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Lesson 1   
__________________________________________________________________________________ 

 

Topics:   Variables and algebraic expressions; Evaluation of algebraic expressions. 
__________________________________________________________________________________ 

 

 

Variables and algebraic expressions as symbolic representations of numbers 

 

Suppose that you thought of a number but you did not tell me what it was. I can think about your 

number as a number x . The symbol x  is an example of a variable.  

 

Variable A variable is a symbol that represents an unknown number. 

 

The choice of the name of a variable is arbitrary. One can as well call it n , m  or  . We treat 

variables as if they were numbers.  We can, for example, add numbers to variables: 3m , or 

subtract other variables from them: m . We can multiply them: m4 ; divide: 
m

 ; raise to any 

given power: 2m ; and then, if we wish, add all of the expressions together: 
24 m

m
m 


 . The 

resulting expressions are called algebraic expressions. 

 

Algebraic Expression An algebraic expression is a number, variable or combination of  

the two connected by some mathematical operations like 

addition, subtraction, multiplication, division, or exponentiation. 

 

Notice that numbers and variables are also examples of algebraic expressions. We can refer to ,,3 x  or 

y  as algebraic expressions. Just like 4 ,52,5   or 132   are numbers (written in a „complicated‟ way, 

but numbers), algebraic expressions yxm  ,4  or ban   are symbolic representations of numbers. 

Both variables and algebraic expressions can be thought of as unknown numbers. 

 

Correct language and conventions  used when forming algebraic expressions 

 

Algebraic expressions are read using the same terminology as in arithmetic. For example, 5A  can be 

read as “A plus 5” or “the sum of A and 5”; 2y  can be read as “ y  raised to the second  power” or “ y  

squared”; x  is read “minus x ” or “the opposite of x ”. The following convention is commonly 

adopted to indicate multiplication of a number and a variable, or multiplication of variables. 

 

 

To denote the operation of multiplication, the sign of multiplication between a number and a 

variable or between two variables or expressions does not have to be explicitly displayed, so for 

example,                                     2A   means 2 times A 

                                                    xy    means x times y, 

                                     y(a+b) means  y times the quantity a+b 
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According to the above convention the following is true.       

 
 

                                                         x = 1∙ x =  1x                                                                   
 

 

Although  xx 1 , it is customary to write x instead of 1x  (just like any time we want to write 4, we 

just write 4 not 41 ).  The following is also true. 

 
 

                                                     – x = – 1∙ x =  – 1x                                                                   
 

 

Again, it is customary to write – x instead of –1x. 

 

When forming algebraic expressions, we place parentheses according to the notational convention 

adopted in arithmetic. 

 

 Any time two operation signs are next to each other, parentheses are needed.   
 For example,  we write:     we do not write:  

)( ba              ,ba   

)( ba              ba   

)( ba              ba   

Likewise, when multiplying a  and b , we write )( ba  . The parentheses are needed even if 

the multiplication sign is not explicitly displayed.  Notice that if the parentheses are omitted, 

the expression changes its meaning from multiplication of a  and b  to subtraction ba  .  

 

 Exponents pertain only to „the closest‟ expression. You might, for example, recall that to 

indicate that the entire fraction is raised to a given power, we use parentheses. We write 
2

5

2







 . 

Similarly, whenever you exponentiate any algebraic expression that is not represented by 

a single symbol, you must use parentheses: 
2










y

x , 2)( x , 2)( xy  . On the other hand 25 , 

2x , 2y  do not require parentheses.   

 

Example 1.1  How are the following expressions read? 

a) 2x    b) xz    c) 3x        

d) mx    e) x    f) 
y

x
 

Solution: 

   a) „ x  raised to the second power‟  or „ x  squared‟ 

   b) „ x  times z ‟, or „ the product of x  and z ‟, or „ x  multiplied by z ‟ 

   c) „ x  raised to the third power‟ or „ x  cubed‟ 

   d) „ x  raised to the m-th power‟ 
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   e)  „minus x ‟ or „the opposite of x ‟ 

   f) „ x  divided by y‟ or „the quotient of x and y‟ 

 

Example 1.2  In the following expressions parentheses are needed. Explain why they are needed. 

   a) )( ca    b)  na)(   

 

Solution:  

a)  Any time two operation signs are next to each other, parentheses are needed.  

In this case the “” sign  is followed by “−” sign. 

b) Without the parentheses, only a  would be raised to the n th power.  With 

parentheses, we raise a  to the n-th power. The two statements have different 

meaning, thus parentheses are needed. 

 

 

Algebraic expressions allow us to express mathematical  ideas in a general form 

 

Algebraic expressions allow us to write mathematical ideas in symbols, without using specific 

numbers. For example, the area of a square is equal to the square of the length of its side. Not every 

square is going to have the same size, so we use a variable to represent the length of a side. If we 

denote s  to be a side of a square, then the area of the square can be expressed as 2sss   

  

Example 1.3  Let x  and y  denote two different numbers. Express the following statements using 

algebraic symbols. 

   a) The sum of x  and y  

b) The difference between x  and y 

   c) The product of x  and y   

d) The quotient of x  and y 

 

Solution:    

   a) yx   

   b) yx   

   c) xy  

   d) yx   or equivalently  
y

x
 

 

Example 1.4  Find the algebraic expressions representing the opposite of the following expressions. 

Do not simplify. 

a) x      b) x  

 

Solution:  

Recall that to find the opposite of a number, we must multiply the number by 1 , thus  

   a) The opposite of x  is xx 1  

b) The opposite of x  is )()(1 xx  .  Please, notice that since the minus 

sign is directly followed by another minus sign, the parentheses are needed.  
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Example 1.5  Use the letter x  to represent a number and write the following statements as algebraic 

expressions. 

   a)  Double a number   

b)  Two thirds of a number      

c)  A quantity increased by 3 

 

Solution: 

   a) x2  

   b) x
3

2
 

   c) 3x  

 

Example 1.6  Write the following statements as algebraic expressions.       

   a) x  subtracted from A     

b) x added to A    

c) x  multiplied by y     

d) 
b

a
 raised to the sixteenth power 

 

Solution: 

a) xA    Notice „the reversed order‟ of variables (if you were asked to subtract 

3 from 6, you would write 36  , similarly we write xA ). 

b) )( Ax     Notice the use of parentheses: a plus sign, followed by a minus 

sign, requires parentheses. 

c) ))(( yx   or )( yx     Notice the use of parentheses. A multiplication sign 

(even if not explicitly displayed), followed by a minus sign, requires parentheses. 

d) 

16










b

a
   Parentheses are needed to indicate that the entire expression 

b

a
 is 

raised to the sixteenth power. 

 

Evaluation of algebraic expressions 

 

As mentioned, we can use variables and algebraic expressions to describe certain quantitative 

relationships without information about their specific values. For example, suppose that in a certain 

store, a cake costs 5 dollars. Let x  be a variable that represents the number of cakes we plan to buy in 

that store. To calculate how much we will pay for such a purchase, we multiply the price of one cake, 5 

dollars, by the number of cakes we buy, x . Thus, we can express the cost as xx 55  . The algebraic 

expression x5  represents the cost of x  cakes bought at 5 dollars each. From now on, any time we 

know the number of cakes we wish to buy, i.e. we know the value of x , we can find the price by 

evaluating the expression  x5 . 

 

To Evaluate an Expression To evaluate an algebraic expression means to find its value once 

we know the values of its variables. Each variable has to be 

replaced by its value and the resulting numerical expression has 

to be calculated. 
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For example, 

Evaluate x5  when 10x  (in the above example it would mean finding the price of 10 cakes at 5 

dollars each). 

501055 x    

(The price of 10 cakes is 50 dollars.) 

 

Notice, that what we did was to substitute 10 for x in the expression x5 . We could do that because x  is 

equal to 10. The following fundamental principle underlies the process of evaluation. 

 

 

If two quantities are equal, you can always substitute one for the other. 

“Equals can be substituted for equals” 

 

 

Can any algebraic expression be evaluated? Let us consider evaluation of 
a

1
 when  0a . If we 

replace a  by its value 0, the operation we would have to perform is division  by 0, but  division by 

zero is not defined, so  
a

1
 cannot be evaluated if 0a . Expressions like ,

0

x
or 0x  are undefined.  

 
Example 1.7  Rewrite each expression replacing variables with their values and then evaluate, if 

possible. If evaluation is not possible, explain why it is not possible. 

   a) 6x , if  5x     

b) C , if 2C     

c) x2 , if  3x     

d) n2 , if   3n       

e) xy  , if 1x  and 
3

1
y   

f) 
2

1

x
, if  2x  

 

Solution: 

Each variable should be replaced by its assumed value and the obtained numerical 

sentence has to be evaluated. Please, pay attention to the way parentheses are used. 

a) 1656 x  

b) 2)2( C  

    c) 6)3(22 x       Remember that x2  means multiplication of 2 and x . 

d) 822 3 n   

e) 
3

1
11

3

1
)1(

3

1
 xy  

f) 
0

1

22

1

2

1





x
       The expression cannot be evaluated, since division by   

                        zero is undefined. 
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Common mistakes and misconceptions 
 

 

Mistake 1.1 

When 1x , and you are asked to evaluate x , you must be careful to write )1( x . Do 

not forget to recopy the minus sign before  1 . It is incorrect to evaluate x  by simply writing 

1 x . 

 

Mistake 1.2 

One should NOT think that x always represents a negative quantity. It depends on the value 

of x . If,  for example, 1x , then 1)1(  x . So we see that if x  is a negative value, 

x  actually represents a positive quantity. 

 

Mistake 1.3   

When writing ma , do NOT place m at the same level as a  but slightly higher. Otherwise, ma  

becomes am . These two expressions have different meanings. 

 
Mistake 1.4 

The expression 2x  is NOT read  as „ x two‟ or „two x ‟. Instead, read it as „ x  raised to the 

second power‟ or  „ x  squared‟. 

 

 

 

Exercises with Answers    (For answers see Appendix A) 

 

Exercises 20-36 will help to review basic arithmetic operations using integers, rational numbers 

(fractions), decimals. 

 

Ex.1  Fill in blanks using the words: „variable(s)‟, „algebraic expression(s)‟, and„number(s)‟ as 

appropriate. 

23 x , 2y , 
2

bca 
, 3)12(  a   are examples of  ___________________ .   

 cbayx ,,,,  are examples of   ________________   but also examples of  __________________ .            

Variables represent ________________. 

If we know the value of x , we can evaluate 23 x , and as a result we get a  ______________ . 

 

Ex.2 How are the following expressions read?  

a) 2a    b) 3a     c) 12a    d) m2   

e) y    f) cd     g) ba    h) x
5

2
 

 

Ex.3  Rewrite the following expressions, inserting a multiplication sign whenever multiplication is 

implied. Whenever there is no operation of multiplication, clearly say so using the phrase “there is no 

multiplication performed in this expression”. 

a) n7     b) km5           c) yx      
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d) )( yx          e) 
2

3x
    f) )(2 twyzx    

 

Ex.4  The operation that is indicated in the algebraic expression  ba   is, of course, addition. Name 

the operation that is to be performed in the following algebraic expressions. 

 a) ab     b) 
s

q
    c) 5x      

d) x3    e) x3     f) )(3 x  

 

Ex.5  In the following expressions parentheses are needed. Explain why they are needed. 

a) )( bx     b) 

8










n

m
   c)  )(3 cb    

 d)  4)( a     e)  )( xy     f) )( ba    

 

Ex.6    Determine which expression is raised to the n-th power. 

 a)  ns)(    b) ns    c) nst)(    

d)  nst     e) 
y

x n

    f) 

n

y

x








   

g) nstx )(    h) nsxy     i) nsyx )(   

 

Ex.7 Fill in the blanks. 

a)  It is customary to write ________  instead of x1 . 

b)  It is customary to write ________  instead of x1 . 

c) When one writes ab , it is understood that the operation that is to be performed is 

___________ . 

 

Ex.8  Fill in the blanks with numbers to make the statement true. 

a)    xx ______  

b)   xx ______  

c)    0______  x  

 

Ex.9  Write an algebraic expression representing the opposite number of (do not remove    

parentheses). 

 a) x       b) 
y

x 3

    

c) 
y

x3

      d) 
y

x



 3

 

 

Ex.10  Use the letter y  to represent a number and write the following phrases as algebraic 

expressions. 

 a)  Half of a number     

b)  Three fourths of a number  

 c)  A quantity increased by 5    
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d)  A number subtracted from v  

 e)  A quantity squared     

f)  Three more than a number 

 g)  A number decreased by x     

h)  The product of x and a number 

i)  A number doubled 

 

Ex.11  Write the following phrases as algebraic expressions. Remember to place parentheses when 

needed (place them only when needed).  Do not simplify. 

 a)  The sum of a and b     

b)  The difference of a and b                

 c)  The product of a and b     

d)  The opposite of C         

 f)  The opposite of    C     

g)  The opposite of 
b

a




     

 h)  The product of v , t , and p    

i)  The quotient of c and B       

 j)  x  raised to m -th power    

k)  
y

x
 raised to m -th power 

 

Ex.12  Give your answer in the form of an algebraic expression. 

 a) Carlos is x years old at this moment.  How old will Carlos be in 10 years? 

 b) An item in a store costs x  dollars. What is the price of the item, if after a discount, its price  

was reduced to two thirds of the original one? 

 c) You have x dollars to divide equally among 3 kids. How much will each child get? 

 d) You have $100 to divide equally among x  kids. How much will each child get? 

 e) Charles bought 2 more lamps for his apartment today. If there are x lamps in Charles‟ 

apartment now, how many lamps were in his apartment before the purchase? 

 f) There are 30 books on each shelf. How many books are on x  shelves? 

 g) There are x students in a classroom. How many students are still in the classroom, if 3 

students leave? 

h) John is 5 years older than Tom. If John is x years old, how old is Tom? 

 

Ex.13  Let d be a variable representing the distance driven by a car, and let t represent the time it took 

to drive that distance. Write the following phrase as an algebraic expression:  The distance divided by 

time. 

 

Ex.14 Let m be a variable representing the mass of a given body, and let a represent its acceleration. 

Use m and a to write the following phrase as an algebraic expression:  The product of the mass of a 

body and its acceleration. 

 

Ex.15  Let h be a variable representing the height of a triangle, and b represent the base of the triangle. 

Use h and b to write the following statement as an algebraic expression:  One half of the product of the 

base of a triangle and its height. 
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Ex.16  Let 3x . Rewrite the expression replacing the variable with its value and evaluate, if possible. 

If evaluation is not possible, explain why it is not possible. 

 a) 5x       b) 2x   

c) 
3

x
       d) x4    

e) 2x        f) 
x

6
      

 

Ex.17  If 0x  the expression 
x

1
 cannot be evaluated. Why not?  Can 

5

1

x
 be evaluated when 

0x ?  What if 5x ?  Find another example of an algebraic expression and a value of a variable(s) 

for which evaluation is not possible. 

 

Ex.18  Let 0x . Rewrite the expression replacing the variable with its value and evaluate, if 

possible. If evaluation is not possible, explain why it is not possible. 

 a) x3        b) 2x   

c) 
x

4
       d) 

7

x
   

e) 
3

2

x
      f) 

x

0
 

 

Ex.19  Let 2x . Rewrite the expression replacing the variable with its value and evaluate, if possible. 

Otherwise, write “undefined”. 

 a) x3      

b) 3x      

c) xx  

 

Ex.20  Evaluate ,A  if            

a) 2A       b) 2A  

 

Ex.21  Substitute 6x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) 8x   

b) x10   

c) x 4   

d) 6x   

e) 62  x  

 

Ex.22  Substitute 2x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x2   

b) x2   

c) x 2   

d) 45  x   

e) xx  106  
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Ex.23  Substitute 10x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x3        b) x5   

c) 
x

200
      d) 

2

x
    

e) x5       f) 4x  

 

Ex.24  Substitute 12x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x1000       b) 
6

x
   

c) x5       d) 
12

6

x
  

e) x 24       f) 2x   

 

Ex.25  Substitute 
3

2
x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x
3

5
      b) 

5

1
x   

c) 
7

2
 x       d) x

12

5
  

e) x2       f) 3 x  

 

Ex.26  Substitute 
5

3
x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x
10

3
  

b) x
7

1
  

c) x
5

1
2   

d) x
4

1
1   

e) 
2

1
3 x          

 

Ex.27  Substitute 
7

2
x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) x2        b) x7   

c) x
3

14
       d) x

28

5
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e) 
x

5
       f) 

2

x
 

 

Ex.28  Substitute 
4

3
x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) 2x         b) x
3

4
   

c) 

3

2
1

x
       d) x

8

1
1   

e) 
3

x
       f) 

x

0
 

 

Ex.29  Substitute 2.0x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a) 21.3x        b) x01.35       

c) 
4

x
          d) x40    

e) x3.0       f) 
04.0

x
 

 

Ex.30  Substitute 6.0x  in the following expressions and then evaluate, if possible. Otherwise, 

write “undefined”. 

 a) 5.4 x         b) x 7.2       

c) 
x

2.1
          d) x600     

e) x001.0       f) 3x  

 

Ex 31  Substitute 5.1x  in the following expressions and then evaluate, if possible. Otherwise, write 

“undefined”. 

 a)  08.0x        

b) 4.03  x  

 c) 15.0x        

d) x2.0  

 e) 
x

30
 

 

Ex.32 If possible, evaluate yx   when      

 a) 
3

2
,

5

3
 yx    

b) 
14

9
,

7

2
 yx    

c) 08.1,2.0  yx  
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Ex.33  If possible, evaluate yx   when         

 a) 
3

2
,

5

3
 yx    

b) 
14

9
,

7

2
 yx    

c) 08.1,2.0  yx  

 

Ex.34  If possible, evaluate xy  when      

 a) 
9

22
,

11

2
 yx    

b) 
10

9
,4  yx    

c) 01.0,2.0  yx  

 

Ex.35  If possible, evaluate 
y

x
 when              

 a)
9

22
,

11

2
 yx    

b) 
10

9
,4  yx    

c) 01.0,2.0  yx  

 

Ex.36  If possible, evaluate mx)(  when        

 a) 7,10  mx        

b) 4,2  mx  

 c) 3,
2

1
 mx        

d) 5,1.0  mx  

 

Ex.37  Use the letter x  to represent a number and write the following statements as algebraic 

expressions.  Then evaluate each expression when 
2

1
x .   

a)  A number doubled 

b)  Three fourths of a number 

c)  A number raised to the second power 

 

Ex.38  Evaluate t , when 1,1  tt  

Based on your results, which of the following are true? 

a) t  is always positive 

b) t  is always negative 

c) t  may be positive or negative depending on the value of t  
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Lesson 2  

__________________________________________________________________________________ 

 

Topics:   Algebraic expressions and their evaluations; Order of operations. 
__________________________________________________________________________________ 

 

 

The  order of operations 

 

Recall the order of operations. 

 

 

   When evaluating arithmetic expressions, the order of operations is  

1) Perform all operations in parentheses first.  

2) Do any work with exponents. 

3) Perform all multiplications and divisions, working from left to right.  

4) Perform all additions and subtractions, working from left to right.                               

   If a numerical expression includes a fraction bar, perform all calculations above and below 

   the fraction bar before dividing the top by the bottom number. 

 

Let x  be an unknown number. If we increase the number by 1, the resulting number can be 

represented by 1x . Now, suppose that after adding 1, we multiply some other number, called y , by 

the result of the addition. We may now write the expression )1( xy . Let us analyze why we must 

place parentheses around 1x . If an algebraic expression involves more than one mathematical 

operation, then the order of operations is followed. Thus, if we simply write 1yx  (without using 

parentheses), we would only be multiplying y and x, rather than y times the entire quantity 1x . 

According to the order of operations, using parentheses in )1( xy  indicates that we add 1 to x first, 

and then multiply the result by y. Expressions 1yx  and )1( xy  have entirely different meanings, 

and only )1( xy  correctly represents the result of operations performed in this example. 

The order of operations is used when algebraic expressions are evaluated.  

For example,  let us evaluate  xx 22  when  3x . 

 xx22   replace each x  with 3 

 332 2   raise 3 to the second power 

 392   multiply it by 2 

318   subtract 3 from the result 

15  

 

Example 2.1  Rewrite the following expressions and circle the arithmetic operation together with its 

operands that has to be performed first. Write the name of the operation next to your 

expression.  

  a) y53     b) 42x  

 

 Solution: 
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a) We perform multiplication before subtraction 

              

3 − 5y    multiplication 

           

                                     b)    We exponentiate before multiplication 

                           

                                                    2  x
4      

exponentiation 

 

 

Example 2.2  List, according to the order of operations, all the operations together with operands that 

are to be performed in the following expressions.  

a) x34              b) a84  

 

Solution: 

a) There are two operations in x34 , multiplication and addition. According to 

the order of operations, multiplication should be performed first. Thus, the answer is:  

Multiply 3 by x , then add 4. 

b) There are two operations in a84 , division and multiplication. According to 

the order of operations, they should be performed as they appear reading from the left to 

the right. Thus, the answer is:  Divide 4 by 8 first, and then multiply by a . 

  

Example 2.3  Write the algebraic expressions representing the following 

   a) ba   raised to the seventh power 

   b) ba   subtracted from y  

   c) 8 times the quantity ba   

   d) the opposite of ba   

 

Solution: 

  Parentheses must be used in each of these examples. 

a) 7)( ba     We learned that the exponent pertains only to the closest 

expression, so if we write 7ba  instead of 7)( ba  , only b would be raised to the 

power 7. This rule can be viewed as a consequence of the order of operations. 

Exponentiation should be performed before addition, hence in 7ba  , b is raised to the 

seventh power, and then the result is added to a . To ensure that b is first added to a , 

we need to use parentheses, and  only then the sum is raised to the seventh power. 

b) )( bay      Notice the order of expressions: “subtract from y” indicates that 

y  is written first and we subtract from it. 

   c)  )(8 ba           Thanks to parentheses, we add first, and then multiply. 

d) )( ba      Taking the opposite means multiplication by 1 . To ensure 

addition first, we need parentheses. 

