 _ —(X _ 1)3/2 +C
3 3
30 We have 1 1 1
=
X arctan X dxX = arctanxd —
x2 ‘i—lxz
= “—arctanXx — — d(arctan x)
12
2 1 x2
= —arctanXx — = dx
22 12+ x2
X Ix*+1-1
= 3 arctan X 2 11 x2 d
x2

X
= 7arctanx— 2 + %arctanx-ﬁ—C

31 Putu = +v/tan x and so u? = tan X, 2u du = sec® x dx = (tan® x + 1) dx = (u* 4+ 1) dx. Hence the integral becomes
(| (| 2
vtanXdX=2 u4—+1du
To decompose the above fraction into partial fractions observe (Sophie Germain’s trick) that u* + 1 = u* 4+ 2u? +1 — 2u? =
(u? 4+ uv2 4+ 1)(u? — uv2 4 1) and hence

[ 1 2
VtanXdx = 2 du
ui 1 1
V2 u V2 u
= X -  du+== — =  du
2 uz+uvz+1 2 uz —uv2+1

= —? log(u? 4+ uv2 + 1) + ? log(u? — uv2 + 1) + ? arctan(\/iu +1)— g arctan(—\/iu +1)+C

—? log(tanX + v2tanx + 1) + \/TE log(tanxX — v/2tan X + 1)
—I—g arctan(v2tanXx + 1) — g arctan(—+v2tanx 4+ 1) 4+ C

32 Put
2x+1 A B C _ _ . 2
m—x+xz+x_ 22X+1—AX(X 1)+B(X 1)+CX
Lettingx = 1we get3 = C. Lettingx = 0wegetl = —B =—> B = —1. To get A observe that equating the coefficients
of x2 on both sides we get 0 = A + C, whence A = —3. Thus
- 2x +1 I:Il EI1 - 1
— _3lo |x|g§+3log|x—1|+c
= 3log 37;1 §+C-
33 Integrating by parts,
(| (|
log(X + v/X)dx = Xlog(X + v/X) — X dlog(x + v/X)
1
Cx(14+ ——
2/X
= Xlog(X + v/X) — ———F—dx
:ujJrlx/Y X 1
X
= X log(X + v/X) — 1— - —— dx
g(X + vX) 3 :;jﬁ
1 X
= Xlog(X + v/X) — X + = —— dx
B g(X + v/X) 2y VX
= X
:\/ XIOg(X+ﬁ)_X+DmdU
u= X
= Xlog(X + v/X) — X + 1—u+1du

Xlog(X + v/X) — x4+ u —log(u+1)+C
x log(x 4 v/X) — X + v/X — log(y/X + 1) + C
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34 We use Sophie Germain’s trick to factor

x*H1=x42x2+1-2x2 = (P +1)? —2x? = (x* — V2x + 1)(x* + V2x + 1),
and seek the partial fraction decomposition

1 AX + B Cx+D 2 2
= + = 1= (AX+B)(x®>+Vv2x+ 1)+ (Cx + D)(x% — vV2x + 1).
X*+1  x2—v2x+1 x2+4+v2x+1 ( ) )+ ( ) )

Equating coefficients

x> ¢+ 0=A4+C
x? : 0=B+D++V2A-0C)
X : 0=A+C++v2(B-D)
x° : 1=B+D

From the first and third equation it follows that A = —C and that B = D. From the fourth equation B = D = % and from
. 1 .
the second equation A = ——— = —C. Hence we must integrate
a 22 9
1 1 1
1 V2x + 2 V2x — 2
i dx = dx — dx
x4 41 43 + V2x +1) 4042 — V2x + 1) - -
V2 2X 4+ 2 1 1 V2 2X 4+ 2 1 1
= -—-=— — '~ dx+- —F  dx--= —F " dx+- ——dx
\?_ X2 4+ v2x + 1 \/4_ X2 +v2x + 1 § x2—v2x+1 4 xX2-—v2x+1
2 2 1 X 1 dx
= —1lo x2+x\/§+1——lo x2—x\/§—|—1 + = _—— 4+ —
8 g( ) 8 g( ) 2 (xvV24+1)241 2 (—xvV2+1)24+1

= g log(x? 4+ xv/2 +1) — g log(x? — xv/2 4+ 1) + ? arctan(Xv/2 + 1) — \/TE arctan(—xv2 +1) +C
35 We begin by observing that

1 A Bx +C

J— J— 2_
B Il x+1 X2_X+1=>1_A(x X+1) 4+ (Bx+C)(x+1).