 

Example 2.4  Use the letter x  to represent a number and write the following as algebraic expressions. 

   a) Add three to a number, and then divide it by z  

   b) Seven more than one third of a number 

   c) A quantity decreased by 9, and then multiplied by A 

   d) A number cubed, and then decreased by y  
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Solution: 

  Please, notice the use of parentheses in the examples below. 

    a) zx  )3(  or 
z

x 3
 

   b) 7
3

1
x  

   c) Ax )9(   

   d) yx 3  

 

Example 2.5  Determine if, in the following algebraic expressions, parentheses are necessary, i.e. they 

change or do not change the order of operations. To this end determine if the first 

operation that should be performed is the same as if the expression were written without 

any parentheses. 

a) cba  )(             b) cba )(      

                    

Solution:  

a) In the expression cba  )(  the first operation that should be performed is 

the addition of a and b. If we rewrite the same expression but without parentheses, we 

get cba   and the operation of addition of a and b is the first operation as well (since 

addition and subtraction are always performed in the order as they appear from the left 

to the right). Thus, we conclude, that parentheses do not change the order of operations 

in this case.  

b) In the expression cba )(   the addition of a and b should be performed first, 

but if we “drop” the parentheses the resulting expression is bca   and thus we would 

first multiply b and c , and then add .a  Parentheses are needed since they do change the 

order of operations.  

                   

Example 2.6  Rewrite the expression replacing variables with their values. Then, evaluate, if possible. 

If evaluation is not possible, explain why it is not possible. 

   a) 
2

1





x

x
  if  2x  

   b) xy 3  if   1x  and  
3

1
y  

   c) mn )3(   if   2m  and 5n  

 

Solution: 

Each variable has to be replaced by its given value and the resulting numerical 

expression has to be evaluated. Please, pay attention to the way parentheses are used. 

a) 
0

3

22

12

2

1 











x

x
, but division by zero is not defined. The expression 

cannot be evaluated. The operation is “undefined”. 

   b) 211)1(
3

1
33  xy  

   c) 4)2()35()3( 22  mn  
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Common mistakes and misconceptions 
 

 

Mistake 2.1 

 When evaluating 1102   , it is INCORRECT to write 

                                      21201102                 ( 2120  ) 

 Instead, one should write    

                                      211201102   

Numbers or expressions not involved in the operation that is being carried out must always be 

rewritten. An equal sign means that the quantities on either side are equal. 

 

 

Exercises with Answers    (For answers see Appendix A) 

 

 

Ex.1   Write the algebraic expression representing the following. 

 a) nm 2  subtracted from x 

 b) the opposite of nm 2   

 c)  nm 2  multiplied by 7 

 d) 3a subtracted from nm 2  

 e) the opposite of 132  kk  

 f) 4 divided by yx  4   (use the “” symbol in your answer) 

 

Ex.2  Write the following phrases as algebraic expressions. Remember to place parentheses where 

needed (please, place them only when needed).  

 a) Multiply 3 by x , and then add y 

 b) Multiply the sum of a and b by 4 

 c) The opposite of x , then raise it to the sixth power 

 d) Subtract 3 from y, and then multiply the result by z  

 e) Raise x  to the third power, and then multiply the result by 9 

 f) Multiply x  by 9, and then raise the result to the third power 

 g) The difference of a and b, then divided by c 

 h) Divide 3 by y, and then add x  

 i) The opposite of  the sum of M and 3  

 j) Raise x   to the third power, raise y  to the seventh power, and then add them together 

 

Ex.3  Use the letter x  to represent a number and write the following as an algebraic expression. 

 a) A number decreased by 7, and then doubled 

 b) Add c  to a number, and then take two thirds of the sum 

 c) Take one fourth of a number, and then subtract 5 from it 

 d) Multiply a number by 9, and then subtract it from c 

 e) A number, first divided by 2, and then raised to the third power. 

 f) The opposite of a number, then multiplied by 4 

 g) A quantity raised to the third power, and then increased by 6 

 h) A number decreased by 4, and then the result  multiplied by y 

 i) Subtract a number from y and then take the opposite of the result  
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 j) A number multiplied by the sum of the same number and 5 

 k) The opposite of a number, then raised to one hundred and twenty first power  

 l) Square a number, and then take the opposite of it 

 

Ex.4  Let C be a variable representing the temperature in Celsius. Write the following phrase as an 

algebraic expression:  Nine fifths of the Celsius temperature plus 32. 

 

Ex.5  Let L be a variable representing the length of a rectangle, and W its width. Use L and W to write 

the following phrase as an algebraic expression: The sum of the length of a rectangle and its width, 

then multiplied by 2. 

 

Ex.6  Let m represent mass and c the speed of light. Use m  and c  to write the following phrase as an 

algebraic expression: The product of mass and the square of the speed of light. 

 

Ex.7  In the following expressions circle the arithmetic operation, together with its operands, that has 

to be performed first. Write the name of the operation next to your expression. For example, in x34 , 

multiplication of 3 and x  has to be performed first, thus the answer is     

   4    +  3x       multiplication 

 a) 5ba      b) 5)( ba     

c) 8x      d) 8)( x        

 e) 
c

ba 
    f) cba     

g) y74      h) ba 3  

 

Ex.8  There are two operations in the algebraic expression ba 3 , addition and multiplication. In 

order to evaluate ba 3 , we would have to perform them according to the order of operations.  First 

multiply 3 and b,  and then add a .  List, according to the order of operations, the operations that are in 

the following algebraic expressions. 

 a) yx 4     b) 
x

a 3
   

c) yx )3(      d) 2
t

s
       

e) 23x      f) 2)3( x    

g) 4)( ca      h) 4ca    

 

Ex.9   Determine if, in the following algebraic expressions, parentheses are necessary, i.e. they 

change or do not change the order of operations. To this end, determine if the first operation that 

should be performed is the same as if the expression were written without any parentheses. If the 

operation is different, write “parentheses are needed‟, otherwise rewrite the expression without any 

changes.  

 a) xa)2(      b) ac  )3(    

 c) xa )3(     d) )( bca         

 e) )2( abx      f) 
a

dc )( 
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 g) 4)2( a     h) 8)(xy            

 i) 4)(ab     j) cda  )(  

 

Ex.10   Evaluate, if possible.        

a) 12 x , if 
2

1
x       

b) 12 a , if 
2

1
a  

c) 12 y , if 
2

1
y  

 d) Did you get the same answer for a, b, and c?  Can you explain why it is so? 

e) If 2
1

4 3






x

xx
  when 

2

1
x ,  evaluate    

1

4 3





a

aa
  when 

2

1
a . You should be able to 

arrive at your answer without performing any evaluation. 

 

Ex.11  Let 3x . Rewrite the expression replacing the variable with its value and evaluate, if possible. 

Otherwise, write “undefined”. 

a) 52  x     

b) 24 x     

c) 
3x

x
    

d) 2)( x     

e) 2x      

f) 
x

x





4

3
        

g) xx  

              

Ex.12  Let 4x . Rewrite the expression replacing the variable with its value and evaluate, if possible. 

Otherwise, write “undefined”. 

  2  a) x   

b) x)2(   

 )( c) 2x   

d) 2x  

 

Ex.13  Let 1x . Rewrite the expression replacing the variable with its value and evaluate, if 

possible. Otherwise, write “undefined”.  

a) xx     

b) xx     

c) ))(( xx   

d)   2x                                                                  

  e)  2x  
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Ex.14  Substitute  
2

1
A  and then evaluate the following expressions, if possible. Otherwise, write 

“undefined”. 

a) 
A

1
       b) A

A


1
  

c) 2)( A       d) 2A    

 

Ex.15  Let 3.0x . Rewrite each expression replacing the variable with its value and evaluate, if 

possible. Otherwise, write “undefined”. 

a) xx 2   

b) 2
1.0


x
  

c) 
3.0

3.0





x

x
  

d) xxx 101001000    

 

Ex.16   The expression 
5

3





y

x
 cannot be evaluated for which of the following values of x and y? 

Explain why. 

 a) 5,3  yx    b) 5,3  yx       

c) 5,3  yx    d) 5,3  yx     

e) 0,3  yx    f) 5,0  yx  

 

Ex.17  If possible, evaluate when 5,2  nm . Otherwise, write “undefined”. Before evaluating, 

rewrite the expressions substituting the numerical values of  m  and n .   

 a) nm 32       

b) )3(2 nm              

c) )3(2 nm          

d) nm )32(          

e) nm )3(2   

 

Ex.18  If possible, evaluate when 
5

4
,

8

1
 nm . Otherwise, write “undefined”. Before evaluating, 

rewrite the expressions substituting the numerical values of  m  and n .    

a) nm 108    

b) mn10   

c) )(2 mn    

d) nm  28   

e) )
8

1
( mn          

f) mn 
10

3
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Ex.19  If possible, evaluate when 
3

2
,

3

1
 BA . Otherwise, write “undefined”. Before evaluating, 

rewrite the expressions substituting the numerical values of A  and B .   

 a) 42A    

b) 4B    

c) 4B   

d) 
BA

BA




  

e) 
BA

BA



 )(
 

 

Ex.20    Evaluate the following expressions: mnnn aaababa  ,,)(,,4, 223    if ,1a  ,
3

1
b  

2,3  mn . If evaluation is not defined, write “undefined”. 

 

Ex.21   Let 2x , 1.0y , and 1z . If possible, evaluate the following expressions. Otherwise, 

write “undefined”. 

 a) )( yzx      

b) yxz   

 

Ex.22  Let 1,2.0,1.0  cba . If possible (otherwise, write “undefined”), evaluate the 

following expressions. Before evaluating, rewrite the expressions substituting the numerical values of 

variables.   

a) bca     

b) ca      

c) ab10  

 

Ex.23  Find the value of  22 )2(2 aa   if   

a) 1a   

b) 1a         
 

Ex.24  Find the value of BA2 , if   

 a) 3,1  BA      b) 4,2  BA      

 c) 7.0,3.0  BA      d) 1,
8

2
 BA   

 e)
5

4
,

6

5
1  BA      f)

7

5
,

10

3
 BA  

 

Ex.25  Find the value of )3( BA , if    

 a) 1,1  BA       

b) 3,2  BA        

 c) 2.0,1.0  BA       
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d) 
3

2
1,2  BA       

 e) 
6

1
,

7

2
 BA       

f) 
9

5
,4  BA  

 

Ex.26  Find the value of 
y

x1.0
, if    

 a) 02.0,2  yx    

b) 4.0,200  yx    

c) 2.0,1.0  yx  

 

Ex.27  Evaluate the following expressions, if ,2,1  nm  and 3p . Before evaluating, rewrite 

the expressions substituting the numerical values of variables. 

 a) )( pnm     

b) pnm    

 

Ex.28  In the following expressions, identify the first operation that should be performed according to 

the order of operations and anytime it is a numerical operation, perform it.  

 a) x 43      b) x43  

 c) x)4(3      d) x)43(   

 e) 32x      f) 
x

32 
 

 

Ex.29  Write the following phrases as algebraic expressions and then evaluate them when 3x . 

a) 3 multiplied by x , and then squared 

b) 4  subtracted from x , and then divided by 0.2 

c) 9 divided by x , and then cubed 
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Lesson 3 
__________________________________________________________________________________ 

 

Topics:    Equivalent algebraic expressions. 

__________________________________________________________________________________ 

 

 

Definition of equivalent algebraic expressions 

 

Suppose we wish to write as an algebraic expression “a number x  doubled”. Should we write 2x  or 

x2 ? Because of the commutative property of multiplication, both answers are right. Both have the 

same meaning, although they appear to be different. We encounter a similar idea in arithmetic. The 

fractions 
4

2
 and 

2

1
are equivalent, which means that they represent the same number although they „do 

not look the same‟. Similarly, we would say that 2x  and x2  are equivalent (we often say equal) and 

write  xx  22 .       

    

Equivalent Algebraic                  Two algebraic expressions are equivalent if, when evaluated, they 

Expressions                                 have the same value for all replacements of the variables. 

 

Suppose that two algebraic expressions are equivalent, like the two mentioned above, 2x  and x2 . 

What it means, according to the definition, is that if we choose any value of x , let‟s say 1x , and 

evaluate 2212 x , and then evaluate 2122  x , the results must be the same. If we change 

the value of x , for example to 4, again two results are equal ( 8242 x , and  8422  x ). No 

matter what the value of x , the two results are always going to be equal. Thus, to determine that two 

expressions are equivalent one would have to evaluate them for all possible sets of values of variables. 

Since we cannot check all, we cannot prove equivalence by performing evaluation (make sure that you 

understand that even if we determine that two expressions assume the same value for many sets of 

values of variables, we still cannot claim that the two expressions are equivalent). To prove the 

equivalence of algebraic expressions, some general rules must be employed. 

 

Terms and factors 

 

In arithmetic, we often refer to numbers that are being added as terms, and to numbers multiplied as 

factors. For example, 3 and 4 are terms of addition 743  , while 3 and 5 are called factors of 15, 

since 1553  . We will now generalize the notions of terms and factors. 

 

Terms                                       Algebraic  expressions  that  are added  (or  subtracted) are 

called terms. Each sign, +  or  –,  is a part of the term that follows 

the sign. 

 

In other words, the addition and subtraction signs break the expression into smaller parts, called terms, 

and so, in yxyx  23  there are three terms: x3 , xy2 , y . Notice that because y  is preceded by a 

minus sign, the minus sign is a part of the term:  y . The expressions a  and 
d

a5
 are terms in 

d

a
a

5
 . 

Some expressions have just one term. For example, both xy3  and yx3  have only one term. 
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Factors                                         Algebraic  expressions  that are multiplied are called factors. 

 

The expression mn4  has factors 1, 4, m, n  and any combination of those, like m4 , n4 , and of course, 

mn4 . In 2ab , the expressions a  and 2b  are called factors but 1, b, 2b , ab, 2ab  are also factors of this 

expression. During our study we will be talking about explicit factors. Explicit factors of mn4  are 4, 

m and n, i.e. the factors that are separated by the multiplication sign (displayed or not displayed) of an 

expression. Explicit factors of 2ab  are a  and 2b . The expressions 32 x  and 4x  are explicit factors 

in )4)(32(  xx . 

 

Example 3.1  List all terms of the following expressions.  

a) zy 3     b) 
2

)1(43 2 x
zx   

 

Solution: 

a) The terms are zy,,3  . Remember that signs are always a part of terms.   

We list y as a term (y is preceded by the minus sign). 

b) The terms are 
2

),1(4,3 2 x
zx  . Notice the minus sign in 23x  and  

2

x
 , 

and that the expressions )1(4 x should be viewed as one term. 

 

Example 3.2  List all explicit factors of the following multiplication.   

a) ab5      b) xa )1(3   

 

Solution: 

a) Since baab  55 , the explicit factors are ba,,5 .  

b) Since baxa  )1(3)1(3 , the factors are; xa and)1(,3  . Notice 

that when listing factors, the expressions in parentheses are treated as one “unsplitable” 

expression. 

Algebra is an abstract generalization of arithmetic, where numbers are ‘replaced’ with variables. The 

laws that are true for numbers also hold for algebraic expressions (recall, algebraic expressions are 

merely symbolic representations of numbers).  

We will discuss some of the laws in the context of equivalent expressions. 

 

Commutative property of addition: rearranging terms results in equivalent expressions 

 

We know that 53  and 35  are both equal to the same number, 8. It is because the result of addition 

does not depend on the order of numbers that are being added. This property is called the commutative 

property of addition. Remember, subtraction does not have this property: 5335  . But, if we view 

subtraction as the addition of the opposite number, we get 53)3(535  . With the use of 

variables, we can express the above ideas in a general form (without the use of specific numbers). For 

any value of x  and y, 
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Commutative Property    

of Addition 

                                                

 

Also, since xyyxyx  )( , we have 

 

Consequence of Commutative 

Property   of Addition 
 

 

 

Equivalently, we can say that, changing the order of terms results in an equivalent expression (an 

expression that looks different, but „means‟ the same). For example,   

The terms of 3a   are a  and 3. If we reverse the order of terms, we obtain aa  33 . 

The terms of ba 2  are ba and2 . Reversing their order gives us 22 abba  . 

The terms of dc 2  are c  and d2 . Reversing their order gives us cddc  22 . 

 

Similarly, if an algebraic expression consists of more than two terms, we can rearrange them in any 

order.  For instance, the terms of CB 3  are 3, B , and C . Thus, we can rewrite the expression  

CB 3  as  3 CB  or  CB 3 :  

                        CBCBCB  333              (there are more possible rearrangements). 

 

Example 3.3  Using the fact that changing the order of terms results in an equivalent expression, 

rewrite the following expressions in their equivalent form by rearranging the terms. Use 

the equal sign to indicate that the resulting expressions are equivalent. 

a) ba 7     b) acb 3)( 2     

 

Solution: 

a) The terms are a7  and b . We get  abba 77   

b) The terms of acb 3)( 2    are 2)( cb   and a3 . If we reverse the order, 

we get 22 )(33)( cbaacb   

 

Example 3.4  Determine which of the following expressions are equal to  zyx 452  . 

a) yzx 542       b) xzy 245         c) zxy 425 

   

Solution: 

All of them are. The terms of zyx 452   are zyx 4and5,2  . As long as the sign 

that is in front of an expression is not altered, we can rearrange terms. The sign that 

goes before x2  is plus, and in all expressions (a)-(c) x2  is also preceded by a plus sign. 

y5  follows the minus sign and the same is true for all expressions (a)-(c). Finally, z4 is 

preceded by a plus sign in all these expressions. 

 

 

 
                                                                   xyyx   

 

 
                                                                    xyyx   
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Example 3.5  Replace   with expressions such that the resulting statements are true. Use parentheses 

when needed.   

a) xzyx 252     b)  zxyz  

 

Solution: 

a) xzyzyx 2552  ;   zy 5  

b) yxzxyz )( ;  yx)(   

 

 

Commutative property of multiplication. Rearranging  factors  results in  equivalent expressions 

 

Multiplication, like addition, is commutative. the  result of multiplication does not depend on the order, 

3553  . In general, we have 

 

Commutative Property    

of Multiplication 

                                             

 

This means that, the rearrangement of the order of factors results in an equivalent expression.  

For example, 

 22  aa , or 33 yxyx  )()( baxxba  . 

 

Factors can also be rearranged if we have more than two factors.  For example, 

 33  baab ,   

 fedcefdcdcefcdef               (or any other order of factors of c, d, e, and f) 

 

Example 3.6  Rewrite the expression 
b

a
xy

1
  in two equivalent forms by multiplying its factors in 

a different order. 

 

Solution: 

We can rewrite the above expression in more than two equivalent forms. For example, 

b

a
yx

1
 , y

b

a
x 




1
, yx

b

a


1
, yx

b

a


1
, or x

b

a
y 




1
. Any two would be the 

correct answer. 

 

 

Applying  rules of operations on fractions results in an  equivalent expression  

 

The rules for addition and subtraction of fractions with common denominators are 

 

Rule for Addition and 

Subtraction of 

Fractions with Common 

Denominators                                               

 

 
                                                        xyyxyxxy  or   

 

          
c

ba

c

b

c

a 
               

c

ba

c

b

c

a 
 ,         0c  
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For example,  
7

2

77

2 xx 
  and thus also  

77

2

7

2 xx



 (notice, that we switched the left side with 

the right one of the equation,  so both equations are true,  just like if 532   then 325  ).  It is 

also true that   
xx

a

x

a 33



   and  

3

2

33

2









 x

y

x

y

x
. 

 

The rules for multiplication and division of fractions: 

 

Rule for Multiplication  

and Division of 

Fractions 
 

 

 

Thus, we should recognize that the following are true: 

      

x
x

2

1

2
 , x

x

5

3

5

3
 ,      and  

33

1
)(

ba
ba


     

 

Finally, you might recall that    
2

1

2

1

2

1





 . Similarly, one may show (ask your instructor, if you 

would like to see how to do it) that  

 

  

Rule for Negative Signs in 

Fractions                        

 

 

 

Example 3.7  Rewrite each of the following expressions as a sum or a difference of two expressions. 

Use  
c

b

c

a

c

ba



   or     

c

b

c

a

c

ba



     (we assume that 0c ) . Indicate with the 

equal sign that the resulting expressions are equivalent. 

   a) 
5

2 s
     

b) 
x

a





5

22

 

 

Solution: 

   a) 
55

2

5

2 ss



 

   b) 
xx

a

x

a











5

2

55

2 22

 

 

 

      x
y

a

y

ax

y

x
a          

y

x

y
xyx 

1
, 0y                                               

 

 

                                     
y

x

y

x

y

x





 ,         0y  
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Example 3.8  Use the fact that x
y

a

y

ax
  to rewrite the following expressions as a product of a 

numerical factor and an algebraic expression.  

a) 
5

2b
    b) 

5

bx 
   

 

Solution: 

a) b
b

5

2

5

2
 ;      

5

2
 is a numerical factor. 

b) )(
5

1

5
bx

bx



    Notice the use of parentheses. The entire expression in the 

numerator should be multiplied by 
5

1
. Had we omitted the parentheses, only x  would 

have been multiplied by 
5

1
. 

 

 

Example 3.9  Rewrite each of the following expressions in their equivalent form as a single fraction. 

a) a
11

6
               b) 

y

x
2                   

c) )1(
3

1 2 a     d) 
2

2

2 


 x

b

x

a
         

e) 2

4

1

4
a

ss

a
   f) 

x

cb

x

a 


1
2  

 

Solution: 

a) 
11

6

11

6 a
a    

b) 
y

x

y

x 2
2   

c) 
3

1

3

)1(1
)1(

3

1 22
2 





aa

a                       Write 12 a  instead of )1(1 2 a ! 

d) 
2

2

2

2

2 







 x

ba

x

b

x

a
  

e) 
s

aa

s

a

s

a
a

ss

a

4444

1

4

22
2 




             First replace  
s

a

4
   by 

s

a

4


, and 

2

4

1
a

s
 by 

s

a

4

2

 (equals can be substituted by equals).  Then subtract, just as you subtract 

fractions.  

f) 
x

cba

x

cb

x

a

x

cb

x

a )()1(2)1(21
2














        Notice the use of 

parentheses. 
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Example 3.10 Determine which of the following expressions are equal to 
c

b2
 . 

c

b 2
,    

c

b

c


2
,   )2(

1
b

c
 ,  

c

b 2
 

 

 

Solution: 

The only expression that is not equivalent is 
c

b 2  (since bb  22 ). To 

demonstrate that, let us set 0b , 1c  and evaluate   2
1

022







c

b ,  

2
1

202







c

b . Since 22  , we conclude that 
c

b2  is not equivalent to 
c

b 2 . 

The expression 
c

b

c


2  is equivalent because of the rules for addition of fractions. 

)2(
1

b
c

  is equivalent  because of the rules for multiplication of fractions. 
c

b 2    is 

equivalent because we can replace b2  by its equivalent expression 2b . 

 

 

 

Performing numerical operations results in equivalent expressions 

 

There are many operations one can perform on an algebraic expression to obtain an equivalent one. 

One of them is performing numerical operations according to the order of operations. For example,    

                                    xx  532  

                                    xx 632   

 

Example 3.11  When possible, perform a numerical operation to create an equivalent expression. If no 

numerical operation can be performed, clearly indicate so. 

a) 12  x    b) 
8

4x
   c) x312    

d) m)32(      e) m32   f) yx )3(2    

g) )( x    h) 
3

6
x
   i) )2)(3( nm   

 

Solution: 

a) xxx  11212  

b) 
28

4 xx
      Divide the numerator and denominator by 4 to reduce the fraction. 

c) x312   Since multiplication of 3 and x  has to be performed before addition, 

no numerical operation can be performed.  

d) mm 6)32(   

e) m32  Since 3 must be first raised to m -th power, no numerical operation can 

be performed. 
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f) xyxyyx 6)3(2)3(2    

g) xxx  )1)(1()(  

h) x
x

2
3

6      We can cancel 3 in the denominator with the factor of 3 in 

236  . 

i) mnmnnmnm 6)2(3)2(3)2)(3(    

 

 

How to show that two expressions are not equivalent 

 
Two algebraic expressions are equivalent, if for all values of variables they assume the same value.  

Thus, if we can find just one set of values of variables for which the expressions do not assume 

the same value, it is enough to conclude that they are not equivalent. 

 

As an illustration, we will demonstrate that 2x  is not equivalent to x2 . To this end, we must find some 

value of x  that when evaluated, the two expressions assume different values. We will use 5x  (the 

choice of the value of x  is arbitrary). We evaluate both algebraic expressions. 

                   25522 x       

and      10522 x .   

Since 1025  , we conclude that x2  is not equivalent to 2x . 

Notice that there are other values of x  for which x2  is not equal to 2x , but since we only need one 

such value, we already proved that 2x  in not equivalent to x2 .  

 

Example 3.12  Show that the following two expressions 3)2( a   and    32a  are not equivalent by 

evaluating them when 1a  and demonstrating that the values of the two expressions 

are not equal. 

 

Solution: 

82)12()2( 333 a   but   212122 33 a . Since 28  , 3)2( a and 32a are 

not equivalent. 

 

 

Common mistakes and misconceptions 
 

 

Mistake 3.1 

When writing an expression like, for example,  
m

s

m

x
 ,  as a single fraction,  make sure that all the 

symbols are clearly above the fraction bar. You should not write    

                                                                           

The answer should be written as  
m

sx 
, so the minus sign is included in the numerator. 
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Exercises with Answers    (For answers see Appendix A) 

 

 

Ex. 1  Write a word to complete each sentence. 

In the expression yx 24 2  , 24x  and y2  are called ________________  . 

In the expression yx 24 2  , 24x  and y2  are called ________________  . 

 

Ex.2  List all terms of the following expressions. 

 a) x3         b) cdab            

c) 12
2

2  y
xy

  d) z
y

x
b  2)2(  

Ex.3  Is 2+8 equal to 8+2?  Is 8x  equal to x8 ? How about  
2

2 cd

b

a
  and 

b

acd 2

2
 ? Why?     

  

Ex.4  a) Evaluate nm  and mn   when 2m  and 3n . Based on this evaluation, can you 

determine if the two expressions are equivalent?   

b) Is it true that mnnm  ? 

       

Ex.5  For each of the following expressions 

-  List all its terms 

- Using the fact that changing the order of terms results in an equivalent expression, rewrite the 

following expressions in their equivalent form by rearranging the terms. Use the equal sign to indicate 

that the resulting expressions are equivalent (for example, the expression 9A should be rewritten as 

AA  99 ). 

a) zm2       b) 2x     

c)  23  c       d)  
2

2
3

2 y
x     

 e) 2)( yfdc        f) 
3

2
)( 2 


s
yx     

 

Ex.6  Fill in the blanks to make a true statement. 

 a)  __________22  mnmnx   b) __________44)32(3 xxba   

 

Ex.7  List all terms, and then, by changing the order of these terms, create two new equivalent 

expressions for each of the following .  

a) 32 xxx            b) 
2

3
22 x
bca    

 

Ex.8  For each of the following expressions (1)-(5) find an expression equivalent to it among 

expression (A)-(E). Rewrite each matched pair with the equal sign between them to indicate their 

equivalence.    (1) uts      (A) sut         

(2) ust      (B) uts      

(3) tsu      (C) ust   

(4) stu      (D) tus   

(5) uts      (E)  tus   
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Ex. 9  Rewrite the following expressions placing the multiplication sign „ '  whenever (according to 

the convention) it was omitted. Then, identify all explicit factors. 

a) a2            b) )(3 ba              

c) 
y

x
2

3              d) ))((4 cbyx   

 

Ex.10   Rewrite each of the following expressions in its equivalent form using yxxy  . Use the equal 

sign to indicate that the resulting expression is equivalent to the original one (for example, the 

expression A9 should be rewritten as 99  AA ). Remember about parentheses. 

a) mn                  b) 75               

c) cd                     d) )( dac            

 

Ex.11  a) Rewrite the expression vst  in its equivalent form by changing the order of its factors to 

create three new equivalent expressions. Indicate their equivalence by using the equal sign (for 

example, one of the answers might be tsvvst  ).     

b) Repeat the above exercise for tyxv )(  . 

 

Ex.12  a) Is AB  equivalent to BA ? How about AB3  and  BA3 ,  AB3  and )3(BA ? Why? 

b) Is AB3  equivalent to 3BA ? Why? Support your answer by evaluating both expressions 

when 1A  and 2B . 

 

Ex.13   Is 2ab  equivalent to ab2 ? How about 2ab  and ?2 ba Why? How about 

))(4( bamn   and )4)(( nmab  ? Why? 

 

Ex.14  According to the rules for adding and subtracting fractions, we have  
c

b

c

a

c

ba



  and 

c

b

c

a

c

ba



   (assume 0c )  Rewrite each of the expressions below as a sum or a difference of two 

expressions. Use equal signs to indicate that the resulting expressions are equivalent to the original 

ones (for example, the expression 
3

2 t
should be rewritten as 

33

2

3

2 tt



). 

a) 
7

52 
                b) 

3

6a
                      

c) 
ba

a



 2
                   d) 

cab

cb




2

2

  

 

Ex.15  Using the fact that   
c

b

c

a

c

ba



  and  

c

b

c

a

c

ba



     (assume 0c ), rewrite the following 

expressions as a single fraction. Do not simplify. 

a) 
44

nm
        b)

44

7 2nm
      

c) 
24

2

24

5 2




 c

n

c

m
     d)  

x

CB

x

A 2
  
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Ex.16   Write the following expressions as a single fraction using the fact that 
d

cba

d

c

d

b

d

a 


 a) 
5

2

5

7

5

4
    

b) 
xx

n

x

m

4

3

44

7 2

    

c) 
11

3

1 





 s

t

ss

m
 

 

Ex.17  According to the rule for multiplication of fractions the following is true: x
x

7

3

7

3
 . We can 

say that the quotient 
7

3x
 was written as a product of a numerical factor 

7

3
 and an algebraic expression 

x . Write the following expressions as a product of a numerical factor and an algebraic expression. 

a) 
3

2x
               b) 

y

x 22
         

c) 
3

2 2x
            d) 

y

ba )2(2 
          

e) 
3

x
               f) 

3

2ba 
 

 

Ex.18 Using the rule for multiplication of fractions  
y

ax

y

x
a  , rewrite each of the following 

expressions in their equivalent form as a single fraction (for example, 
y

x

y

x 2
2  ). Remember to use  

parentheses when needed. 

a) 
n

m
3      b) 

n

m
3       

c) 






 

4

b
a      d) 







 


4

b
a        

e) 
n

t
s )4(              f) 

1
4





n

a
  

g) 
t

nm 
3      h) 

2

1

x

x
a


  

 

Ex.19 Students were to write an answer to the following problem:  Using algebraic symbols, write an 

opposite number to 
t

s
. 

Student A gave the answer: 
t

s
  

Student B gave the answer: 
t

s
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Student C gave the answer: 
t

s


 

Who was right? Why?  

 

Ex.20  You know that 
y

x

y

x

y

x





 .  By placing the minus sign differently, write each expression 

in two additional equivalent ways. Use parentheses when needed.     

a) 
b

a2
        b)

d

ca

2

2




   

 

Ex.21  Write each of the following expressions in their equivalent form as a single fraction. Do not 

simplify. 

a) yx
3

4

3

2
        b) yx

3

1

3

2
    

c) 
3

7
3

1
2

y
x        d) y

t
x

t

13
   

e) 
t

y

t

x
32         f) 

tk

n

tk 



 2

1
 

g) 
t

cd

t

ba 1
23





      h) 

xy

nm

xy

a 



 3

2
 

 

Ex.22  Fill in the blanks to make a true statement. 

a) ____________
3

 x
y

x
     b) __________3

3


y

x
 

c) ____________
13


yy

x
     d) _________

1




yy

ba
 

 

Ex.23  Perform all numerical operations that are possible. If none are possible, write “not possible”.  

a) 84  a        b) )8(4 a    

c) 
4

8a
         d) x28    

e) 28x         f) x24     

g) x)24(         h) )2( x   

i) m)25(            j) 








2

1
2 2x    

k) )10(1.0 2yx       l) m25    

m) 
5

10
x
        n) x)56(2    

o) x
5

2
4        p)

xz

y

2

12
    

q) 
2

1

2

1
 x        r) 

ac

bd

9

3
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s) )3.0)(2.0( zxy        t) 
1

4



x
 

 

Ex.24  Is x
























4

3

2

1
2

 equivalent to ?x  Is 
























4

3

2

1
2

x equivalent to x ? 

 

Ex.25  Is )1)(( ayx  equivalent to )1( ayx  ? Explain your answer. 

 

Ex.26  Replace     with expressions such that the resulting statement is true. Use parentheses when 

needed. 

a)  bccba 22     b) 4



x

x    

c)  x
xy

4

1

4
      d) 

2
2


a    

e) 


33

xyx
     f)  ccz   

g)  yzxyz      h)  a
ab

2
 

 

Ex.27  Determine which of the following expressions are equivalent to  m  

1

m
,                 

1

m
 ,               )1(m ,                  1m ,              

m

1
  

 

Ex.28  Determine which of the following expressions are equivalent to  :nm  

mn  ,       )( nm  ,       )(nm  ,       nm ,       mn  ,       mn  )1(      

 

 

Ex.29  Determine which of  the following are equivalent to  dbca  . 

dbcaacbddcbadcba  ,,,  

 

Ex.30  Determine which of the following are equivalent to  
b

a
 . 

,,
2

2
,

1
,

1
,

b

a

b

a

a
b

b
a

b

a





            

b

a




 

  

Ex.31  Determine which of the following expressions are equivalent to  
6

5x
 . 

6
5

x
 ,         ,

12

10
,

6

5
,

6

5
,

6

5 x

x
xx        x5

6

1
  

  

Ex.32  Determine which of the following expressions are equivalent to  2x  . 

2

x
,           x2 ,            x2 ,           2x ,             

8

4x
,               

2

 x
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Ex.33  Determine which of the following expressions are equivalent to  a83 . 

a11 ,            38 a ,              83  a ,                  a11 ,              
2

83
2

a
  

 

Ex.34   Determine which of the following expressions are equivalent to  
6

3 ba 
 . 

6

3ab 
 ,    

6

1
)3(,

6

3
,

66

3
,

6

3
),3(

6

1
ba

abba
b

a
ba 


  

 

Ex.35  Determine which of   the following are equivalent to  
33

nm
 .  

3
,

3

1
)(,

3

1

3

1
,

3
,

33

mn
nmnm

nmmn 



  

 

Ex.36. The correct answer to a problem is 
2

2vt
.  John‟s answer is 2

2

1
vt .  Is John right? How about 

Mary whose answer is v
t


2

2

? 

 

Ex.37  Show that 4)( x  is not equivalent to 4x  by evaluating both expressions when 1x  and 

demonstrating that the values are not the same. 

 

Ex.38  Show that 22 yx   is not equivalent to 2)( yx   by evaluating both expressions when 1x , 

2y  and demonstrating that the values are not the same. 

 

Ex.39  Show that pnm    is not equivalent to )( pnm   by evaluating both expressions when  

2m , 5n ,  and 1p  and demonstrating that the values are not the same.  

 

Ex.40  Evaluate m)1(  and  m1 when 

a) 1m  

b) 3m  

c) 5m  

d) 7m    

e) Based on the above, can you determine if  m)1(  and  m1 are equivalent? 

f) Evaluate m)1(  and  m1  when 2m . Can you now determine if  m)1(  and m1  are 

equivalent? 

  
 



 38 

Lesson 4 

__________________________________________________________________________________ 

 

Topics:  Operations on power expressions with non-negative integer exponents. 
__________________________________________________________________________________ 

 

 

Exponential notation 

 

Exponential notation is used to write repeated factors in a compact way. Exponents are another way of 

writing multiplication. For example,  

 

                           .333,222222
2

2

5

5

timestimes 

     

 

We will extend this idea to algebraic expressions.     

 

Exponential Expression The expression of the form a
n   

is called an exponential    

expression. It is defined as follows 
 

,10 a  

      aa 1 , 

      aaa 2 , 

      … 

   


timesn

n aaaa  ... ,                    for n = 1, 2, 3, … . 

(a is repeated as a factor n times). 

a is called the base, n is called an exponent or power.  

 

Notice that, according to the definition any expression raised to the zero-th power is equal to one. Also, 

a variable that appears to have no exponent is raised to the first power. 

            a
1
= a  

Recall that na  is read as “ a  to the n-th power”. In the case of 2a , often, instead of  “ a  to the second 

power” we read it as “ a  squared”;  3a  is often read as “ a  cubed”. 

 

You should also remember that: 

The exponent pertains only to “the closest” number or variable. To apply the exponent to the 

entire expression we must place parentheses around the expression. The exponent is then placed 

outside the parentheses. 

For example,  

in 32b , only b is raised to the third power. 

in 3)2( b ,  b2 is raised to the third power. 

or 

in  nx  , only x  is raised to the n-th power (n pertains only to x  not to )x  

in nx)( ,  x  is raised to the n-th power  
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The above convention can be interpreted as the consequence of the order of operations. For example, 

in 2)2( x  parentheses indicate that multiplication should be performed first, and only then the result is 

raised to the second power. This means that the entire x2  is raised to the second power. Without 

parentheses, we first exponentiate, and then multiply by 2, so only x  is squared. Notice also, that 

without this convention, we would have no means to distinguish between, let‟s say,  22x  and 2)2( x , or 
3)( ba    and  3ba  .  

 

Example 4.1  Expand, that is write without exponential notation.    

a) 3)5( A     b) 35A  

 

Solution: 

a) The exponent pertains to the entire expression A5 :      AAAA 555)5( 3   

   b) The exponent pertains only to A :             AAAA  55 3 . 

 

 

Example 4.2  Rewrite using exponential notation whenever it is possible. 

a) mmm7     b) aaaaaa    

c) bbcdbbdcb )2()2(          d) yy
x

y
  

 

Solution: 

a) 3

3

77 mmmm
tomes




  

b)  
24

24

aaaaaaaa
timestimes




 

c)   Notice that cddc  22 , thus    

 
25

25

)2()2)(2()2()2( dcbdcdcbbbbbbbcdbbdcb

timestimes




  

 

d) Notice that yy
x

y
 is equivalent to 

x

yyy
, thus 

 
x

y

x

yyy
yy

x

y 3

  

 

 

Example 4.3  Evaluate a) 0)2( x      b) 02x    c) 07 )(4 mn   

 

Solution: 

a) Remember that any expression raised to the zero-th power is equal to 1, and 

that because of parentheses the zero power pertains to the entire expression x2 ,  

thus 1)2( 0 x . 

b) This time only x  is raised to the zero-th power, hence  2122 0 x . 

c) The expression 7nm  is raised to the zero-th power, so   414)(4 07 mn    
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Numerical coefficients 

 

 

Numerical Coefficient In a product of a number, variables or algebraic expressions, the 

numerical factor is called a numerical coefficient. 

 

For example, in the expression x2 , the numerical coefficient (often called the coefficient) is equal to 2. 

The coefficient of  mba )(5    is 5 and the coefficient of  54a  is  4 . If there is no number in front 

of a product, it is implied that the coefficient is 1. If there is a negative sign, it is implied that the 

coefficient is 1 . For instance, the coefficient of yx 2  is equal to 1 (because yxyx 22 1 ). The 

coefficient of  a  is 1  (because aa  1 ). 

 

 

Example 4.4  In the following expressions, identify bases, exponents and numerical coefficients.

 a) 273a   b) 

9










k

yz
                                 c) 4x  

 

Solution: 

a) base: a;   exponent: 27;  numerical coefficient: 3 

b) base: 
k

yz
; exponent: 9; numerical coefficient: 1 

c) base: x ; exponent: 4; numerical coefficient: 1  

 

 

Laws of exponents 

 

 

Consider 
52323 )()()()( aaaaaaaaaaaaaaa   

We have 3 a‟s and another 2 a‟s for a total of 523   a‟s  (to multiply 3a  and 2a  we added 

exponents). The idea can be generalized to obtain 

 

Product Rule for  

Exponents 

                                                

 

When multiplying exponential expressions with like bases, we add the exponents and keep the 

common base.  For example, 15510510 xxxx   . 

 

 

If we have      

 
Out of 5 repeated a‟s in the numerator, we canceled 3 a‟s for a total 235   a‟s  (to divide 5a  by 3a  

we subtracted exponents). In general one can prove that 

 

                                                        nmnm aaa   
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Quotient Rule for  

Exponents                                             
 

 
When dividing exponential expressions with like bases, subtract the exponents and keep the 

common base.  For example,   10515

5

15

xx
x

x
   

 

If we have         622232 )()()( aaaaaaaaaaaaaaaaa   

We can think of this as 3 groups of 2 for a total of  632   a‟s. In general, 

 

Power Rule for  

Exponents                                                

 

 

When raising an exponential expression to another power, keep the same base, and multiply the 

exponents. For example,     50510510 xxx   . 

 

 

Now, consider               333
)()( babbbaaaabababab   

This can be extended to 

 

Product to Powers Rule for 

Exponents                                              

 

 

An exponent outside the parentheses applies to all parts of a product inside the parentheses and 

thus to raise a product to a power, one can equivalently raise each factor to that power. 

For example,     555
22 xx  . 

 

 

Finally,          0,
3

33














b

b

a

bbb

aaa

b

a

b

a

b

a

b

a
 

In general, 

 

Quotient to Powers Rule for 

Exponents                                                

 

 

 

An exponent outside the parentheses applies to all parts of a quotient inside the parentheses. 

Thus, to raise a quotient to a power, one can equivalently raise both numerator and denominator 

to that power. For example,   
5

55

33

xx









. 

                

                                          nm

n

m

a
a

a  ,    0a  

                                                               

                                        

                                                 mnnm aa )(              

    

                                        

                                                 nnn baab )(              

    

                

                                                         
n

nn

b

a

b

a









,    0b  
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For your convenience, we will display all the rules together. 

 

 

     Laws of Exponents 

     1. 10 a                        2. aa 1                        3. nmnm aaa                 4.  nm

n

m

a
a

a   , 0a  

     5. mnnm aa )(                           6.  nnn baab )(                            7.  
n

nn

b

a

b

a









, 0b  

 

 

 
Example 4.5  Perform the indicated operations and simplify.  

a) )4)(2(3 xx    b) 
2

5

6

8

x

x
   c) 36 )2( x  

 d) 3

8

5

y
y

y



   e) ))(2( 232 baba    f) 

3

7

)(2

)(

ba

ba




 

 

Solution: 

a) 224)4)(2(3)4)(2(3 xxxxx   

b) 325

2

5

3

4

3

4

6

8
xx

x

x
   

c) 183636336 88)(2)2( xxxx    

d) 11 0088

8

8

8

35

8

35
3

8

5











 



yyy
y

y

y

y

y

yy
y

y

y
 

e) 352132232232 22)1(2))(2( bababbaababa    

f) 437

3

7

)(
2

1
)(

2

1

)(2

)(
baba

ba

ba




   

 

Example 4.6  Rewrite in its equivalent form as a single exponential expression without parentheses. 

Identify the numerical coefficient of the final expression.    

a) 3)( y    b) 23 2)2( yy  

 

Solution: 

   a) 333333 1)1()1()( yyyyy  ;      the  coefficient: 1  

 b) 5232323323 1616282)2(2)2( yyyyyyyy   ;                        

the coefficient: 16 . 

 

Example 4.7  Write as an algebraic expression using parentheses where appropriate, then remove the 

parentheses and simplify. 

a) The product of  x  and  2y , then raised to the sixth power 

b) The quotient of 324 ba  and  2ab  , then raised to the second power 
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Solution: 

a)   126126626662662 1)1()()1())(( yxyxyxyxyx    

b) 22222221122312

2

2

32

164)4()4()4(
4

babaabbaba
ab

ba








   

 

Example 4.8  Simplify the expression  
43

25 )3(

xx

x
 and then evaluate, when .

2

1
x  

 

Solution: 

  3710

7

10

7

25

43

252

43

25

99
99)(3)3(

xx
x

x

x

x

x

x

xx

x
 




 

To evaluate, we substitute 
2

1
x .    

8

9

8

1
9

2

)1(
9

2

1
9

2

1
99

3

333

3 






 











 









x .  

 

Example 4.9  Which of the following expressions are equivalent to 724 yx ? 
274 xy , 72)2( yx , 252 )(4 yx , xxy 74 , 4324 yyx  

 

Solution: 
102252252 44)(4 yxyxyx   , and hence 252 )(4 yx is not equivalent. All others are 

equivalent.  274 xy is equivalent because only the order of factors 7y and 2x  has been 

changed. 
7272272 42)2( yxyxyx  ,     

7277 444 yxxxyxxy  ,  
72432432 444 yxyxyyx   . 

 
Example 4.10  Find the numerical value of   such that the following statements are true. 

a)  246     b)  6636 73   

 

Solution: 

a) We must express 64  as an exponential expression with the base 2 (to match it 

to 2 ). Since 224  , we get  12626 2)2(4  . As a result  2212 , hence  12 . 

b) We must express 73 636   as an exponential expression with the base 6. 

Notice that 2636  , and thus   137673273 6666)6(636  ; 13 . 

 

Example 4.11  Evaluate. a) 
80

81

9

9
   b) 

11

67

4

44 
 

 

Solution: 
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a) 99
9

9 8081

80

81

   

b) 1644
4

4

4

4

4

44 21113

11

13

11

67

11

67


 



. 