. . . . 2 _
Lettingx = —1weobtainl = 3A — A = % Lettingx = O0weobtainl =A+C — C=1—- A= 3 Finally, we
must have A + B = 0, since the coefficient of x2 must be zero. thus B = —%. We must then integrate

- dx - X —2 M s 1 - 1
- A dXx l] X 1| — 4 =
B+ 363 x4 1) AR T s R B T R
2 1
= Slogl+1/-Floglx=*+3l+3 Ty
[ [
= %log|x—}—1|—%log|(x—%)2—|—%|—}—§-£e11‘ct51n=~L5 xX—1
— ll 1 2 \/§ *L 1
= 3log|x+ 1| — zlog|x —X+1|+?arctan 5(X—3)
Ldn Ldn
40 Integrate by parts twice to obtain f(X)cosx dx = £U{x)(1 — cos x) dx. Since F is convex, ¥™> 0 and the
0 0

assertion follows.

41 Putu= 14+ 14 /X, thenx = (u? — 2)?u*and dx = (4u3(u? — 2)? 4 4u®(u?® — 2)) du. Hence

- dx _ I:I(4u‘°'(u2 —2)%2 +4u®(u? —2))du

1+ 1+% - i

= 4 vl —-22du+4 u*u®-2)du

= 4lﬂus_4U4+|%l|J2)du+4 Ié_luﬁ—zu‘l)du

= 8 u®du—24 u*du+16 u?du
8 , 24 . 16 4

= —-u’——u —u C
z I:lilf-li_:3 *

4 D = e T ——W
= ( 1+ 1+ v/X) -0 1+ 14 v/X) +350 1+ 1+ v%)® +C.

Note: Maple X doesn’t quite know how to do this problem!
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43 The integral converges iff a = b. Use the fact that (1 + x)'/2 = 1 4+ x/2 + O(x?) for |x| < 1.

Now,
—1
VX+a—vx=xY3*( 1+alx—1)
=x"2(1 + a/2x + O(x ™ ?)),
hence 1
VX Fa— /X =x"*1+alax + O(x"?)
and similarly

VX — X —b=x*1+4b/ax + O(x"?).
Hence the integral we’re looking at is 1
x*((a — b)/4x 4+ O(x~ %) dx.
The term x40 (x~2) is bounded by a constant times x~7/4, whose integral converges. Thus we only have to decide whether

x~3/4(a — b)/4 converges. But x~ /4 has divergent integral, so we get convergence if and only if a = b (in which case the
integral telescopes anyway).

44 Note that the series on the left is simply x exp(—x2/2). By integration by parts,

2n+1,_—x2%/2 . 2n—1_—x2/2
x3Ntle dx = 2n X e dx
o 0]
and so by induction, 1
x2NH1e 2y — 9 % 4% ... x 2n.
0
Thus the desired integral is simply
— \/_
2nnt — V&
n=0
45 We use integration by parts:
Ld .
X
sin x sinx? dx = S0 2 sin x?(2x dx)
(0] o
in X
_SlIl COSs X2
(0]
1 1
n _ cosX sin X cos X2 dx
o 2X 2x2 '

Now % cos x?tendsto 0 as B — o0, and the integral of %2’5 cos X2 converges absolutely by comparison with 1/x2. Thus
it suffices to note that

C4
cos X cos X
cos x? dx = cos x?(2x dx)

o 2X 4x2

cos X 2%
= sin X
0

2

2XcosX —sinX , 5
— ———— sinx“ dx,
o 4x3

and that the final integral converges absolutely by comparison to 1/x3.
An alternate approach is to first rewrite sin X sin x? as 1 (cos(x? — x) — cos(x? 4 x). Then

4 2x 41 %

2 -
cos(X” +x)dx = o e

2 sin(x? + X)
. exgiz &

converges absolutely, and ? cos(x? — x) can be treated similarly.
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46 FromsinXx = 2sin 3 cos 3 we get