 

 

Common mistakes and misconceptions 

 

 
Mistake 4.1 

There is a difference between 2x   and 2)( x . In 2x  only x  is squared, in 2)( x , x  is 

squared, 22 ))(()( xxxx  . Just like 932  , while 9)3( 2  . 

 

Mistake 4.2 

In the expression 37 yx , since the bases are not the same, DO NOT add exponents. 

 

Mistake 4.3 

Although it is true that  222)( baab  , 222)( baba  . 

We recognize that  22 49)7( xx  , however, 22 49)7( xx  . 

 

Mistake 4.4 

Please, remember  815215252 xxxxxxxx     (not 752 xx   ). In other words, if one of the 

factors does not have an explicit exponent, it means it is raised to the first power, and thus one 

has to be added. 

 

 

Exercises with Answers    (For answers see Appendix A) 

 

Ex.1  In the expression mx3 , 3 is called the____________________ , m is called the____________ 

or ____________ and x is called the______________ . 

 

Ex.2  Fill in the blanks. 

a) An expression x  raised to the________ power is equal to itself. 

b) An expression x  raised to the________ power is equal to 1. 

 

Ex.3  a) In the expression mab  the exponent pertains to ________________. 

b) In the expression nab)( the exponent pertains to ________________. 

c) In the expression ndec )( the exponent pertains to ________________. 

d) In the expression na)( the exponent pertains to ________________. 

e) In the expression na the exponent pertains to ________________. 

f) In the expression 

m

y

x







 2
the exponent pertains to ________________. 
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Ex.4 Write the following statements as algebraic expressions using parentheses where appropriate. 

a) The quotient of a  and 2, then raised to the fourth power 

b) Two thirds of a , then raised to the third power 

c) c cubed, and then divided by 7 

d) The product of a  and 5, then raised to the second power  

e) Raise a  to the second power, and then multiply the result by 8. 

f) The opposite of x , then raised to the fifth power. 

g) Raise x to the tenth power, and then take the opposite of the result. 

 

Ex.5 In each of the following expressions, identify the base, exponent and numerical coefficient. 

a) 43x        b) mx   

c) 
3

2 3x
      d) 2)( bca   

e) 

m

y

x








      f) 

4

)( 7yx 
  

g)  

7
3

4

3







 

w

zx
     h)  

2

)( 5ab
  

 

Ex.6 Write using exponential notation whenever it is possible.  

a) 66666       b) zzzz     

c) aaaa  333      d) xyxyxxx     

e) aaaaa        f) yyxxxy    

g) ))()(( bababa      h) )2)(2)(2)(2( 3333 tttt   

i) mnnm        j) k
n

kkk
     

k) 
zzzz

zzz 
      l) 

zzz

zzz



 ))()((
   

m) xx
x

x 
2

      n) )3)(3)(3( xxx    

o) 
























b

a

b

a

b

a 2
2

2
     p) 

















 










xxx

333
   

q) 
)2)(2)(2(

1

wvwvvw 
    r) 







 







 










m

yx

m

yx

m

y

m

x
    

s) nmnmnm  ))((      t) ))()(( pmnnmpnpm   

 

Ex.7 Write the following expressions without using exponential notation. 

a) 5)4(       b) 54    

c) 3)( m       d) 3m   

e) 3)2( a       f) 32a     

g) 2)( ba        h) 2ba   
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Ex.8 Simplify by raising to the indicated power. 

a) 0)3( x       b) 03x     

c) 3 x0        d) 0)( cba   

e) 0abc       f) 0)(abc    

g) 0cab        h) 000 cba  

 

 

Ex. 9 While copying expressions from a blackboard, John kept forgetting to copy parentheses. 

 a) 3)(x     John copied as   3x  

b) 4)( x  John copied as   4x   

c) 7)(x   John copied as   7x        

d) 3)2( ba   John copied as   32ba   

e) 3)2( ba   John copied as   32ba        

f) 3)(2 ba   John copied as   32ba    

g) mbca )(   John copied as  mabc        

h) 

4

2









y

x
 John copied as   

4
2

y

x
 

Determine if what was on the board and what John copied has the same meaning, i.e. are the 

parentheses necessary. Write “same” or “different” for each. 

 

Ex.10 Evaluate   a) 32x     b) 3)2( x  

when 100x . Explain why you did not get the same result. 

 

Ex.11 Fill in the blanks, each time using one of the following words: add, subtract, multiply, divide. 

a) To multiply exponential expressions with the same bases one needs to __________ the 

exponents. 

b) To _____________ exponential expressions with the same bases one needs to subtract their 

exponents. 

c) To raise an exponential expression to another power one needs to _________ the exponents. 

 

Ex.12 Write as a single exponential expression. 

 a) 203 nn        b) 27 )(s    

c) 
2

8

x

x
       d) bb7    

e) 2)4( x       f) 542 mm    

g) 21
b

b
       h) 

x

x
    

i) 
4

209

a

a
      j) 543 xxx    

k) 
2

4

2a

a
      l)  

x
x

34   
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m) 183116 aaa       n) 
s

s

1.0

5.0 12

  

o) 43 )(5 t       p) 37 )2( x  

 

Ex.13  Write as an algebraic expression using parentheses where appropriate, then remove the 

parentheses and simplify. 

 a) The product of  2m  and m2  

 b) The quotient of 53x  and 318x  

 c) The expression 52a  raised to the third power 

 

Ex.14 Simplify the following expressions first, and then evaluate when 2a . 

 a)
6

7

a

a
       b) 222 aa    

c) )
2

1
)(2( 2aa       d) 8

32 )(

1
a

a
   

 

Ex.15 Simplify the following expressions first, and then evaluate when 1m . 

 a) 53mm       b) 
2

3

2m

m


   

c) 
3

)( 142m
      d) 5072 mm  

 

Ex.16 Simplify the following expression  
8

10

x

x
, and then evaluate when  

 a) 7x       b) 7x    

c) 
3

2
x       d) 07.0x . 

 

Ex.17 Rewrite in its equivalent form as a single exponential expression without parentheses. Identify 

the numerical coefficient of the final expression. 

 a) 5)( B       b) 8)( B   

c) 35)( BB       d) 22 )( BB    

 

Ex.18 Perform the indicated operations and simplify.     

 a) )2(4 2 xx        b) )2()4( 2 xx    

c) ))(2)(3( 3xx       d)  )4)(3( 52 xxx  

 e) 
2

4

)2( a

a
      f) 

2

5

)3(

3

x

x
   

g) 
x

x



3)4(
      h) 

2

3

2

)(

a

a
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 i) 
2

7

)2(
2

a

a
a


      j) 

4

532

x

xx
   

k) 
4

32 )3(

x

x
      l) 2

4

2

a
a

a
  

m) 7

2
1

v
v








      n) 22 )3( aa  

o) 















 24

5

3

3

2
xx      p) 

2
3

4.0 









x
 

 

Ex.19  Write as an algebraic expression using parentheses where appropriate, then remove the 

parentheses and simplify. 

 a) The product of  x3  and 2x , then raised to the third power 

 b) The quotient of 124a  and  2a , then raised to the second power 

 c) 3a  raised to seventh power, then multiplied by a  

 

Ex.20  Perform the indicated operations and simplify. 

 a) 235 )( yx       b) 

3
2










x

yx
   

c) 25 )(3 ba       d) 22 )(3 ab  

 e) 

2

2

3

4 









b

a
      f) 432 )( yxyx    

g) 
62

7

bba

aab
      h) 

2

2
2

)4( s

xs
x   

 i) y
x

yx


232 )(2
     j) 32 )()(4 nmnm    

k) 
4

8

)(2

)(

ba

ba




      l) 

bca

cba
25

4213

 

   

 

Ex.21  Write as an algebraic expression using parentheses where appropriate, then remove the 

parentheses and simplify. 

 a) 7xy  raised to the fifth power , then divided by 3y  

 b)  33ab  squared, and then multiplied by b  

 

Ex.22 Simplify the following expressions, and then evaluate when 2m  and 1n . 

 a)
mn

nm 52

      b) 
32

32

)(

)(

nm

mn
   

c) 
2

4

)(

)(

nm

nm




      d) 0)2( nm   
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Ex.23 Circle all expressions that are equivalent to 2

5

2
y . 

 2

25

4
y ,  

5

2 2y
,  yy 

5

2
,  

2

5

2








y , yy

5

2
  

Ex.24 Circle all expressions that are equivalent to 

20

3







 a
. 

 
3

20a
,  

20

20

3

a
,  

20

812

3

)(a
,  

20

812

3

aa
,  

20

54

3

)(a
 

 

Ex.25 Circle all expressions that are equivalent to 234 yx . 
324 xy ,  32)2( xy , 32 )2()2( xy  , xxy 2)4( , xxy 2)(4        

 

Ex.26  Circle all expressions that are equivalent to 2362 cba . 

3262 bca , 32322 acba , 11)(2 abc , 
14

7 632 abc
, 323 )(2 bca  

 

Ex.27  Replace     with a number so the following are equal. 

 a)  9814       b) 5497      

c)  216100       d)  3274    

e) 





















2

1

4

1
7

     f) 5)04.0(2.0      

 

Ex.28  Evaluate the following expressions. 

a) 
247

248

15

15
      b) 

29

1021

3

33 
    

c) 
17

63

12

)12(


      d) 

27

610

)5.0(

5.05.0 
    

e) 
13

5

4

64
       f) 

27

15

2

4
  
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Lesson 5 
__________________________________________________________________________________ 

 

Topics:   Multiplication of algebraic expressions; The Distributive Law; Factorization of a common 

factor; Factorization of 1 ; Simplification of algebraic fractions with the use of factorization. 

__________________________________________________________________________________ 

 

 

This section is about the Distributive Law, the law that relates addition to multiplication. In many 

cases, it allows us to rewrite the product of expressions as a sum or the sum of expression as a product. 

 

 
The Distributive Law 

 

If 5 girls and 7 boys get 2 cookies each, then the girls get 1052   cookies, the boys get 1472     

cookies, so the total number of cookies they all receive is 

  2414107252   

Alternatively, one can find the number of cookies by adding the number of girls and boys first, 

1275   and then since each of the children gets 2 cookies, together they get 

   24122)75(2    

This property is called The Distributive Law.  In general, 

 

The Distributive Law 

 

 

 

 

 

To remove parentheses from the expression of the form   a(b + c)  or  a(b − c), multiply the  

factor outside parentheses by each term inside parentheses.  

 

   

Example 5.1  Use the Distributive Law to remove parentheses in the following expressions.     

a) )2( 2xx            b) )2( yx     c) )( dcba   

 

Solution: 

 a) 32122 222)2( xxxxxxxxx    

 b) yxyxyxyx 2211)2(1)2(   

c) The expression inside the parentheses should be treated not as a sum of three 

terms but as a sum of two )( cb   and d , that is   dcbdcb  )( . We can then 

apply the Distributive Law  adcbadcbadcba  )())(()(  

If we apply the Distributive Law once again, this time to )( cba  , we get 

adacabadcbadcbadcba  )())(()( . 

Thus adacabdcba  )( . 

       

                                  
acabcba

acabcba





)(

)(
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The Distributive Law applied to the product of two sums 

 

 

We can apply the Distributive Law to remove parentheses in the product of two sums ))(( cbyx  .  

We need to look at this expression as a sum of two terms in parentheses )( cb   multiplied by the 

expression )( yx  . In other words, )( yx   „plays the role of a ‟ in the Distributive Law. We may 

replace  a  in the Distributive Law with )( yx  . 

   cyxbyxcbyx )()())((   

If we now apply The Distributive Law to byx  )(    and cyx  )( , we obtain 

   ycxcybxbcyxbyxcbyx  )()())((  

Thus the following is true.        

       

The Distributive Law 

For The Product of Two Sums 

 

 

To multiply two sums, you need to multiply each term of the first sum by each term of the second 

one and then add all the products. 

 

Please recall, that terms can be rearranged so, equivalently, we can write  

ycxcybxbcbyx  ))(( .  

Any other order of terms would be also correct. 

 

 

Example 5.2  Write an equivalent expression without parentheses. 

a) )32)((  aba    

b)   xx 213     

c) )3( zyx   

d) aedcb )(      

e) ))()(( fedcba   

 

Solution: 

a) Use the Distributive Law for product of two sums. 

babaababaaaaba 3232)3()2()3()2()32)(( 2   

b) Apply the Distributive Law. The order of factors can be changed, and thus      

    xxxxxxxxx 261)2()3(2132213 2   

c) A minus sign in front of parentheses is equivalent to multiplication by 1   

zyxzyxzyxzyx  3)(1)3(11)3)(1()3(  

d) Each term inside parentheses must be multiplied by a .     

eadacabaaedcb  )(  

e) Multiply ))(( dcba  , then the result must be  multiplied by )( fe  . 

 ))(())()(( febdbcadacfedcba

bdfbcfadfacfbdebceadeace   

 

       

                                ycybxcxbcbyx  ))((  
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Factorization 

 

The Distributive Law lets us change an expression from a product to a sum.  When we do that „in 

reverse‟, the process is called factorization. 

Factorization Changing  the  sum  of  two  or  more  terms  to  a  product  is 

called factorization. 

When factoring algebraic expressions, we merely rewrite them in a different form. The expression 

obtained in the process is equivalent to the original one. 

 

Factorization of a common factor 

Consider  AxA3 . The expression has two terms: A3  and Ax . Each has A  as its factor. A  is a 

common factor of both terms. We will factor A  from AxA3 .  

   )3(
3

3 xA
A

Ax

A

A
AAxA 








  

The first step follows from the Distributive Law.  To convince yourself, multiply each term inside 

parentheses by A : AxA
A

Ax
A

A

A
A

A

Ax

A

A
A 








 3

33
. The second step is obtained by 

canceling A ‟s . AxA3  was originally written as a sum of two terms.  By factoring A from 3A + Ax, 

we are now able to express it in a factored form (that is, as a product of two expressions, rather than a 

sum) )3(3 xAAxA  . Notice that, after factorization, you can always check your answer by 

multiplying factors. 

 

 

Example 5.3  Factor 2x  from the expression   235 23 xxx  . 

 

Solution: 

)123(
23

23 32

2

2

2

3

2

5
2235 








 xxx

x

x

x

x

x

x
xxxx  

 

Example 5.4  Factor a2 from the expression 32 642 aaa  . 

 

Solution: 

  )321(2
2

6

2

4

2

2
2642 2

32
32 aaa

a

a

a

a

a

a
aaaa 








  
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Example 5.5  Factor 2xy from the expression 33422 34 yxxyyx  . 

 

Solution: 

)34(
34

34 222

2

33

2

4

2

22
233422 yxyxxy

xy

yx

xy

xy

xy

yx
xyyxxyyx 








  

 

Example 5.6  Factor )2( ba   from the expression )2()2(4 babax  . 

 

Solution: 

)14)(2(
2

2

)2(

)2(4
)2()2()2(4 

















 xba

ba

ba

ba

bax
bababax  

Please, notice that 1
2

2






ba

ba
 and thus 1 appears as one of the terms inside parentheses.  

 

Example 5.7  Factor 
4

1
 from the expression  yx

4

3

4

1
 . 

 

Solution: 

)3(
4

1

1

4

4

3

1

4

4

1

4

1

4

1
4

3

4

1
4

1

4

1

4

3

4

1
yxyx

yx

yx 



























  

 

Example 5.8  Factor 5 from the expression 5x . 

 

Solution: 


















 1

5
5

5

5

5
55

xx
x  

 

 

Factorization of  −1 

 

 

Consider  ba  . We can  factor 1  

)()())(1(
11

)1( abbaba
ba

ba 












  

Factorization of 1  causes the signs in front of each term in the original expression to change (in our 

example a  changes to a , b  changes to b ). Thus, )( abba   as we see above. 

 

Example 5.9  Factor 1  from the expression  zyx 2 . 

 

Solution: 

)2()2(12 zyxzyxzyx   
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Simplification of algebraic fractions 

 

 

Recall the operation of simplifying fractions.  

 

        
 

To simplify this fraction we divide the numerator and denominator by their common factor 5. We 

„cancel 5‟. We can always divide the numerator and denominator by the same non-zero 

expression. This rule, true for numerical fractions, is also true for algebraic fractions, that is fractions 

whose numerator and denominator are not necessarily numbers but any algebraic expressions, like for 

example 
)1(

,
1

3 2

aa

a

x

x


, or 

x

xxy

2

4
. To simplify an algebraic fraction divide the numerator and 

denominator by all of their common factors. For example, consider      

   

                   
ad

cba )(3 
,  0ad  

 

Since a  is the common factor of the numerator and the denominator, we divide both, the numerator 

and the denominator, by a . We “cancel a ”. 

 

         
 

The following rule must always be followed. 

 

 

              In algebraic fractions, only factors can be cancelled, but not terms. 

 

 

For example, in the expression  
a

xa 
, 0a  ,  a  cannot be cancelled. Although a  in the denominator 

can be viewed as a factor ( aa 1 ), in the numerator a  is used as a term and thus we cannot „cancel 

it‟.  (Just like we cannot cancel 3 in  
3

13
,    1

3

13



). 

 

Application of factorization of a common factor to simplification of algebraic fractions 

 

Factorization can often be used to simplify algebraic fractions. In the expression 

   
ax

aya 3
 ,       0ax  

a  is a factor of  the denominator but not of the numerator. Notice, however, that a  is a factor of each 

term in the numerator. Thus, we can factor a  from the numerator, and then cancel it 

    



 55 

 
 

Example 5.10  Simplify the following expressions, if possible. If not possible, explain why it is not 

possible.  

a) 
m

mnm 2
   b) 

22 3xyyx

xy


        c) 

z

zv

4

4

   

Solution: 

a) One needs to find all common factors of both the denominator and the 

numerator. In this case the common factor is m . We will factor m in the numerator and 

then cancel it with m in the denominator and arrive at our result.. 

n
m

nm

m

mnm
21

)21(2






 

b) The common factor is xy . Factor xy  in the denominator and cancel it. 

                       
yxyxxy

xy

xyyx

xy

3

1

)3(3 22 






 

c) It cannot be simplified. In the numerator z4  is used only as a term, not as a 

factor. 

 

 

Application of the factorization of  −1 to the simplification of algebraic fractions 

 

 

Consider  
yx

yx




 ,       0 yx . 

There are no common factors that could be canceled, but we should notice that signs in the numerator 

are exactly the opposite of signs in the denominator (x follows a minus sign in the numerator but a plus 

sign in the denominator; y is preceded by a plus sign in the numerator but by a minus sign in the 

denominator). Factoring 1  either in the numerator or in the denominator (the choice is arbitrary) will 

reverse the signs and allow the simplification. 

 

yx

yx




= 1

)(1)(1











yx

yx

yx

yx
 

 

Example 5.11  Simplify the following expression   
ad

da





4

4
. 

 

Solution: 

One needs to notice „the reversed signs‟ (all terms in the numerators follow a plus sign, 

while all terms in the denominator follow a minus sign). This requires factorization of 

1  (either in the numerator or denominator). We will factor 1  in the denominator. 

  1
)4(1

4

)4(1

4

4

4
















da

da

ad

da

ad

da
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Common mistakes and misconceptions 

 
Mistake 5.1 

When factoring 3 from 333  yx ,  

)(3333 yxyx   

Instead, )1(3333  yxyx . 

 

Mistake 5.2 

1
1




x

x
. Remember that only factors can be cancelled, not terms. 

 

Exercises with Answers    (For answers see Appendix A) 

 

In all exercises of this lesson, we assume that denominators are different from zero.  

 

Ex.1  The Distributive Law states that   cbcabac  )( . Explain how we can use it to write an 

equivalent expression without parentheses. from the expression cba )(  . 

 

Ex.2  Write an equivalent expression without parentheses. 

a)  WL 2       b)  xR 1     

c)  rtP 1        d)  srR 22      

e)  )3( xy       f) xzx )7( 2   

g) )2( 5ccac       h) )2( 2  aa  

 

Ex.3 The Distributive Law applied to the product of two sums states: 

ycxcybxbcbyx  ))((  

Can we instead state it as  ycybxcxbcbyx  ))(( ? Why?  Reformulate the Distributive Law 

in four different ways. 

 

Ex.4  Write an equivalent expression without parentheses. 

a)  18
9

5
F       b) )86(3 34 yyy     

c) 42 )2( xxx        d) )333(
3

2
dc     

e) )( 22 ababaa       f) xyxyyx )
7

3
2( 43   

g) ))(( wzyx       h) )10)(
5

2
( 3aba     

i) ))(( dcgba       j) )1)(1( 23  yxxx   

k) )32)(84(
4

1
 yx      l) )2)(1)(12(  cba  
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Ex.5  First write each of the following statements as an algebraic expression using parentheses where 

appropriate, and then rewrite it again in its equivalent form without parentheses. 

a) The product of yx 2  and 5    

b) The opposite of 14  x  

c) The product a   and 1 c     

d) The product of y2  and dba  2  

e) The product of  1x  and 23 y    

f) The opposite of 42 2xxx   

 

Ex.6  Write the following expressions in five different equivalent ways. 

 a) )(3 ba        

b) zy)2(   

 

Ex.7  Circle all expressions that are equivalent to )( pnm  . 

mpmn  mpn )(   nmpm  pmn  nmmp  

 

Ex.8  Circle all expressions that are equivalent to )( zyx  . 

))(1( zyx   )1)((  zyx  )(1 zyx    1)(  zyx  

zyx    zyx    zyx    )( yzx                             

 

Ex.9  a) After factoring a common factor from a two term expression, how many terms should you 

have inside parentheses? 

b) After factoring a common factor from a three term expression, how many terms should you 

have inside parentheses? 

c) After factoring a common factor from an m-term expression, how many terms should you 

have inside parentheses? 

 

Ex.10  Factor 

a) 5 from the expression yx 55     

b) 7 from the expression a497   

c) c  from the expression  223 cc   

d) y  from the expression yxy  68  

e) t11   from the expression  
34411 tt   

f) 2 from the  whlhlw 222     

g) x  from the expression   xxx 554 23   

 

Ex.11  Factor xy  from the following expressions 

a) xyaxy 22      

b) 22 xyyx     

c) yxxbyaxy   

 

Ex.12 Factor 1   from a)  3+ x   b) 1 ba   c) 
2

zyx
a


  
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Ex.13  Factor 

 a) a5  from the following expression  21510 aa   

b) t11   from the  following expression   tt 44
2

11 2   

 c) 35x  from the following expression 35 515 xx   

 d) 54y  from the following expression  56 48 yxy   

 e) 22dc  from the following expression  32228 dacdc   

f) yx23  from the following expression 232 93 yxyx   

g) 
y

x
 from the following expression  

y

x
a

y

x


2
 

h) 
ba 

1
 from the following expression  

ba
s

ba 




11
 

 

Ex.14  Factor 

a)
3

2
 from the following expression       zyx

3

4

3

2 2   

b) 
5

1
 from the following expression     

25

1

5

1
x  

c) 6.0  from the following expression    6.066.3  yx  

d) 
6

1
 from the following expression  ba 

6

5
 

e) 
7

2
 from the following expression  

7

2

7

4 2 x  

f) 1.0  from the following expression  1.03.02  ba  

g)  
11

3
 from the following expression  1

11

6
3  xxy  

h)  02.0  from the following expression  nm4.0  

 

Ex.15  Factor ba   from the following expressions  

a) )()(6 baxba       

b) 2)(3)(4 baba   

 

Ex.16  Factor   

a) xy2  from the following expression   222 422 yxxyxy   

b) 33ba  from the following expression  337343 5 baabba   

c) xy17  from the following expression xyyxyx 513417 2335   

d) nm4  from the following expression nmmnnm 8434 5   

e) 34ac  from the following expression dacacac 873 12816   

f) 27ab  from the following expression 2423 211435 abbaab   

g) yx 2  from the following expression 2)2()2(2 zyxyx   

h) 2)( dc   from the following expression   32 )(4)( dcadc   

 



 59 

Ex.17 Factor a from the following expression  32  aa  

 

Ex.18  From the expression  x4 , factor the following. 

 a) 2       b) x     

c) x2        d) x4  

   

Ex.19  List all terms of the denominator and numerator of the following algebraic fraction. For each 

such term list all its explicit factors. Find all factors that are common to all terms. If you were asked to 

simplify the fraction, what would be the expression by which you would divide the numerator and 

denominator to simplify it? 

 a) 
tyt

t

2
    

b) 
ax

xyx

2


    

c) 
2

3

aab

ab


 

 

Ex.20  In the expression  
5

7

x

x
, can x  be viewed as a factor of the denominator? Can x  be viewed as 

a factor of the numerator? Can we “cancel x ”. If not, why? If yes, what is the resulting expression? 

 

Ex.21  In the expression  
yx

x
2

7
, can x  be viewed as a factor of the denominator? Can x  be viewed as a 

factor of the numerator? Can we “cancel x ”. If not, why? If yes, what is the resulting expression? 

 

Ex.22 In the expression  
a

xaa )( 
, can a  be viewed as a factor of the denominator? Can a  be viewed 

as a factor of the numerator? Can we “cancel a ”. If not, why? If yes, what is the resulting expression? 

 

Ex.23 In the expression  
cab

ab




2

, can ab  be viewed as a factor of the denominator? Can ab  be 

viewed as a factor of the numerator? Can we “cancel ab ”. If not, why? If yes, what is the resulting 

expression? 

 

Ex.24  Simplify, if possible. Otherwise write “not possible”. Also, name the expression by which you 

divide the numerator and denominator. 

a) 
yx

xy

9

3
       b) 

ab

abc

8

2
     

c) 
22

2

ab

a
       d) 

3

4

20

5

y

xy
  

e) 
x

bax

25

)(15 
      f) 

a

cba

2

)(2 
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g) 
x

xx )5(4 2
        h) 

b

ebbc )( 
 

i) 
)(7 ba

ba




      j) 

x

x

2

32 
   

 

Ex.25  Simplify, if possible. Otherwise write “not possible”.   

a) 
yx 22

2


      b) 

x

xzxy

3


   

c) 
x

xx 254 
      d)  

x

xx

6

33 2
  

e) 
293

3

xx

x


      f) 

a

abba 443 4
 

g) 
ab

ba





3

3
      h) 

52

2

2 xx

x


   

i) 
ba

cba




      j) 

2xyxy

xy


  

k) 
x

x

3

412 
      l) 

4

8124 zyx 
  

m) 
yx

yxxyxy

3

22 
     n) 

uvs

svu





2

2
 

o) 
uv

vuvuuv

2

264 22 
     p) 

zyxyx

xy
224 63 
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Lesson 6 
__________________________________________________________________________________ 

 

Topics:  Addition and subtraction of algebraic expressions. 

__________________________________________________________________________________ 

 

In this lesson we will learn how and when to perform the operations of addition and subtraction of 

algebraic expressions. 

 

Like terms 

 

Consider   zyx  243 . The expression consists of three terms: zyx ,4,3 2 . Each term can be 

viewed as a product of a numerical and non-numerical factor (recall that numerical factors are also 

called numerical coefficients).  And so, 

   x3  has a numerical factor 3,  non-numerical factor x  
24y  has a numerical factor 4 , non-numerical factor 2y  

z  has a numerical factor  1,  non-numerical factor z  

 

Like Terms                 Like terms are terms that have equal non-numerical factors. 
 

What is meant by non-numerical factors being equal is that they are equal (equivalent) as algebraic 

expressions. That does not mean that they „look identical‟. You will notice that in the second example 

below, xy  and yx  are equivalent even though they do not „look identical‟. 

Examples: 

          a3  and a7  are like terms  because their non-numerical  factors, both a ‟s, are equivalent.   

          xy4  and yx3   are like terms because xy  and yx are equivalent. 

          2x   and  3x  are not  like terms since 2x   is not equivalent to 3x . 

 

Another way of looking at like terms is that two terms are alike if they can be written as expressions 

that have the same variables with the same exponents. For example, 235 yx  and yyx34  are like terms, 

because yyx34  can be written as 234 yx , and thus both expressions consist of the variable x  raised to 

the third power and variable y raised to the second power. It should be stressed once again, that being 

like terms does not mean ‘looking identical’. 

 

Example 6.1  Circle all expressions that are like 233 yx . 

324 xy   
2

3 yyx
  yxy 2)(2.0   322 yx   

 

Solution: 

We should circle 324 xy  (because 2332 44 yxxy  )  and  
2

3 yyx
 (because 

23
233

2

1

22
yx

yxyyx
 ). 
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Adding and subtracting like terms 

 

 

If we are to add or subtract objects they must have the same units. For example, we can add dollars to 

dollars and pounds to pounds, but we cannot add dollars to pounds. If we have 3 oranges and 5 

oranges, together we have 8 oranges, but if we have 3 oranges and 5 plums, we cannot add them 

together. The same idea applies to addition and subtraction of algebraic expressions.  Like, and only 

like, terms can be added or subtracted. 
 

We apply the Distributive Law to add like terms. 

 

aaaa 8)53(53   

(or, 3 oranges and 5 oranges equal 8 oranges) 

 

To add (or subtract) like terms, add (or subtract) their numerical coefficients and keep non-

numerical factors the same. 

 

For example, 

xxxx 5)83(83   

Similarly, 

xyxyyxxy
7

4

7

3

7

1

7

3

7

1









  

2222 2.0)1.03.0(1.03.0 yyyy   

 

The process of adding and subtracting like terms is called combining like terms or collecting like 

terms. 

 

Example 6.2  If possible, collect like terms. Otherwise, write “not possible”. 

a) xx 43       

b) 22

7

3

2

1
aa        

c) mmn 7.05.0      

d) ba
ab

6

1

3
  

 

Solution: 

a) xxxx  )43(43  

b) 22222

14

1

14

6

14

7

7

3

2

1

7

3

2

1
aaaaa 

















  

c) Since terms mn  and m  are not like terms, terms cannot be combined. It is 

“not possible”. 

d) abababababba
ab

6

1

6

1

6

2

6

1

3

1

6

1

3

1

6

1

3


















  
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Simplification of expressions with two or more terms by collecting like terms 

 

 

Let us examine the following expression  yxyx 6243  . There are two “groups” of like terms in 

this expression, sx'  and y‟s. By changing the order of terms, we can group all like terms together, 

collect them, and as a result obtain a simplified expression. 

 

yxyxyyxxyxyx 25)64()23(64236243   

 

Example 6.3  Simplify by collecting like terms.              

a) axax  43     b) 61257  yyy  

 

Solution: 

a) xaaxaaxxaxax  )43(4343  

b) 141)1127(6512761257  yyyyyyyy  

 

 

Simplification of expressions requiring the removal of parentheses 

 

 

Collecting like terms often has to be preceded by removing parentheses. This is always done according 

to the Distributive Law. 

 

252424)2(4  mmmmmmm  Parentheses following a plus sign are 

redundant, and thus can be dropped. Each 

term inside parentheses stays the same.                        

 

12153)15(3  xxxxx  Parentheses following a minus sign are 

removed by reversing the sign of each term 

inside parentheses (operation equivalent to 

multiplication by 1 ). 

 

6463)2(33)2(3  aaaaaaa  We multiply 3 by each term in parentheses, 

and then collect all like terms. 

 

Example 6.4  Write each of the following expressions using algebraic symbols, then rewrite it in its 

equivalent form without parentheses and, if possible, collect like terms. 

a) add 23 x  and  24  x  

b) subtract 23 x  from 24  x  

c) multiply 23 x  and 24  x  

 

Solution: 

a) This should be written as    23x )24(  x . We remove parentheses (using 

the Distributive Law) and collect like terms ( 'x s separately, numbers separately) to get 

 23x xxxx  2423)24(  
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b) This should be written as  )23(24  xx   Notice that “subtract from” 

causes us to reverse the order of the expressions. Removing parentheses following a 

minus sign reverses signs of all terms inside parentheses ( x3  „becomes‟ x3 , 2 

„becomes‟ 2 ). After removing parentheses we collect like terms ( 'x s separately, 

numbers separately)  to get     )23(24 xx 472324  xxx  

c) This should be written as  )24)(23(  xx . To remove parentheses we apply 

the Distributive Law  )2(2)4(2)2(3)4(3)24)(23( xxxxxx  

                       4141248612 22  xxxxx  

 

Example 6.5  Rewrite the expression )4()2(3 55 xx   in its equivalent form without parentheses 

and simplify by collecting like terms. 

              

Solution: 

1044634)2)(3(3)4()2(3 5555555  xxxxxxx  

 

 

The square of the sum or the difference of two expressions 

  

 

The Distributive Law, together with the ability to collect like terms, allows us to derive two important 

formulas.  

Consider 2)( ba  . Our goal is to write the expression in its equivalent form without parentheses. 

 2)( ba    use the definition of the square of the expression 

 ))(( baba   apply the Distributive Law for the product of two sums  

 22 bbaaba   collect like terms 
22 2 baba   

 

Thus the following is true. 

 

The Square of the Sum                                                 

of Two Expressions. 

 

 

Notice that this means that the square of the sum of two terms is not equal to the sum of their 

squares. In other words 222)( baba  . 

 

Using exactly the same technique, one can prove that 

 

The Square of the Difference                                                 

of Two Expressions. 

 

 

Again, this means that the square of the difference of two terms is not equal to the difference of 

their squares. In other words 222)( baba  . 

 

                                                 222 2)( bababa   
               

 

                                                 222 2)( bababa   
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Example 6.6  Rewrite 2)2( x  in its equivalent form without parentheses. Simplify by collecting like 

terms. 

 

Solution: 

   )()2()(222)2)(2()2( 2 xxxxxxx 22 44224 xxxxx   

 

 

Common mistakes and misconceptions 

 
Mistake 6.1 

25(apples)apples 3  apples 2  . Similarly, 2532 xxx   .  

Instead,  xxx 532         (although 26)3(2 xxx  ). 

 

Mistake 6.2 
baxbax  3)(3  

The minus sign pertains to the whole expression )( ba  , and all signs must be „changed to the 

opposite‟, not only the first one, baxbax  3)(3 . 

 

Mistake 6.3 

Although it is true that 222)( baab  , 222)( baba   

 

Mistake 6.4 

When collecting like terms in 
3

2

3

xx
   you CANNOT multiply the expression by 3 to get rid of 

fractions. xx
xx

2
3

2

3
  (it would be like saying that 21

3

2

3

1
 ).  

 

 

Exercises with Answers    (For answers see Appendix A) 

 

 

Ex.1  Which of the following rows consists of all like terms? 

a) xxxxx 3,
6

1
,5.0,4,

2

1 222     

b) xyxyxyyxxy
7

3
,2,6.0,8,3   

c) 5,5,5,5,5 432 xxxx      

d) aaaaaa 11,,29,7,5,2   

 

Ex.2 Are x   and  x   like terms?    

 

Ex.3 Are any of the following like terms: yx27 , 27xy , and  2)(7 xy ? 
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Ex.4  Circle all terms that are like yx26 . 
226 yx   yx22   xy5   23.0 yx  

 

Ex.5  Circle all terms that are like ba 2

7

3
 . 

2)(5 ab   ba22   2

7

3
ab  

7

2ba
 

 

Ex.6  Circle all expressions that are like 32 yx . 
23 xy   xxy 3   232 yx   xxy 2   yyxxy  

 

Ex.7  Circle all expressions that are like 35ba . 
352 aba  bab 52   33)( bab  23)(2 aab  53ba  

 

Ex.8  If possible, add (or subtract) the following expressions. Otherwise, write “not possible”. 

a) xx 24        b) aa 2    

c) yy        d) aba    

e) tsst        f) cacac 2    

g) 22 6caac        h) hmvmhv7   

i) xzyzxy 53532       j) nmmnm 23 63    

k) 54537 zxyzxy       l)  222 79 abba    

 

Ex.9  Collect like terms by first factoring x . 

a) xx 43        b) xx
7

2

3

1
    

c) 
22

3

11

2 x
x        d) xx 5.03.0     

e) 
5

2

9

7 x
x        f) 

10

3

3

2

5

x
x

x
   

 

Ex.10  If possible, collect like terms. Otherwise, write “not possible”. 

a) xx 87        b) aa 72     

c) xx
2

1

2

1
       d) xx

2

3

2

1
  

e) baab 8       f) x74    

g) 
43 105 cc        h) 22 8.04.0 yxyx   

 

Ex.11  Rewrite by grouping all like terms together. Then collect like terms. For example, 

yxyyxxyxyx 9527232273  . 

a) xxyx 2883     

b) abba 7235     

c) 13242  abbaab  
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Ex.12  Simplify by collecting all like terms. 

a) jjj 243       b) aa
3

2
2     

c) zzz  5.02.0      d) 472  m  

e) 343 xxx       f) yxyx 22    

g) 1
2

1

2

3
 x

x
     h) yxxy 4

2

1
3   

i) cddc
cd


3

1

3
     j) 323232 64 baabba   

k) xyxxyx 532 44      l) 
8

1
3

4

3
2

19

7

38

3
 baab   

 

Ex.13   Students were asked to simplify the expression baba 33)(2  . The following answers 

were given.      

Student A:  ba   

Student B:  ab   

Student C:  ab   

Student D: ba   

List all students who gave the right answer. 

 

Ex.14 Collect like terms, and only then evaluate 
3

4
3

2
23

y
xyyx   when 

a) 3,1  yx    

b) 
5

1
,2  yx    

c) 2.3,5.0  yx  

 

Ex.15   Evaluate 
102

1

5

2 x
xx   when   a) 4x        

b) 10x            

c)
3

2
x . 

If you have not done this yet, simplify the expression by collecting like terms. Compare the obtained 

expression with the results of the evaluations.  

 

Ex.16  Write an equivalent expression without parentheses and then collect like terms 

a) aa 12)26(       b) )18(274  aaa  

c) )2(3  yy       d) tt 102)1.0(100     

e) )12(
5

2
 x

x
      f) )32(1.0 aa    

g) xx  )1(      h) qq 21)8)(6(     

i) )
5

4
4(93 baba       j) )3(452 yxyx     
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k) daad  )
2

1

3

2
(6     l) )24(13 22  aa  

m) )3(73  xyyxxy     n) )(23 bcaabccb 

 o) )2(
3

1

3

1
baba       p) )333()136( 2334  xxxx   

q) )7645()7641( 3232 xxxxxx   r) )43.2()03.02.0(  mm  

 

Ex.17 a) Students were asked to write 2)( BA  in its equivalent form without parentheses and collect 

like terms of the resulting expression.  One student claimed that the answer was 22 BA  , the other one 

that it was 22 2 BABA  . Was either of them right?  

b) If you were asked to write 2)( BA  in its equivalent form without parentheses and then 

collect like terms, what would be your answer?  

 

Ex.18  Write an equivalent expression without parentheses, and then collect like terms. 

a) 24 )2( x         b) 2)13( x     

c) )4)(2(  aa      d) 







 cbcb

2

1
)3(    

e) )5(2)3(
3

1
cxxc      f) )2)(21( 2 xxx   

g) )2)(( 23 baba       h) 

2

2
3

2








 x     

i) )()3( accba      j) )35(3)2(2 yxyx   

k) )2)(4(3  xxx      l) 22 )23(5 aa   

m) 2)23)(1(6 2  xxx     n) 2)1(24  mm  

o) )32)(2(33 2  kkkk     p) 2224 6)3(9 xxx   

 

Ex.19  Write each of the following expressions using algebraic symbols, then rewrite it in its 

equivalent form without parentheses and, if necessary, collect like terms. 

a) Subtract xy2  from yx3  

b) The sum of 13 x   and 24  x  

c) The difference of aa 24 3   and 24 3 a  

d) The difference of ba 32   and ab  2  

e) The product of 
3

1
a   and a2

5

2
  

f) The product of yx 22   and 23 xy   

g) The sum of  mnk , nmk4 , and mn3  

h) The sum of x3  and 2, then raised to the second power 

i) The difference of a2  and b , then raised to the second power 

j) The product of  2  and 14  x , then added to 25 x  

 

Ex.20  Rewrite  the expression bbaa 5)(2   in its equivalent form without parentheses, collect 

like terms, and only then evaluate  if 
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a) 2,1  ba    

b) 
7

2
,

14

3
 ba    

c) 6.0,4.2  ba  

 

Ex.21  Rewrite the expression 2)21(24 22  xyxxyx  in its equivalent form without 

parentheses, collect like terms, and only then evaluate when 

a) 3,1  yx    

b)  
6

1
,2  yx    

c) 2.0,5.0  yx  
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Lesson 7 
__________________________________________________________________________________ 

 

Topics:   Evaluation of more complicated algebraic expressions; Substitution of not only numbers 

but also algebraic expressions. 
__________________________________________________________________________________ 

 

Recall, 

 

 

   If two quantities are equal, you can always substitute one for the other. 

“equals can be substituted for equals” 

 

 

Substitution of  numbers  for entire parts of expressions 

 

According to the principle “equals can be substituted for equals” not only can we substitute numbers 

for variables, but also for entire „parts of expressions‟. 

If, for example, we know that 2 ba , we can evaluate )(3)( 2 baba   by substituting the value  

2  for  ba  . 

264232)(3)( 22  baba  

 

Example 7.1  Evaluate the expression  
2z

yx 
,  if 2.0 yx  and 4.02 z  

 

  Solution: 

  
2

1

4

2

4.0

2.0
2







z

yx
 

 

Using equivalent forms of an  algebraic expression for its evaluation 

 

If we are asked to evaluate a „complicated‟ algebraic expression, we may be able to simplify the 

expression first, and then use its simplified form to perform the evaluation. Notice, that what we do is 

replace („substitute for‟) the original algebraic expression with its equivalent („equal‟) form. The 

principle “equals can be substituted for equals” is used. 

 

Example 7.2  Simplify the expression )(33 xyx  , and then evaluate it when  3x  and 2y . 

 

 Solution: 

 yyxxxyxxyx 3333333)(33   

   If 2y , then 6)2(33 y .  

 

Sometimes, the only way to perform the evaluation is to first replace the expression with a certain 

equivalent form of it. Suppose, for example, that we know that 5x , and 4 zy . Is it possible to 
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evaluate xzxy  ?  We will be able to do that if we can find an equivalent form of xzxy  , a form  that 

would „match‟ the information we have. If we factor x , we obtain 

   )( zyxxzxy   

Now, we can replace x with 5, and zy   with 4,       

20)4(5)(  zyxxzxy   

 

Example 7.3  Evaluate the following expressions, if 1ba  and 2c     

   a)  bca      b) )(2 abc      

   c)  
c

b

c

a
     d) 

c

ba 33 
 

 

Solution: 

a) We change the order of terms       321  cbabca      

b) We remove parentheses, and then change the order of terms. 

341)2(2122)(2  cbaabcabc   

c) We write the expression as one fraction  
2

1





c

ba

c

b

c

a
     

d)  We factor 3 in the numerator   
2

3

2

)1(3)(333










c

ba

c

ba
 

 

Example 7.4  Evaluate the following expressions, if 4
n

m
.   

a) 
2

2

n

m
     b)  

m

n
  

 

Solution: 

a) 1642

2

2

2











n

m

n

m
 

b) 
4

11


n

mm

n
      Notice that 

n

mm

n 1
  because  

m

n

m

n

n

m

n

m
 11

1
 

 

 

Replacing parts of algebraic expressions  with other equivalent expressions 

 

If we know that  mx 3   and my 5 , then we can express x + y in terms of m  i.e. write it as an 

expression that depends only on the variable m . “Equals can be substituted for equals”, and so we 

replace x  with a3 , y with a5 . 

  aaayx 253     

This exhibits the direct relationship between yx   and a , and, in turn,  allows us to find  the value of  

yx   any time we know the value of a . 
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For instance, the area of a rectangle is equal to the product LW  where L  represents its length and W  

its width. Let us consider a rectangle with the length and width equal to each other. Recall that this 

type of a rectangle is called a square. Let a  denote the side of the square. We have aLaW  , . We 

can express the area of a square in terms of a . To this end, we replace both W  and L  with a : 
2aaaLW   

And thus the area of a square is equal to the square of its side. 

Now, if for example, we would like to fine the area of a square, whose side is 2 inches long, we 

determine that 2a  (side is 2 inches long), and the area can be found by evaluating  

     4222 a  

The area of the square is 4 (actually 4 in 2 ). 

 

Example 7.5  If zx  , express the following expressions in terms of z. 

a) 2x        b) x  

 

Solution: 

a) 222 )( zzx   

b) zzx  )(  

 

Example 7.6  Express ))(( 22 nmnmnm   in terms of 

a) x , if 2m , and xn 3 .  

b) m , if mn  . 

 

Solution:  

a) We replace m  with 2, and n  with x3 , and simplify. 

)364)(32())3()3(22)(32())(( 222222 xxxxxxnmnmnm 

 )964)(32( 2xxx   

 b) We replace n  with m , and simplify. 
322222222 22)(2))(())(( mmmmmmmmmmmmmnmnmnm   

 

Example 7.7  If  vA 2  and vB 22  , express  ))(( BABA   in terms of v . 