2
[ (] X [ X
I = log 2 dx + log sin 2 dx + log cos 2 dx
° L9 L%/2
= Tlog2+42 logsiny dy + 2 logcosy dy.
0 5}
n 1
Settingy = 3~ u and using sin(Tt — U) = sinu = cos 5 — U wesee that
Loz Lo/ - Loz (-
logsiny dy = logcosydy — 2 logsiny dy = (logsinu + log sin(1m — X)) du = logsinudu =1,
0 0 0 0 0
from where
Il =mlog2+ 21 =— | = —1tlog2.
47 We have
. cosX — cos3X o0/0 — sin X 4+ 3 sin 3X
limx _ o — 2 = limx _ o 2
0/0 ., — cos X -ﬁ(Q cos 3X
= limx_o 2
= 4.
48 We have x
o 1 — X)sin &2
limxi,l (1 — X) tan% 0= limxi,l (1 — X)(COS%
2
o/0 . —sin ¢ 4 (1 — X)§ cos B¢
= limx.a — I gjn &%
2 2
1
Tooom
49 We have
li 2 sin? X+4sin X—1 OLO li 4 sin X cos X4-cos X
Mx . /6 35in2 X—3 sin X+1 - IMx . 1/6 Tsin x cos x— 3 cos X
= —-3.
50 We have
1 N 1
limy o Y X V1-x EA T o 2v/14+ X 24/1—X
X—0 3 e = X — 1 1
V1+x—4/1—x 2/3 +
3(1 + x) 24/1 =X
- 5
51 We have
lim. sin(x—mn/3) 070 lim. cos(x—T1/3)
X - T/3 T1—2 cos x - 1X‘*T[/3 2 sin X
V3
52 We have
an X— sin /| . —ai
limyx . o V1+t XX3 V1+ X 0=0 limx . o _ tan X—sin X
X (\/1+tan X—‘,-\/l—‘,-sin X)
_ lim tan X—sin X
= X—0 T3
OéO limx ~o Sec2 é(x—cos X
/ .
0=0 limx ~o 2sec? x iiaz?(x—i-sln).(
= limx_o sec®x S‘G;“XX 51“2‘;(
_ 1 1
- 6 12
_ 1
= i
53 We have L
TU
li xn/2—arcsinx 070 I 27 1—x2
my - T = My - ——
= + oo
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54 We have
i g log(1 + 2x
limx .o (1 4 2x)'/ "> E exp limx_o w
1 sipx
2
0/0 _2
— exp limx o 142x
cos X
= e°%
55 We have
s og(sin 0/0 . cos x
i ngn SR L s
= lim —
X=T/2 Sinx
—1.
56 We have .
oo X — X
limx o (arcsinx — x)cse®x = limx_o g
Sj!l’l X
0/0 . T2
= limx.o —Y5———
3 sin“ X cos X
0/0 . X(l _ x2)—3/2
= limx_.o - —
6 sin X cos? X — 3 sin” X
. (1— x2)—3/2 X
= limx_o .

6cos?2 X — 3sin®x sinx

1
= § -1
= E'
57 This last one was a joke. ... Can you see why the answer is 0?
H B n 1/n 1+1/n 1 1 H B H
58 By inductionn < 2" — n < 2andson < 2n — 2n < Al So the series diverges by direct
comparison to —.
2n
n=1
1
59 N = e'°8" — nTon = eandson!tl/leen" —en, n = 1.. So the series diverges by direct comparison to —.
n=2 en
2 X2

60 This one is really tricky! e* > X? for x > 0 as can be seen by considering the monotonicity of f(x) = e* — > or

considering the Maclaurin expansion of €. Now,

n1/ loglogn __ elognll'og log n _ elo!gjo?ogn - (log n)2 .
2(log log n)?
This gives
2(log log n)? - 1
n(log n)2 n1+|og Ilogn '
Now,
mg log n)?
ney N(ogn)?

can be shewn to converge by comparing to a series in the De Morgan logarithmic scale.

61 By the root test
3

1/n __ _ 2
an = nZn —n—>0<1,

and the series converges. By direct comparison, for n > 3 we have

n n
3" 3" 1,1 1
n2n nn nn — nn — n3
and the series converges by direct comparison to —.
n3
n=1
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62 By estimating the area under the graph of log x using upper and lower rectangles of width 2, we get

e
log xdx < 2(log(3) + - -+ + log(2n — 1))

gn—i—l
< log x dx.

3

1

([
Since logxdx = Xlog X — X + C, we have, upon exponentiating and taking square roots,

1 1
2n —1 2 2n—1 _
S <(@2n-1)"z e "*!