 

Solution:  

We must find an equivalent form of the above expression expressed only in terms of 2A  

and 2B . We will remove parentheses.  
2222))(( BABBAABABABA  . 

Now, we can replace 2A with v , 2B  with v2  to get         

              vvvBABABA  2))(( 22 . 

 

 

Exercises with Answers    (For answers see Appendix A) 
 

Ex.1  If 102 x , evaluate the following.       
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a) 22x      b) 

3

2

30

1








x       c) 23 2  x  

Ex.2  If  35 A , evaluate the following.      

a) 52A       b) 25 )2( A     

c) 522 A       d) 233 AA  

 

Ex.3  Evaluate the following expressions, if 2


c

ba
. 

 a) 2


c

ba
   

b) 

2








 


c

ba
   

c) 

2








 


c

ba
 

 

Ex.4  If 2 yx , evaluate.   

a) yx 77        b) 
77

yx
   

c) yx        d) 2)( yx   

 

Ex.5  If  
7

21


A
, evaluate.   

a) A1       b) 
A

1
   

c) 
A

1
       d) 

2

1

A
 

 

Ex.6  Evaluate the following expressions, if 72  cba . 

a) abc 2        

b) cba  2     

c) )2( cba        

d) )(2 bca        

e) acba   

 

Ex.7  Evaluate the following expressions, if 1GHJ . 

 a) JHG       b) 
GHJ

1
  

c) JHG )1()2(       d) 33 )(HJG   

   

Ex.8  Evaluate the following expressions, if   3
b

a
. 
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a) 

2










b

a
      b) 

b

a
   

c) ba        d) 
a

b
  

e) 
b

a
2
       f) 

3

2

b

aa
 

 

Ex.9  Evaluate the following expressions, if  
3

1


z

xy
. 

a) 
z

yx
            b) 

z

xy


   

c) 
2

22

z

yx
       d) xy

z


1
   

e) 
xy

z
       f) zxy   

 

 

Ex.10  Evaluate the following expressions, if 2ba    3 dc . 

a) dcba    b) )(2 bcda     c) cdba  2)(9  

 

Ex.11  Evaluate the following expressions, if 6.0,2.02  zxyx  

a) 
yx

zx
2


   b) yxzx 2)(     c) 2)( xzxy   

 

Ex.12  Evaluate the following expressions, if 3,1  ztxy . 

a) xyzt4       b) zxty   

c) ztxy        d) 
xy

tzyx 
 

 

Ex.13  Evaluate the following expressions, if  
3

2643 zyx . 

a) 346 xyz       b) 2323 )( zyx     

c) 6
43

3
z

yx
       d) 346 )3()2( xyz   

 

Ex.14  Evaluate the following expressions, if   1.022  yx  

a) 22 3.0 xy       b) 
2.02.0

22 yx
    

c) 22

2

1

2

1
yx        d) 

22

1

yx 
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Ex.15  Simplify the following expressions, and then evaluate when 3,2  zx . 

 a) 
3

33 zx 
      b) )4(4 xzx   

 

Ex.16  Rewrite the expression 
2

3a
 in terms of x , if it is given that xa 2 . Simplify. 

 

Ex.17  Let  
2

,3
x

DxC  . Express the following expression in terms of x . Simplify. 

a) CD        b) DC    

c) DC 23       d) 
4

2DC 
 

 

Ex.18  Rewrite the expression 2a  in terms of x  for each of the following. Write your answer without 

parentheses.  

a) xa            b) xa 5      

c) xa        d) xa 5      

e) 1 xa           f) 3xa   

 

Ex.19  Rewrite the expression 22 2 baba   in terms of x , if   

 a) xba  ,1       b) xbxa 2,3     

c) xb
x

a  ,
2

     d) xba   

 

Ex.20 Let 123 2  xxP , 2 xQ , and 13  xR . Express the following in terms of x . Remove 

parentheses and simplify.  

a)  RQ        b) P  

c)   P2       d) RP   

e)  2R        f) QR  

g)  QR 3       h) 2QP   

 

Ex.21  Express the following expression in terms of s , if 3sx  , sy 2 . Simplify, if possible. 

a) yx 2       b) yx 2    

c) 32 yx        d) 
4

2xy
 

 

Ex.22  Express ab  in terms of x , if  
5

126
,

126

5
 b

x
a . Simplify. 

 

Ex.23  Express the expression 22)( mnmn   in terms of   

a)  m, if mn  . Simplify. 

 b) s , if snsm  ,2 . Simplify 

 



 

 76 

Ex.24  Express the expression 223 2 nmnm   in terms of s , if 

 a) snsm 2,    

b) 42 ,2 snsm    

c) smn   

 

Ex.25  Express the expression 22 )()( nmnm   in terms of   

 a) s , if snsm 3,2        

 b) m, if mn          

 c) m, if mn         

 

Ex.26  The following is true:     4322344 464)( babbabaaba   

a) Express 4)( ba   in terms of b , if ba  . 

b) Express 432234 464 babbabaa   in terms of b , if ba  . Simplify. 

c) Compare the results of (a) and (b). 

d) Express 4)( ba   in terms of b , if ba  . 

e) Express 432234 464 babbabaa   in terms of b , if ba  . Simplify. 

f) Compare the results of (d) and (e). 

 

Ex.27 Rewrite the expression dcba 432   in terms of x , if it is given that xca 53   and 

xbd  24 . Simplify. 

 

Ex.28 Express the following expression in terms of ,m   if mab   

a) ba3       b) b
a

2
   

c)  ba6       d) 33ba   

e) )
2

1
)(2( ab       f) 

b
a

1
  

 

Ex.29  Express the following expression in terms of y, if ,y
z

x
   y

z

t
2 . Simplify. 

a) 
z

t

z

x
       b) 

22



















z

t

z

x
  

c) 
z

tx 
      d) t

z
x

z

21
  

 

Ex.30  Rewrite the expression ))(( baba   in terms of x , if it is given that xa 5  and xb  2 . 

Simplify. 
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Lesson 8  

__________________________________________________________________________________ 

 

Topics:   Generalities on equations; Solving linear equations in one unknown. 
__________________________________________________________________________________ 

 

 

This lesson introduces an important algebraic concept: equations. 

 

Equations  

 

 

Equation A mathematical statement consisting of two expressions 

separated by an equal sign is called an equation. 

 

 

The following are examples of equations.      

                          

 yxx  3,53,532 . 

 

We will refer to expressions on the left of the equal sign as the left-hand side of the equation and to 

the expressions on the right of the equal sign as the right-hand side of the equation. In yx  3 , 

3x  is the left-hand side of the equation, and  y  is the right-hand side of the equation. We can 

always reverse sides of the equation. For instance, instead of yx  3 , we can write 3 xy . Both 

statements have exactly the same meaning. 

 
  

The difference between  equations and algebraic expressions 

 

 

Notice the difference between an equation and algebraic expression. Equations are two algebraic 

expressions separated by the equal sign. There is always the left-hand side and the right-hand side of 

each equation. Algebraic expressions are different from equations. For example, 23  xyx   is an 

equation, but yx  , 23 x  are simply algebraic expressions.  

 

Example 8.1  Determine whether the following mathematical sentences represent an equation or an 

algebraic expression. Any time you find an equation, circle its left-hand side.    

a) 24 x    b) 724 x    c) xyx  43 22  

 

Solution:  

Only b) and c) are equations. The left hand sides:  724 x ,   xyx  43 22  
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A solution, the solution set, and what it means to solve an equation 

 

Equations are often used to state the equality of two expressions containing one or more variables 

(often called unknowns). 

 

The solution set  A value of the variable for which the equation is true (that is, a 

value for which the left hand side of the equation is equal to the 

right hand side) is called a solution. The solution set of the 

equation is the set of all solutions of the equation. 

 

For example, 7x  is a solution of the equation 92 x  (when we replace x  with 7, the right-hand 

side is equal to the left-hand side of the equation 927  ). Later on, we will learn that 7x  is the 

only solution of this equation, and thus, since there are no other solutions, 7x  is also the solution 

set of 92 x . Consider the equation 362 x . One can check that 6x  is a solution of 362 x  

(substitute 6 for x to get 3662  ). It is not the solution set, because it is not the only solution of this 

equation. For example, 6x  is another solution, since 36)6( 2  . The solution set of an equation 

consists of all solutions. Therefore, in the previous example, the solution set would need to include 

both 6 and 6 . 

 

 

To Solve an Equation To solve an equation is to find the set of all solutions of the 

equation, or prove that it does not have a solution. 

 

 

Example 8.2  Determine which of the following numbers are solutions of the equation .63 xx 

 a) 2x     b) 2x           

 

Solution: 

a) Evaluate the left-hand side of the equation when 2x .  

                           8233 x .  

Evaluate the right-hand side of the equation when 2x .  

                                       8266  x .  

Since both the left-hand and right-hand side of the equations are equal, 2 is a solution. 

b) Evaluate the left-hand side of the equation when 2x .      

                          8)2( 33 x  

         Evaluate the right-hand side of the equation when 2x . 

   426)2(66  x .  

Since the left-hand side is not equal to the right-hand side ( 48  ), 2  is not a 

solution. 

 

Why do we solve equations? Here is a very basic example.  Suppose that you bought some candies and 

you did not know how many you bought but you know that you spent 80 cents and that each candy 

cost 2 cents. To find out how many candies you actually bought, you set up an equation 802 x , 

where x represents number of candies you bought. If you solve this equation, you would find that 

40x  and this means that you bought 40 candies. Now, let us learn how to solve certain types of 

equations. 
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Operations that can be performed on any equation without changing the set of solutions 

 

 

The following operations can be done to any equation without changing its solution. 

 

Any quantity can be added to, or subtracted from both sides of an equation. 

For example,    If yx   then 22  yx  

If yx   then 22  yx  

 

Both sides of an equation can be multiplied, or divided by any nonzero quantity. 

For example,    If yx   then yx 22   

       If yx   then 
22

yx
  

 

It is important to remember that, any time we perform any operation on one side of an equation, 

exactly the same operation must be performed on the other side. We always perform the same 

operation on both sides. 

 

Solving linear equations in one variable 

 

 

There are many types of equations, and depending on the type of equation, different solving techniques 

are involved. We will learn how to solve linear equations in one variable (the formal definition of a 

linear equation will be provided later). 

 

To solve a linear equation we perform the operations of adding, subtracting, multiplying 

or dividing both sides of an equation by suitable quantities with the goal of isolating the 

variable (often x) on one side, and „bringing all numbers to the other side‟ of the equation. 

The numerical value obtained on the other side is the solution. 

 

We will learn how to implement the above idea by solving several equations. 

 

■ Solve the following equation 72 x . 

 

We need to isolate x , and to this end, we must somehow „get rid of 2‟ on the left-hand side of the 

equation. 2 is added to x , so if we subtract 2 (opposite operation to addition), we will get zero, and 2 

will no longer be on the left-hand side. But if we subtract 2 from the left-hand side of the equation, the 

same operation must be performed on the right-side. Thus we need to subtract 2 from both sides. We 

could say that we are „bringing 2 to the other side‟ 

 

   72 x    Subtract 2 from both sides. 

   2722 x    Simplify. 

        5x  

The solution of 72 x is .5x ■    

 

 



 

 80 

■ Solve the following equation 63 x . 

 

                               63 x   To isolate x , „bring 3 to the other side‟. 3 is multiplied by 

x , thus we need to divide (opposite operation to 

multiplication) both sides by 3. 

                              
3

6

3

3


x
  Simplify. 

                                2x                                                          

The solution of 63 x is 2x ■    

 

 

■ Solve the following equation   9
4


x
.     

9
4


x
 To isolate x multiply both sides by 4 (since x  is divided by 

4 and the opposite operation to multiplication is division). 

                             49
4

4 
x

           Simplify. 

          36x  

The solution of  9
4


x
 is 36x  ■. 

 

 

■ Solve the following equation  523 x . 

 

The goal is to isolate x  on one side by „undoing‟ the operations that were performed on x . 

                                         
The unknown x was multiplied by 3, and then 2 was added. To solve for x  we reverse the order.  

Since the last operation was adding 2, we “undo” that first by subtracting 2. Next we have to “undo” 

multiplication of x  by 3, so we divide by 3. 

 

523 x             Subtract 2 from both sides of the equation. 

                  25223 x             Simplify. 

    33 x             Divide both sides by 3. 

   
3

3

3

3


x
            Simplify. 

     1x  

The solution of 523 x  is 1x ■ 

 



 

 81 

■ Solve the following equation  xx 4392  . 

 

    xx 4392                            If sx'  appear on both sides, „bring all sx' on one side‟. x4   

is subtracted, thus we need to add (opposite operation) x4  

to both sides. 

xxxx 443492             Collect like terms (on both sides separately!) 

396 x                          Now, the equation is in the form we already know how to 

solve. We will continue solving it using methods introduced 

earlier. To isolate x , we first „bring 9 to the other side‟ by 

adding it to both sides. 

93996 x            Simplify.                                  

   126 x            Divide both sides by 6.  

  
6

12

6

6


x
   Simplify.   

      2x  

The solution of  xx 4392    is 2x  ■    

 

 

■ Solve the following equation 9)2(3 x . 

 

  9)2(3 x  If parentheses are involved on one or both sides of the 

equation, we first remove parentheses by applying the 

Distributive Law. 

  963 x  The equation is in the form we already know how to 

solve: add 6 to both sides. The operation of adding 6 to 

6  can easily be performed mentally, without recording 

it and this is how we will be doing it from now on. You 

are encouraged to do the same. 

    153 x  Divide each side by 3. 

     
3

15
x  Simplify. 

  5x  

The solution of  9)2(3 x   is  5x . ■    

 

 

Example 8.3  Solve the following equations.    

a) x98     b) xx  1554         

 

Solution: 

a)      98 x   To eliminate the minus sign, multiply (or equivalently 

divide) both sides by 1   (recall  that xx  1 ).  

        )98(1)(1  x  Perform the indicated operations. 

                                98x  

The solution of  98 x  is 98x . 

b)    xx  1554     „Bring all x‟s on one side‟ by subtracting x  from both  
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 sides (subtracting x4  from both sides would also be 

  correct). 

               1554  xx   Collect like terms. 

                   1553 x   Add 5 to both sides 

                    5153 x   Perform the operation of addition. 

                      203 x               Divide both sides by 3. 

                     
3

20
x    

The solution of xx  1554  is 
3

20
x . 

 

Checking solution of a linear equations 

 

 

It is always possible to check your solution. To this end, replace the variable in the original equation 

with the value of the solution and verify that the left-hand side of the equation is equal to the right-

hand side. For example, to check that 5x  is indeed a solution of the equation 9)2(3 x , substitute 

5 for x  in the equation. 

                                      9)25(3   

                                           933     

                                                99       

Since the left hand side is equal to the right hand side of the equation, 5 is indeed a solution. 

 

Example 8.4  Solve the equation  523  x   and check your solution. 

 

Solution: 

523  x  Add 5 to both sides ( x  was multiplied by 2 , and then 5 was 

subtracted, so to „undo‟ that, we first add 5) 

x28   Divide each side by 2  (divide, since x  is multiplied by 2 : 

there is no subtraction!). Simplify. 

x 4  

The solution of  523  x  is 4x .  

To check the answer we replace x  with 4  in the original equation    5)4(23  , 

evaluate both sides, 33  , and conclude that, indeed, 4  is a solution. 

 

Linear equations with no solution or a solution set consisting of all real numbers 

 

 

All of the above equations had exactly one solution. However, there are some linear equations that 

have no solutions. The solution set of other equations may consist of all real numbers. We will see 

below an example of an equation that has no solution, followed by an example whose solution consists 

of all real numbers. 
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■   Solve the following equation   5212  xx .  

 

5212  xx   Subtract  x2  from both sides.  

     51  

 

As we know, subtracting  x2  from both sides produces an equation with exactly the same solution set 

as the original one. But  51   is a false statement. No matter what the value of x  is, it is never true. 

In other words, there is no value of x  that would satisfy it. We conclude:  

The equation 5212  xx  does not have a solution. We write „no solution‟ as the answer. ■    

 

 

■   Solve the following equation  62)3(2  xx . 

 

62)3(2  xx   Remove parentheses. 

 6262  xx   Subtract x2  from both sides.  

    66    

 

The statement  66   is true. It is true regardless of the value of x . It is true if ,2,1  xx  or 

1000x . It is true for any value of x . All real numbers make it true. Therefore, the solution of  

62)3(2  xx  is all real numbers. We write „all real numbers‟ as the answer. ■ 

 

 

In general, if in the process of solving an equation the variable is cancelled (disappears from the 

equation), then the equation either has no solution or its solution is all real numbers.  

If an equation reduces to a false numerical statement, the original equation does not have 

a solution. 

If an equation reduces to a true numerical statement, the original equation has a solution 

consisting of all real numbers. 

 

 

Example 8.5  Solve the following equation   )1(44  xx        

 

Solution: 

 )1(44  xx   Remove parentheses using the Distributive Law. 

            444  xx   Subtract x4  from both sides. 

40                         

Since the statement  40   is false, the equation )1(44  xx  has no solutions. 

 

 

Common mistakes and misconceptions 

 
Mistake 8.1 

Algebraic expressions cannot be ‘solved’. To solve means to find all values of variables for 

which the left-hand side of the equation is equal to the right-hand side. So, for example, it 

would be meaningless to use the phrase ‘Solve x3 + 2’. 
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Mistake 8.2 

While solving an equation, DO NOT display the work as a sequence of equations.   

43623  xx …  

Each equation must always have a left-hand side and a  right-hand side. Any time you perform 

an operation rewrite the whole equation. 

 

Mistake 8.3 

When solving 596 x , first subtract 9.  DO NOT divide by 6 as a first step. 

 

Mistake 8.4 

If in the equation  xx 455    you decide to subtract x4   from both sides, remember that on 

the right hand-side you get 0, and you must record that zero: 0455  xx   (the right-hand 

side DOES NOT „disappear‟). 

 

Mistake 8.5 

DO NOT write ‘no solution’ when you get 0x . 0 IS the solution. 

 

Mistake 8.6 

When asked to solve an equation and after all operations you get 53  , you need to write the 

final answer: there is no solution (similarly, write  all real numbers are solutions, when you get 

33  ). 

 

 

Exercises with Answers    (For answers see Appendix A) 

 
Ex.1  Fill in the blanks using the following words: „equation‟, „algebraic expression‟, and „solution‟ 

as appropriate. 

One can solve a(n)____________ but not  a(n) __________________ .  

If the left hand side of an equation is equal to the right hand side of the equation for 7x , then 7 is 

called a ____________ .   

The __________(s) of an equation are all values of variables that make the equation true.   

The statement that contains two quantities separated by an equal sign is called a(n) ___________ . 

A(n) ______________ always makes the ______________ true. 

 

Ex.2  Determine whether the following mathematical sentences represent an equation or an algebraic 

expression. In the case of an equation, circle the right-hand side of the equation. 

a) x5      

b) 25 x        

c) 362 x           

d) x
x




2

1
    

e) xx 24  

 

Ex.3  Tom found the solution of an equation to be 3x , but the teacher gave as a correct solution 

x3 . Is Tom‟s answer right? Mary‟s answer to the same question is  3 x . Did Mary correctly 

solve the equation? Tell why or why not for both Tom and Mary. 
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Ex.4  Does 7x  make the statement 7)1(2  xx  true or false? Does that mean that 7 is, or is 

not a solution of  7)1(2  xx ?         

  

Ex.5  Determine if any of the following numbers 2,
2

1
,16,2   is a solution of the equation. 

164  x . How about the equation 164 x ? 

 

Ex.6  Is 1x  a solution of  

a) 2))((  xx       

b) 2 xx    

  

Ex.7   Is 2x  a solution of  

a) 366 x     

b) 366  x     

c) 36)6(  x  

Ex.8  Does 
5

2
a  make the following statements true or false? 

  a) 
25

42  a       b) 1
5

3









a    

c) 5
2


a

      d) aa 5
5

12
  

 

Ex.9  Determine if 3.0y  is a solution of any of the following equations.  

a) 3027.0 y     

b) 
7

3

1


 y

y
    

c) 1)7.0( 26 y  

 

Ex.10  Determine whether the following mathematical sentences represent an equation or an algebraic 

expression. In the case of an equation, determine whether or not  3x  is a solution of it. 

a) 
3x

x
      b) 0

3


x

x
   

c) 122  xx      d) xx 22   

e) xx 22        f)  xxx  23  

 

Ex.11  Determine whether the following mathematical sentences represent an equation or an algebraic 

expression. In the case of an equation, determine whether or not  6.0x  is a solution of it. 

 a) 210x       b) 2106.3 x    

c) 01.0)5.0( 2  x      d) 2)5.0( x  

e) 20
12


 x

      f)  6.0
6.0




x

x
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Ex.12   Determine whether the following mathematical sentences represent an equation or an algebraic 

expression. In the case of an equation, guess one of its solutions. 

a) 22 3 x       b) 332 xx     

c) 552  xx      d) 4
4


x
 

e)  78x       f) 0)7(3 x  

               

Ex.13 Find a number that makes the equation 
2

11


x
 a)  true       

        b)  false        

 

Ex.14   Find a number that is  a) a solution of        5 x  

     b)  not a solution of        5 x  

 

Ex.15  Check each of the following to determine whether or not it is a solution of the equation  

  0)3)(52)(4(  xxxx    

 a) 3x       b) 0x  

 c) 
2

5
x       d)  

2

5
x  

 e) 4x       f) 4x  

 

Ex.16  Guess four solutions of the equation xx  2)2( . 

 
Ex.17  Mr. X tried to solve the following equation  xx 2   by dividing each side by x . As a result, he 

obtained the equation  21   and concluded that the equation xx 2  has no solution. The correct 

solution of this equation is .0x  What did Mr. X do wrong? 