<1-3...(2n—1)

2n+1 e_n+1
S (2n + 1) 2 W
1 201
2n +1 2
: ,
using the factthat 1 < e < 3.
63 Take an = 1" andbn = an + (1 — (—1)”+1); say.
" n n n nlog(14+n)
66 We have, using Abel’s Theorem
. dx
log2 = 11 x
@ I:I 2 3 4 I:I
= 1—X4+X"—X"4+X%Xx"—-... dx
0]
1 1 1 1
= logtz-gty oo
as wanted.
67 We have, using Abel’s Theorem
T = dx
4 1 4 x2
_ @ L] 2 4 6 8 -
= 1—xX"4+Xx X° 4+ X =+ dX
0]
1 1 1 1
= 1—c4+-—c+ - )

as wanted. Note: this series was known to Leibniz, for which he exclaimed that Deus numero impare gaudet, “God delights in odd
numbers,” quoting Virgil.

2 1 1
kk+D(k+2)  kk+1) K+Dk+2)

69 The sum telescopes:

v

L] (|
72 Fork € Z, theinterval Ik = (2k + %) ;(2k 4+ 2)m has Iength% >1landXx € Ix = sinx < —73. The gap

. 5Tt - . .
between Ik and lx41 is < 3 < 6. Hence, among any seven consecutive integers, at least one must fall into 1 and for this

V3

value of n we must have 1.8 4+ sinn < 1 — - < 1. This means that

g s P o | unuan I} ) i
n1.8+sinn - n1.8+sinn - m + 7
n=1 m=0 n=7m+1 m=0

’

and since the rightmost series diverges, the original series diverges by the direct comparison test.
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73 For |x| <1,
1
2 3 _
14+ X4 X4+ X"+ =1-x
Differentiating,
14+ 2x + 3x% + = = nx""! = 1
T (1 —x)2 he1 T (1 —-x)?%’
Letting x = %
A _
on—1 4.
n=1
74 For |x| <1,
1
2 3 _
14+ X4 X4+ X"+ =1—x
Differentiating,
1
142 X2 4= =
+ 2X 4+ 3X" + 1= x)?
Multiplying by X,
2 3 X
X+2X +3X +"': m

Differentiating again,

14 x RLSAPVL 14 x

14+4x+9x%3+.0o=-—1 2 — 0 =

(1—x)3 ney X (1 —x)3
Letting x = %
)
— =12,
2n—1
n=1
75 Since tan(X — y) = tanx — tany observe that arctan __r arctan(n 4 1) — arctan n. Hence the series
y T 1+ tanxtany’ n24+n4+1"_ '
telescopes to limn, . oo arctan(n 4+ 1) — arctan1 = %
76 Observe that
1 1 B 1
4n2 -1 2(2n—-1) 2(2n+1)°
Hence
L1 101 101 L1
I"’:h_1_1+1_1+1_1+_1_1
Lo, 4nz2—1  2(1) 2(3) 2(3) 2(5) 2(5) 2(7) T 2(1) 27
e . _ —1)! ! 2
82 1 an ~ —-—— = diverges. 1 a < M=-HO -1!+n!
2n n S (n+2)! SthhyDnt2
2. an ~ 20(_le“("‘_z) = convergesiffa < 2. CONverges.
- 1
3 _eynt
3. an ~ —03 = converges. 12. an = n1 +0 0z —> converges.

1 . . .
4 an ~ — => converges. 13. Decompose into three alternating series = converges.

—1)" 1 _ )

2 14, an =< — — 4+ 0(n"%2) — diverges.
5. an~ 3 = converges. "= 2 /n  8n + O( ) 9
6. convergesiff |a| # 1. 15. Rearranging terms —> diverges.

7. Alternating series —> converges. 16. Converges.

8. Alternating series = converges. 17. a, 0 diverges.

9. Harmonic series plus alternating series — diverges. 1

10. Converges. 18. an = Hloglogn —> converges.

83
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R=1. 10. R =1.
2. = 1. 11. R=1.
3. R=1 122 R=+v2-1.
4. R = 1 k 1 k—1
e 13 R=K=D""
1 k
> R="% 14. R =0,
6. R=1 5. R=12t<1+t2<2
2
7. R=1. )
8. =1. 16 R=1,an ~ Oin.
1
9. R= . =
3 17. R = 1.
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