 

Ex.18  Solve the following linear equations and check your solution. 

a) 14 x       b) 183 x    

c) 27  x      d) 
4

5
x

  

e) x2.010        f) x 25  

g) x24        h) 8 x   

 

Ex.19  Solve the following equations and check your solution.  

a) 7152 x       b) 574 x     

 c) x239        d) 045  x   

e) 513  x       f) 5310  x   

 

Ex.20 Solve the following equations. 

a) 124  xx      b) xx 453         

 c) xx 156          d) xx 324    

e) xx 73        f) x413     
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Ex.21 Solve the following equations. 

a)   1234 x      b) )1(20 x      

 c) )5(26  x        d) xx 2)3(     

 e) xx  )3(2      f) )2(4  xx  

 

Ex.22  Determine which of the following equations has no solution, exactly one solution, or a solution 

set consisting of all real numbers. 

a) 98  xx       

b) 0 x    

c) 0 xx         

d) xx 42)2(4     

e) 









3

1
313 xx  

 

Ex.23  Solve the following equations. 

a) 126 x       b) 15
4


a

   

c) 7x          d) 0 x  

e) 44
6

1
a       f) 873 x    

g) 5.11.08.0 y      h) yy 522   

i) xxx 24       j) 5 3 7x x      

k) xx  134      l) aa 8.153.2   

 m) 16)52(3 B      n) xx 7123     

o) xx 36)2(3       p) )5(37  xx    

q) xx 4273       r)   66423  mm  

 s) )1(32)3( xxx      t) xxx  47)14(2   

u) )1()2(4 yy       v) )12()3(  xxx   
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Lesson 9 
__________________________________________________________________________________ 

 

Topics:  Solving linear equations involving fractions; Solving equations for a given variable. 
__________________________________________________________________________________ 

 

We will continue solving equations. 

 

Solving linear equations involving fractions 

 

If you are to solve an equation involving fractions, you can eliminate the fractions by applying the 

following „trick‟: multiply both sides by a common multiple of all denominators of the equation. 

This step or ‘trick’ is not a requirement; however, if you chose to omit this step, you would have to 

continue to work with fractions in order to solve the equation. 

  

■  Solve the following equation   
3

2
1

5

4


x
.  

 

 

3

2
1

5

4


x
 In this equation, “15” is a common multiple of both 

denominators (which are 5 and 3). We multiply both sides 

by 15. 

          


















3

2
151

5

4
15

x
  Remove parentheses. 

       
3

2
15115

5

4
15 

x
  Cancel the denominators. 

                251543  x   Simplify. 

         101512 x  „Bring 15 to the other side‟ by subtracting 15 from both 

sides 

   512 x   Divide each side by 12. 

    
12

5
x   

The solution of the equation    
3

2
1

5

4


x
 is  

12

5
x . ■ 

 

Example 9.1  Solve the following equation    
3

1
2

13 xx



.    

 

Solution: 

3
1

2

13 xx



 To get rid of fractions, multiply both sides by 6 (common 

multiple of all denominators on both sides, i.e. 2 and 3). 
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












3
16

2

13
6

xx
  Remove parentheses applying the Distributive Law. 

   
3

66
2

13
6

xx



   Simplify. 

    xx 26)13(3    Remove parentheses once again. 

     xx 2639    Add x2  to both sides to ‘group’ all x ’s on one side. 

      xxxx 226239   Collect like terms on each side separately. 

6311 x    Add 3 to both sides. 

    363311 x   Perform the indicated operations. 

911 x    Divide each side by 11 to isolate x . 

11

9
x  

The solution of  
3

1
2

13 xx



 is 

11

9
x . 

 

 

Example 9.2  Let 23  xa   and 2 xb . Find the value of x  so that the following is true.     

a) ba       b) 
2

b
a     

 

Solution: 

a) In the equation ba  , use substitution to replace a  with 23 x , and b with  

2 x . Solve the obtained equation. 

223  xx   ‘Bring all x’s on one side’ by adding x to both sides. 

   223  xx     Collect like terms. 

         224 x     Add 2 to both sides. Simplify. 

44 x      Divide each side by 4. Simplify. 

1x  

If  23  xa  and 2 xb , then ba   when 1x . 

b) In the equation 
2

b
a  , substitute a  with 23 x , and b with  2 x . Solve 

the obtained equation. 

  
2

2
23




x
x   Multiply each side by 2. 

2

2
2)23(2




x
x  Remove parentheses on the left-hand side of the equation. 

Simplify the right side of the equation. 

              246  xx   Add x to both sides of the equation. Simplify. 

247 x  Add 4 to both sides. Simplify. 

67 x  Divide each side by 7. 

7

6
x  

If  23  xa  and 2 xb , then 
2

b
a   when 

7

6
x . 
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Solving equations for a given variable 

 

Often, equations express a relationship between more than one variable. For instance, 

hLA  ,   WLP 22  ,   or 
t

d
v   

Consider the first equation. In this equation A  is expressed in terms of L and h . Suppose that we are 

asked to find  h  when the value of L  and A  are given, and then to repeat this calculation for several 

different values of L  and A . Rather then substituting the values of L  and A  each time in the original 

equation and then solving it for h , it seems to be easier to first express h  in terms of L  and A . Then 

we could more easily calculate the value of h . Expressing h  in terms of the other variables is called 

solving an equation for h . 

 

Solving an equation for             To solve an equation for a given variable means to isolate 

a given variable            that  variable on one  side of  the equation  with all  other   

                                                                    quantities on the other side. 

 

The steps used in the process of solving for a given variable are exactly the same as those used in 

solving linear equations. Treat the specified variable as if it were the only variable in the equation and 

treat the other variables as if they were numbers. Isolate the specific variable by adding, subtracting, 

multiplying or dividing both sides by a suitable expression. 

 

■  Solve hLA   for h .  

hLA   Since h  is multiplied by L , we divide both sides by L (we        

assume that 0L , otherwise the operation cannot be 

performed). 

L

hL

L

A 
             Simplify. 

h
L

A
  

The equation hLA   is solved for h  :    
L

A
h  .■   

■  Solve 
t

d
d

2

  for t   (assume, 0t ) 

t

d
d

2

   Remove t  from the denominator by multiplying both sides    

by t . 

t
t

d
td 

2

            Simplify. 

2dtd              Divide both sides by d  (assume that 0d ). 

d

d

d

td 2

             Simplify. 

dt   

The equation 
t

d
d

2

  is solved for t :       dt  . ■   
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■  Solve yacxa   for a . 

 

yacxa   By subtracting ya  from both sides, group all terms with a  on 

one side. 

       cyaxa   If a variable for which we solve an equation appears in several 

terms, factor it. In this case, factor a . 

            cyxa  )(    Divide each side by yx   (assume 0 yx ). 

 
yx

c
a


  

The equation yacxa   is solved for a :  
yx

c
a


 . ■ 

  

Example 9.3  Solve  the equation B
B

BA


 2

 for A , and then find the value of A , if 3B . 

 

Solution: 

       B
B

BA


 2

   Multiply each side by B. 

             BB
B

BA
B 




2

  Simplify. 

         22 BBA     Add 2B  to both sides. 

             22BA   

To find the value of A , if 3B , replace B  in  22BA   with 3 and evaluate.   

          189232 2 A . 

 
Example 9.4  Solve each equation for the specified variable. Always assume that the denominator 

(divisor) is different from zero.  Simplify your final answer. 

a) 22 3bb
b

a
  for a     b) xyxy 1  for x  

 

Solution: 

a) 22 3bb
b

a
   Add 2b  to both sides. 

        223 bb
b

a
    Collect like terms.  

              24b
b

a
    Multiply each side by b .  

          bb
b

a
b 24    Simplify. 

   34ba   

 

   b) xyxy 1   Bring all terms with x‟s on one side. 
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      yxxy  1    Factor x . 

    yyx  1)1(     Divide each side by 1y  

                                    
1

1






y

y
x  

            Factor 1  from the numerator (or you could 

            choose to factor 1   from the denominator).                 

                                    
1

)1(1






y

y
x   Cancel 1y . 

                                    1x  

  

 

Exercises with Answers    (For answers see Appendix A) 

 

When needed, assume that all denominators (divisors) are not equal to zero. 

 

Ex.1  Solve the following equations.  

a) 5
4

2


x
      b) 

2
81

x
x     

c) 01
5

3 
x

x      d) 
2

1
3

1 xx



   

e) yy
10

3

5

1

5

1
      f) 

2 3

2 3 4

x
   

 

Ex.2  Solve the following equations.  

 a) )2(5328  xxx     b) xxxx 125)2(    

c) 
6

5

3

2
1  a       d) 1

4

3

2

3


x
   

e) 212)13(4  xx      f) )51(324 xxx   

 g) 2( 3) 4 2x x        h) 
5

3
1

2

3 xx
    

i) xxx  )6(2)4(3     j) 
4

3

12

7

8

5
 xx    

k) )3(51)74(3 xx      l) 53)1(2)2(  xxx  

 

Ex.3  Let .,2 xBxA   Find x , so the following are true (Hint: Substitute algebraic 

expressions for A  and .B  Then solve for x ). 

a) 0 BA     

b) 13  BA     

c) 
83

BA
  

 

Ex.4 Let 54and)1(3  xQxP .  Find x  such that the following is true (Hint: Substitute 

algebraic expressions for P and Q . Then solve for x ). 

a) QP    

b) QP      
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c) P
Q


2
          

 

Ex.5  Let azayax  2,12,23 . Find a , so the following are true (Hint: Substitute 

algebraic expressions for ,, yx and z . Then solve for a ). 

a) zyx       

b) zyx 2     

c)  
428

zyx
  

 

Ex.6  Does the following statement make sense: “Solve  y
x

5
2

1



 for x“?  Why or why not? 

Ex.7   Solve for x .  a) 7
2


x
   b) b

a

x
  

 

Ex.8  Solve for x .  a) 83 x    b) bax   

 

Ex.9  Solve for x .  a) 1173 x    b) cbax   

 

Ex.10  Solve for x .  a) 0625  xx   b) 0 cbxax  

 

Ex.11  Solve for x .  a) )1(24  xx   b) )( cxbax   

 

Ex.12. Solve for the indicated variable. Simplify your answer whenever possible. 

a) x a   for x      b) ac
a

b
  for b    

c) 
c

b

b

a


3
 for a      d) bbax 4  for a    

e) a
u

a


2

 for u       f) 32 )(acabc   for b 

g) n
n

m
4

2
2
   for m      h) xtyx 32   for y   

i) 33 2xxyx    for y     j) XAAX  1   for A  

k) 2)1( sxs    for x      l) byaxbyax 43    for a  

m) stv  )(3   for v      n) 1)2(  axax  for x   

o) mn
x

nm



2

2
 for x     p) bmbmb 32 2   for m 

 

Ex.13  Solve the following equation  ed
y

x
  for   

 a) d     b) x     c) y  

 

Ex.14 Solve the following equation  tatbat  23  for      
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a) b         b) a           c) t  

 

Ex.15.  Solve  6

3
a

a

x
  for x , and then evaluate, if 1a . 

 

Ex.16.  Solve  223 mmnmn   for n , and then evaluate, if 4m . 

 

Ex.17.  If b  represents the base of a triangle, h  is the height, and A  is the area of the triangle, then 

the following is true: 
2

bh
A  . 

a) Solve the above formula for h  

b) Find the height of a triangle with base  2b  inches and the area 4A square inches  

 

Ex.18.  If L  represents the length of a rectangle and W  its width, then the perimeter P of the 

rectangle is given by the formula )(2 WLP   

a) Solve the above formula for W . 

b) Find the value of W when ,4P  and .1L  

c) Find the width of a rectangle with perimeter 10 inches and length equal to 3 inches. 
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Lesson 10 
__________________________________________________________________________________ 

 

Topics:  Linear Inequalities; Graphing sets of the type ax  , ax   on a number line. 
__________________________________________________________________________________ 

 
We will now be discussing inequalities. 

 
Meaning and symbolic notation for ‘less (greater) than’, ‘less (greater) than or equal to’  

 

Recall that 

 x < 2  means that a number x is less than 2 
 x > 2  means that a number x is greater than 2.          

 

Notice, that 2x  has exactly the same meaning as x2 , and 2x  the same as x2  (just as  21   

has exactly the same meaning as 2 > 1). 

        

The following symbols are also in use 

 

 x ≤ 2  means that a number x is less than or equal to 2 
 x ≥ 2  means that a number x is greater than or equal to 2.         

 

Again,  2x  is equivalent to x2 , 2x  is equivalent to .2 x  

  

The only difference between „ 2x ‟ and „ 2x ‟ is that 2 satisfies the first inequality but does not 

satisfy the second one (2 is not less than 2). Similarly, 2 satisfies ‘ 2x ’, but does not satisfy ‘ 2x ’. 

 

Example 10.1  Describe the following set of numbers using inequality signs. 

a) All numbers x  that are positive 

b) All numbers x  that are non-negative 

c) All numbers x  that are at most equal to 9 

d) All numbers x  that are at least equal to 9 

e) All numbers x  that are not less than 9 

 

Solution: 

a) 0x   (zero should not be included)                       

b) 0x   (zero should be included)                

c) 9x   (at most means that amount or less)                           

d) 9x    (at least means that amount or higher) 

e) 9x    (not less than includes the given number and higher) 

 

Example 10.2  Determine which of the following numbers satisfies the condition 2x . 

1,0,9.0,2,1.2,4   

 
Solution: 
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For each number you should check if it satisfies the inequality by replacing x  with this 

number. For example, the number 4  satisfies the inequality 24   (it might help to 

plot the 6 points on a number line and note which ones are either equal to 2  or to the 

left of 2 ). The final answer is  2,1.2,4   

 

 Graphing of inequalities 

 

 

To Graph an Inequality To graph an inequality means to plot all numbers satisfying 

the inequality on a number line. 

 

Graphing gives a visual representation of a given set of numbers. For example, the graph of 2x  

consists of all numbers less than 2. These numbers are represented by points that are to the left of 2 on 

a number line. The number 2 does not belong to the set. We shade all points to the left of 2 and place 

‘an open circle’ at 2, to indicate that 2 is excluded.  
 

 

 
 

The graph of 2x  consists of all numbers greater than or equal to 2, represented by points to the right 

of 2 on a number line, including 2. The number 2 does belong to the set. We will shade all points to 

the right of 2 and place ‘a closed circle’ at 2, to indicate that 2 is included. 

 

 
 

 
A solution, the solution set, and what it means to solve an inequality 

 

 

The concept of solution(s) of an inequality is identical to the concept used in equations. 

 
Solution Set of an Inequality The values of the variables for which the inequality is true are 

called solutions. The solution set of the inequality is the set of 

all solutions of the inequality. 

 
For example, 3x  is a solution of 62 x  (when we replace x with 3, we obtain the true statement 

623  ). However, it is not the solution set, because there are other solutions of the inequality, for 

example 1x  ( 621  ).  As expected, 

 

To Solve an Inequality To solve an inequality is to find the set of solutions of the 

inequality or prove that it does not have a solution. 
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Operations that can be performed on any inequality without changing its solution 

 

 

The following operations can be performed to any inequality without changing its solution. 

 

 Any quantity can be added to, or subtracted from both sides of an inequality. 

For example,    If yx   then 22  yx  

If yx   then 22  yx  

 

Both sides of an inequality can be multiplied, or divided by any nonzero quantity, but if 

the quantity is negative the direction of the inequality symbol has to be reversed. 

For example,    If yx   then   yx 22    but yx 22   

       If yx   then    
22

yx
     but   

22 




yx
 

 

We must always perform the same operation on both sides of an inequality, just as we did in our work 

with equations. 

 

Example 10.4  Knowing x36  , which of the following inequalities must also be true?  

   a) x 2    b) 630  x   

 

Solution: 

a) Since x  appears without 3  on the right-hand side of the inequality  x 2 , 

we conclude that the original inequality must have been divided by  3  on both sides. 

But any time you divide an inequality by a negative number, the inequality sign must be 

reversed. The resulting inequality would have been x 2  (not x 2 ). Thus x 2  

does not have to be true. 

b) Since 6 on the left-hand side of the inequality x36   is „replaced‟ with 

zero, we conclude that 6 must have been subtracted from both sides of the inequality. 

The resulting inequality would be 6366  x , which after simplification gives us 

630  x . Thus, if x36   is true, 630  x  must also be true. 

 

Solving linear inequalities in one variable 

 

There are many types of inequalities, but in this course we will focus on linear inequalities only.  To 

solve a linear inequality, we apply the same strategy as in the case of a linear equation. That is, we add, 

subtract, multiply or divide both sides of an inequality by suitable quantities with the goal of isolating 

the variable on one side of an inequality. However, we must remember the following rule. 

 

 

Any time we multiply or divide both sides of an inequality by a negative number, 

the direction of the inequality sign must be reversed. 
 

 

Consider the following example. 
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■ Solve the inequality   194  x . 
194  x     Subtract 9 from both sides. 
91994  x  Perform the indicated operations (on each side 

separately). 

84  x  Divide both sides by 4 and reverse the 

direction of the inequality sign. 

4

8

4

4








 x
    Cancel fractions. 

        2x  
The solution of the inequality 194  x  is 2x ■ 

 

This means that all numbers that are less than or equal to 2 make this inequality true.  That is, if in the 

original inequality x  is replaced by any number less than or equal to 2, the resulting numerical 

statement will always be true. It also means that any other number, i.e. any number that is greater than 

2, when substituted for x , would give us a false numerical statement.  

Observe that there are infinitely many solutions and that is why, instead of listing them, we must use 

the appropriate inequality symbol in recording the result.  

 

Example 10.5  Solve the following inequalities and graph their solution.  

a) 4 x    b) 273 x   

 

Solution: 

a) 4 x  Multiply both sides by 1 , remember about reversing the 

inequality sign. 

        )4)(1())(1(  x   Perform the indicated operations. 

       4x  

 

The graph of the solution: 

 

         
 

b) 273 x    Add 7 to both sides. 

            72773 x   Simplify. 

           53 x    Divide each side by 3. 

                      
3

5

3

3


x
   Simplify. 

    
3

5
x  

The graph of the solution: 
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Example 10.6  Solve the following inequality   5
4

2

2

4





 xx
   

 

Solution: 

5
4

2

2

4





 xx
 

       To get rid of fractions, multiply both sides by 4 ( a     

             common multiple of both denominators).

         45
4

2

2

4
4 







 





xx
       Apply the Distributive Law to remove parentheses. 

           45
4

2
4

2

4
4 







xx
       Simplify (place the parentheses correctly) 

20)2()4(2  xx        Again apply the Distributive Law to remove   

                                                      parentheses. 

20228  xx        Collect like terms on each side of the inequality     

                                                      separately 

                        2063  x          Subtract 6 from both sides. 

 

                        620663  x         Simplify. 

 

143  x                    Divide each side by 3  and reverse the inequality   

                                              sign. 

                       
3

14

3

3






 x
                    Simplify. 

                         
3

14
x  

The solution of 5
4

2

2

4





 xx
 is 

3

14
x . 

 

 

Linear inequalities with no solution or solution consisting of all real numbers 

 

 

It might happen that during the process of solving an inequality, the variable gets cancelled and the 

inequality reduces to a numerical statement (you can remember this occurring when solving some 

equations).  

 

■ Solve the following inequality   53  xx . 

53  xx         Subtract x from each side 

      xxxx  53        Simplify 

     53   

 

The statement 53   is always true, regardless of the value of x . Thus, the solution set of 53  xx  

consists of all real numbers. ■ 
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■ Solve the following inequality  35  xx . 

This time, after subtracting x  from each side we obtain 

     35   

This is a false statement, false for all values of x . There is no value of x that would make this 

statement true. Thus 53  xx  has no solutions. ■ 

 

 

Example 10.6  Solve the following inequality.  

 xx 6)52(3     

 

Solution: 

   xx 6)52(3    Remove parentheses. 

       xx 6156    Add x6  to both sides. 

            xxxx 666156   Simplify. 

 015   

Since the obtained inequality 015   is always true, we conclude that all real numbers are solutions 

of the inequality  xx 6)52(3  . 

 
 

Common mistakes and misconceptions 

 
Mistake 10.1 

DO NOT forget to reverse the inequality sign any time you multiply or divide both sides of an 

inequality by a negative number. 

 

Mistake 10.2 

When solving an inequality DO NOT change the inequality sign to an equation sign. 

 

Mistake 10.3 

DO NOT forget to write the final answer. If you are getting 53   that means there is no 

solution. You must write that there is „no solution‟. Likewise, if you get something like 5>3, 

which is true regardless of the value(s) of the variable(s), that means all numbers are solutions. 

You must write “all real numbers”. 

 

 

Exercises with Answers    (For answers see Appendix A) 

 

 

Ex.1  List two numbers satisfying 5x .  List two numbers satisfying 5a . Is the second question 

different from the first one? How about asking: List two numbers satisfying x5 ? 

 

Ex.2  Which of the following statements has the same meaning as 2x .                   
a)  x 2        
b)  x2  
c)  2x       
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d)  2x  and 2x   
e) All numbers x  that are at least 2 . 

f)  All numbers x  that are no more than 2 . 

 

Ex.3  Name three numbers that satisfy the condition 1x  

 

Ex.4 Find a number that satisfies 
3

2
x   but does not satisfy 

3

2
x . 

 

Ex.5 Circle all numbers that satisfy the following inequality  3x  

3 ,          2 ,          1 ,          0,         1,          2,          3,           4,           5 

 

Ex.6 Determine which of the following numbers do not satisfy the inequality 3x  

3 ,          2 ,          1 ,          0,         1,          2,          3,           4,           5 

 

Ex.7  Determine which of the following numbers satisfies the inequality 6.0x . 

0,5999.6.0,6,666.,
2

1



 

 

Ex.8  Describe the following sets of numbers using inequality signs.  

 a) All negative numbers x . 

b) All non-positive numbers x . 

c) All numbers x  that are at least equal to 6. 

d) All numbers x  that are at most equal to 6. 

e) All numbers x  that are not more than 6 

 

Ex.9  Graph the following sets on a number line provided. Assume that all marks on the line are 

equally spaced.  

a) 4x    

 

b) 
3

2
1x    

 
c) x 4  

 
d)  2x  

 

e)   
3

4
x  

            

 f)  
2

5
x  
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Ex.10  Graph the following number sets on a number line. 

a) All numbers that are no less than 2  

 
b) All numbers no more than 4 

            
c) All non-negative numbers 

 
d) All numbers that are at most 1  

 
 

Ex.11  Using inequality symbols, describe the set that is graphed below. 

  

 a)  

         
b) 

 

        
c) 

         
d) 

 

          
 

Ex.12 Graph 
3

2
x  and 

3

2
x  on one number line, and then find a number that satisfies 

3

2
x   and 

also satisfies  
3

2
x .  

 

Ex.13  Plot the points in part (a) and (b) on separate number lines.  Then write an inequality for each 

that is satisfied by all points from the set. 

 a) 6,4,3       

b) 3,1,2    

 

Ex.14  Plot the points in part (a) and (b) on separate number lines.  Then write an inequality for each  

that is not satisfied by any of these points. 

 a) 4,1,0      b) 2
2

1
1,

2

1
  
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Ex.15  Find an inequality that is satisfied by 1  but not by 3 (if it helps, you might plot the points). 

 

Ex.16 Find an inequality that is satisfied by 
4

3
 but not by 5 (if it helps, you might plot the points). 

 

Ex.17  The number 5  is a solution of which of the following inequalities. Determine your answer 

without solving the inequality. Show your work. 

a) 42 x       b) 138  x    

c) 13  x       d) 153 x  

 

Ex.18  The solution of an inequality is 2x  

Here are the answers given by students. 

Student A:         2x  

Student B:         x2  

Student C:        2 x  

Student D:         x 2  

Student E:          3x  

List all students who correctly solved the inequality. 

 

Ex.19  The solution of a given inequality is 0x . 

a) Is 2x  a solution of this inequality? 

b) Is 2x  the solution of this inequality? Why? 

c) How many solutions does this inequality have? 

d) List three solutions of the inequality. 

e) List three numbers that are not solutions of this inequality. 

f) If we write the solution of the inequality as x0 , would that also be correct? Why? 

g) If we write the solution of the inequality as x0 , would that also be correct? Why? 

h) Would it be right to say that the solution consists of all positive numbers? 

i) Would it be right to say that the solution consists of all non-negative numbers? 

 

Ex.20  Determine which of the following operations requires the change of inequality sign. 

a) Multiplying both sides of an inequality by 2 . 

b) Multiplying both sides of an inequality by 2. 

c) Adding 2 to both sides of an inequality.  

d) Subtracting 
2

1
 from both sides of an inequality. 

e) Dividing both sides of an inequality by 2 . 

 

Ex.21  Name the operation that must be performed on both sides of an inequality to isolate z  on one 

side. Determine if the operation requires the change of inequality sign (indicate it in writing), and then 

perform the operation, reversing the inequality sign, if needed (for example, to isolate z  in the 

inequality   31z , 1 must be added to both sides, the operation of adding 1 does not require the 

change of sign, the resulting inequality is 4z ). 

a) 85 z          

b) 12  z        

c) z412    



 104 

d) 3 z          

e) 1
3


z
 

 

Ex.22  Knowing 10x , which of the following inequalities must also be true? 

 a) 010 x       b) 202  x     

c) 5
2


x

                 d) 3
10

3
 x            

 

Ex.23  Knowing 02  x , which of the following inequalities must also be true? 

 a) 2x       b) 0x     

c) 2x                  d) 02 x            

 

Ex.24  Solve the following inequalities and graph their solutions. 

a) 82  x       b)  xx 1     

c) 6.03.0  x      d) 1123  a     

e) 46  x       f) 312 a  

 
Ex.25  Solve the following inequalities. Each time you perform the operation on both sides of 

inequality, name the operation together with the operand (for example write  “adding 2 to both sides”, 

“dividing both sides by 3”, and so on). 

 a) a 34       b) 613 x     

c) 15
4

3


x
      d) 

4
5

x
     

e) 11
4


x

      f) 1
4

1


x
 

 

Ex.26  Solve the following inequalities. 

a) 183  x       b) 1
2


 x

   

c) 1432  x       d) xx   

e) xx        f) aa 43     

g) 5714  xx      h) 261  xx   

i) 1
2

3
x       j) 98  xx   

k) 2542  aaa      l) )5(214  xx   

m) 23)2(3  xx     n) )
3

1
(313  xx  

o) 166)52(3  xx      p)    22123  xx    

q) 5
4

2


 x
     r) 1

3

3

2





 yy
   

s) 
3

2
51

5

32



a

a
    t)   aa 65323    
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Lesson 11 
__________________________________________________________________________________ 

 

Topics:  Recognizing and matching patterns; Writing expressions in a prescribed way; Definition of 

a linear equation; Factorization of the difference of squares. 
__________________________________________________________________________________ 

 

This lesson is devoted to developing the ability to rewrite expressions according to a prescribed rule or 

pattern, as well as to match variables in the formula with appropriate parts of the expression. 

 

 

Matching  expressions  

 

 

If we are asked to remove parentheses in the expression, let us say 2)3( x , we might do it by 

remembering that raising an expression to the second power means to multiply it by itself two times 

and thus 

           96933)3)(3()3( 222  xxxxxxxx . 

 

Alternatively, in this case, we could recall and use the equation that says that for any two numbers a 

and  b,  222 2)( bababa  .  To this end, we have to match the expression 2)3( x  to the left-

hand side of the equation 2)( ba  and identify a and b in this representation. It might be helpful to 

write the two expressions one under the other. 

                                             2)( ba   

                      2)3( x  

This makes it easier for us to see that xa   and  3b  in this representation. Now, we rewrite the 

right side of the equation by replacing  a with x and b with 3 in the right-hand side of the equation. 

             22 2 baba  

              96332 222  xxxx  

Thus 96)3( 22  xxx . 

 

In order to use the formulas, we need to learn how to match expressions. 

 

Example 11.1  The expression  
11

2




 z

x

z
  is written in the form 

c

b

c

a
 . What algebraic expressions 

represent a, b, and c, respectively. 

 

 Solution: 

 We match   
11

2




 z

x

z
  

with      
c

b

c

a
  

to see that xba  ,2 , and 1 zc . 
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Example 11.2  The expression  222 3)1()2(  yx   is written in the form 
222 )()( rqypx   

What are the values of p, q, and r ? 

 

Solution: 

  Compare 222 )()( rqypx           

                   with           222 3)1()2(  yx  

to find that ,2p  q 1 , and 3r .  

 

 

Rewriting expressions  in a prescribed form 

 

 

It is quite often that in order to match expressions we must rewrite a given expression in a 

prescribed form.  

 

Example 11.3  Write  the expression 

a) yx   as a sum of two expressions, that is in the form BA . 

b) yx   as a difference of two expressions, that is in the form BA . 

 

Solution:  

a) The difference of any two expressions always can be written as a sum 

)( yxyx   

b) The sum of any two expressions always can be written as a difference 

)( yxyx   

To see that (a) and (b) are true, recall the rules for signed numbers yxyx  )( , 

yxyx  )( . Now, interchange the left-hand side of each of the equations with its 

right-hand one (it can always be done!), and we obtain exactly what we claimed in part 

(a) and (b) of the solutions. 

 

Example 11.4  Write the expression  16)1()2( 22  yx  in the form 
222 )()( rqypx   

What are the values of p, q, and r ? 

 

Solution: 

We rewrite 16)1()2( 22  yx  as 222 4))1(())2((  yx  

  Compare 222 )()( rqypx     with 

    222 4))1(())2((  yx  

to find that  1,q ,2 p and 4r .  

 

Example 11.5  Write the following expression in the form 2A , where A  is any algebraic expression. 

Each time identify A . 
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   a) 281x    b) 8x     c) 
6

209.0

y

x
 

   

Solution: 

a) Express 81 as a square of a number 8192  . We write  2222 )9(981 xxx     

and thus  xA 9 . 

b) Recall that   mnnm aa  , and so  248 xx  . Notice that the power of x  inside 

the parentheses multiplied by 2 must be equal to 8. Since 824  , x  needs to be 

raised to the fourth power.  In the expression  24x   we identify A  as 4xA  . 

c) Write all factors that are not already written in this form, as a square of some 

expression 23.009.0  ,  236 yy  (the power of y  inside the parentheses multiplied by 

2 must be equal to 6, thus we have 3y ). As a result, we have  

                                                          
 

2

323

22

6

2 3.03.009.0










y

x

y

x

y

x
.  

                        The expression 

2

3

3.0









y

x
 is written in the form 2A , with 

3

3.0

y

x
A  . 

 
Example 11.6 Write the following expressions in the form ByAx  , where A , B  are any numbers.   

Identify A  and B in your representation. 

   a) 
4

8yx 
   b) )2(3 xyx    c) )( xyx   

 

Solution:  

a) Recall that yx
yxyx

2
4

1

4

8

44

8






. Compare the obtained 

expression  yx 2
4

1
    with ByAx    to recognize that 

4

1
A , 2B . 

b) We simplify the expression (hoping to obtain the desired form of the 

expression). yxyxxyxxyx )2(22223)2(3  .  Notice how, in the last 

step, we expressed subtraction as the addition. Comparing  yx )2(2   to  ByAx        

gives us 2A , 2B . 

c) We simplify the expression     yxyxyxxyx )1(0)(  . 

Notice that after the simplification the variable x  has „disappeared‟ from the 

expression. Since zero multiplied by any quantity is equal to zero, in such situation, we 

can write x0  to match the prescribed form. This „trick‟ is often used, and thus worth 

remembering.  The comparison of  yx )1(0   with ByAx   gives us 1,0  BA . 

 
Example 11.7   Write the following equation in the form bmxy  , where m  and b  are any numbers.    

                          In the expression you obtained, identify m  and b . 

a) 42  xy    b) 0 xy    c)  342  xy  
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Solution:  

a) To match the form bmxy  , subtraction of 4 must be expressed as an 

addition. We rewrite 42  xy  as )4(2  xy ; 2m , 4b . 

b) To match the form bmxy  , we must isolate y on one side of the equation 

(which means solving the equation for y ). To this end, we add x  on both sides and get 

xy  , or equivalently, 01  xy ; We see that 1m , 0b . 

c) We must solve the equation for y , and then rewrite the right-hand side in 

such way that it matches  bmx . 

342  xy   Divide each side by 2. 

2

34 


x
y   Write the fraction as a sum of two fractions. 

2

3

2

4





x
y   Simplify. 

   
2

3
2  xy  

As a result, 2m , 
2

3
b . 

 

 

The definition of a linear equation 

 

 

The ability to rewrite an expression in a prescribed form is needed to determine if a given equation is 

linear. We use the following definition. 

 

Linear equation   A linear equation in one variable x is an equation that can be 

in one variable    written in the form 

   ax+b = 0, 

  where b is any real number, and a any real number different    

  from zero ( a ≠ 0 ). 

 

The equation 032 x  is already in the form 0bax . 

    032 x  

0bax  

In this representation ,2a  3b , and thus 032 x  is an example of a linear equation.  

 

To show that the equation xx 15  is also an example of a linear equation, one must be able to 

rewrite it in the prescribed form given in the definition above, namely 0bax . To this end, we 

subtract x  from both sides of the equation xxxx 15 , collect like terms, and obtain the 

equation 014 x   that matches the form 0bax   

014 x  

0bax  

We can now see that 4a and 1b , and we have matched to the pattern given in the definition.  

Therefore, we can conclude that xx 15  is a linear equation in one variable.  
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Equations 032 x  and 54 3 x  are not linear equations. No algebraic operation would „remove‟ 2x  

or 3x  from the equation, and hence each of the equations can never be written to match the desired 

form  0bax . 

 

Example 11.8  Determine if the following equations are linear in one variable. If so, express them in 

the form 0bax , 0a . Determine the values of a and b in your representation. 

a) 01
4


x

     b) xx 327   c) 22)3(2 xxx   d) 013 2 x  

 

Solution: 

a) It is a linear equation since it can be rewritten it in the form 0)1(
4

1
x ; 

4

1
a  








 0

4

1
, 1b . Notice, that this representation is not unique. If we multiply 

both sides of the equation 01
4


x

 by 4, we get 04 x . This can be rewritten as 

0)4(1 x , and then 1a , 4b . Both answers would be correct. There are other 

representations possible. 

b) Subtract x3  from both sides 0327  xx . Collect like terms 024 x . 

This matches the form 0bax , with 4a  ( 04  ), 2b . Thus xx 327   is a 

linear equation in one variable. 

c) Remove parentheses 22 262 xxx  , subtract 22x  from both sides 

0262 22  xxx , and simplify to obtain 06 x . We rewrite 06 x  as 006 x  

(adding 0 does not change the value of the expression, but allows us to match the form). 

Thus 6a  ( 06  ), 0b  in our representation, and 22)3(2 xxx   is a linear 

equation in one variable. 

d) Since no operation can remove 2x  from the equation, it is not a linear 

equation. 

 

 

Factoring with the use of  the Difference of  Squares Formula 

 

 

Consider the expression ))(( baba  . When we remove parentheses and simplify, we get    

     2222))(( babbaabababa   

It is called the Difference of Squares Formula. 

 

The Difference of  

Squares 

Formula 

 

 

Let us consider the expression 92 x . Since 239  , we can rewrite 92 x  in its equivalent form, 
22 3x . The expression 22 3x  matches the left-hand side of the Difference of Squares Formula with 

 

                                           ))((22 bababa                
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xa   and 3b , so now we can rewrite the right-hand side of the formula, substituting x  in place of 

a  and 3 in place of b .  We will write the formula directly above the expression 22 3x  to make it 

easier to see how x  must replace a and 3 must replace b on the right hand side. 

))((22 bababa    

                        )3)(3(322  xxx  

Notice, that by applying the Difference of Squares formula we were able to rewrite the expression 

92 x  in a form of a product, namely )3)(3(92  xxx . Recall that the process of rewriting an 

expression as a product is called factorization (we used factorization (*) to simplify algebraic 

fractions). So far the only method of factorization we learned was a method of factoring a common 

factor (see, Lesson 5). The example above provides us with another method of factorization, a method 

that can be applied to any expression that can be rewritten to match the form 22 ba  .  Let us 

summarize the above considerations. 

If we need to factor the expression 92 x , we must notice that it can be rewritten as a difference of 

two squares, 22 3x  and then the Difference of Squares formula can be applied to get the desired 

factorization 

    )3)(3(92  xxx . 

 
.  

Example 11.9  Using the formula  ))((22 bababa  , factor the following expressions. 

   a) 225 x      b) 
9

12 x     

   c) 42 4936 nm      d) 22 )31( mm   

 

Solution: 

a) The expression 225 x must be written in the form 22 ba  . Since 2525  , 

we have 225 x . We recognize that 5a  and xb  , and substitute those values in the 

right-hand side of the equation   

  xxbaba  55))(( .  

The expression 225 x  is factored:    xxx  5525 2 . 

b) Write the expression  
9

12 x  in the form 22 ba  . To this end, notice that 

2

2 3

1

3

1

9

1








 , and thus 

2

22

3

1

9

1








 xx . We recognize that  xa  , 

3

1
b , and 

substitute those values in the right-hand side of the equation  

 


















3

1

3

1
))(( xxbaba .  

            Thus 


















3

1

3

1

9

12 xxx . 

__________________________ 
(*) We should make sure that we understand that factorization of an expression does not change its “meaning”. The 

obtained expression, although written in a different form, is still equal to the original one. In the example, we can convince 

ourselves that the two expressions are equal by removing parentheses in (x − 3) (x + 3) and collecting like terms.  

            (x − 3) (x + 3) = xx +3x−3x−3∙3 = x² − 9.  
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c) Since 22 )6(36 mm  , 224 )7(49 nn  , thus 22242 )7()6(4936 nmnm   . 

The left-hand side of the equation is written in the form 22 ba   with ma 6  and 
27nb  . Substituting those values in ))(( baba   gives us the desired factorization  

)76)(76(4936 2242 nmnmnm  . 

d) The expression is already written in the form 22 ba  , with ma   and 

mb 31 . We replace a  and b  in ))(( baba   with m  and m31 , respectively, and 

simplify. 

)21)(14()31)(31()]31()][31([))(( mmmmmmmmmmbaba 

. This gives us the desired factorization: )21)(14()31( 22 mmmm  . 

 

 

Exercises with Answers (For answers see Appendix A) 

 
 

Ex.1  The expression  

2

4

3








y   is written in the form 2)( ay  .  What is the value of a? 

 

Ex.2  The following expressions are written in the form  byax  .  What are the values of a and b in 

these representations?    

a) yx 43        b) yx
3

2
4   

 

Ex.3  The  expression  x3   is written 

a) in the form xp  .  Determine the value of p  in this representation. 

b) in the form xp  .  Determine the value of p  in this representation 

 

Ex.4  The expression  52x   is written in the form bax  .  What are the values of a and b? 

 

Ex.5  The expression  x2)7(   is written in the form xa 2 .  What is the value of a? 

 

Ex.6  The expression yx 24   is written in the form BA 2 . What algebraic expression represents A 

and B. 

 

Ex.7  The following expressions are written in the form 2XY   For each of them determine what 

algebraic expression represents X  and Y .   

a) 23ab       b) 2)(3 ab    

 

Ex.8  The following expressions are written in the form 
9

b

c
.  For each of expressions identify 

(without rewriting the expression) what algebraic expression represents c and b .   

a) 

9

2

)1( x
      b) 

9

9

y

x
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Ex.9  For each of the following expressions (1-6) indicate if they match A, B, C, D, E or F. Each time 

identify a  and b . 

(1) 33 1x       (A) 3)( ba   

(2) 2)1( x       (B) 22 ba   

(3) )864)(8( 2xxx      (C) ))(( baba    

(4) 3)53( yx        (D) ))(( 22 bababa     

(5) 22 )5()3( yx       (E)  33 ba   

(6) )3)(3( yy       (F) 2)( ba   

 

Ex.10  Among the expressions below identify those that are written in the form BA  and those that 

are in the form BA , where A  and B  are any expressions except 0. Those that are in the form  

BA  rewrite as BA , those that are in the form BA  rewrite  as BA  (In other words, rewrite  

sums as differences and  differences as sums). 

 a) )(5 n       b) n5    

c) )(5 n       d) n5  

  

Ex.11  Rewrite the following expressions in the form bax 3 , where a  and b  are any numbers. 

Identify a  and b in your representation. 

a) 33  x       b) 32 3 x    

c) 
2

1
3x

       d) 
2

34 3 x
  

e) 
2

23 3x
      f) 4)2( 3 x  

 

Ex.12  Write the following expressions in the form 2a , where a is any algebraic expression or a 

number. In each case state what a is equal to. 

a) 36       b) 400   

c) 16.0       d)
49

9
   

e) 225y       f) 
100

2b
   

g) 249.0 c       h) 4X    

i) 64x        j) 8281 yx  

 

Ex.13  Write the following expressions in the form 3a , where a is any algebraic expression or a 

number. In each case state what a is equal to. 

a) 1        b) 27   

c) 0.027      d)
125

8
   

e) 3z        f) 364x   
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g) 
8

3x
      h) 6y    

i) 91000x       j) 
3

15

8y

x
 

Ex.14  Write the expressions 24x  in the following forms. 

 a) 4a     

b) 6a     

c) 12a  

 

Ex.15 Write the following expressions in the form 7A . Identify A  in your representation.  

 a) 7x        b) 14x     

c) 2114 yx       d) 
70

21

z

y
 

 

Ex.16  Write the following expressions in the form ma , where a is any algebraic expression and m is a 

positive integer different from 1. Identify a and m in your representation. 

a) 32 xx                b) 77 )(tvs           

c) 23 )(bb              d) 
3

3

C

B           

 e) 
z

yx

z

yx 







 
3

               f) 264x  

 

Ex.17 Write the following equations in the form 022  byax , where a  and b  are any numbers. 

Identify a  and b in your representation. 

a) 02 22  yx      b) 223 yx      

c) 6)6(
2

2
2

 y
x

     d) 02 x     

e) 0
4

3 22


 yx

     f) 
2

58 22
2 yx

x


  

 

Ex.18  Write in the form CzByAx  , where BA, ,C  are any numbers. Identify BA, , and C . 

a) 
42

3 y
zx       b) zyx  )2(3    

c) 
4

23 zyx 
           d) yx     

e) zx
yx

2
4

3



     f) z

z

5

2

3
   

 

Ex.19  Write the following equations to match the form bmxy  , where m  and b  are any numbers. 

In each case determine the value of m  and b .  

a) 23  xy       b) xy     



 114 

c) 
5

x
y        d) 023  xy  

e) 163  xy       f) 5 xxy   

g) 33  y       h) 4
2

24


 xy
 

 

Ex.20  Recall the formula for the square of the sum 222 2)( bababa  . The following 

expressions are written in the form 2)( ba  . For each such expression, identify a and b, and then 

substitute their values in 22 2 baba  . Simplify. 

a) 2)3( b     

b) 2)32( yx      

c) 

2

2

5

2








y  

 

Ex.21  Determine if the following equations are linear equations in one variable. If so, express them in 

the form 0bax , where b is any real number, a is any real number except zero,  and x  is unknown. 

Determine the values of a, and b in your representation. 

a) 093 2 x       b) 01
3


x

   

c) 0 x       d) 1.0
8

8


x
  

e) 2)1( 2  xxx      f) xx  73    

g) 5.0)2(  x      h) 
2

1
2

5
 x

x
    

 

Ex.22  The equation   024 x   is a linear equation written in the form 0bax . Record the values 

of a  and b in this representation. Obtain an equivalent equation by multiplying both side of the 

equation by3 . What are the values of a  and b in the new representation?  

 

Ex.23  Using the formula for the difference of two squares  22 ba ))(( baba  , factor the 

following expressions. Simplify your answer, if possible.  

a) 12 x       b)  294 x   

c) 22 100ay        d)  22 6425 ts   

e) 
9

14 x       f) 25.022 yx     

 g) 36
2

2


b

a
      h) 22 )12(  mm    

 i) 22 )53()1(  xx      j) 22 9)32( aa     

   

Ex.24  The following formula is true  ))(( 2233 babababa  . Factor each of the following 

expressions using the above formula. To this end 

- rewrite each expression to match the left-hand side of the equation  
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- identify the value of a and b  in your representation 

- replace a and b  in ))(( 22 bababa   with their representation 

- simplify, if possible 

a) 643 x       b) 381 y    

c) 33 278 yx        d) 
27

16 x  

 

Ex.25  The following formulas are true 

  ))((22 bababa     

))(( 2233 babababa  .  

))(( 2233 babababa    

Factor each of the following expressions using one of the above formulas. To this end, you must first 

match each expression with one of the above formulas, then identify the value of a and b  in your 

representation, and finally replace a and b  in the right-hand side of the used formula, Please, simplify 

your answer.. 

a) 338 yx        b) 22 01.036 yx   

c) 33 27yx        d) 33364 cba   

 

Ex.26  Calculate 22 3.97.10    using ))((22 bababa   (Show how you matched to the given 

identity in order to arrive at your answer). 

 

Ex.27   The following formula is true (you are not asked to check it, although you certainly can; you 

have enough knowledge to do so) 
4322344 464)( babbabaaba   

Use the above formula to calculate 411 . Hint: Use the fact that 11011   to write 411  to match the 

form 4)( ba  .  
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APPENDIX  A:                              ANSWERS TO EXERCISES 
 

Lesson 1 

 
1 23 x , 

2y , 
2

bca  , 3)12(  a   are examples of  algebraic expressions.   cbayx ,,,,  are examples of  variables    

but also examples of  algebraic expressions .   Variables represent   unknown numbers. If we know the value of x , we 

can evaluate 23 x , and as a result we get a  number. 

2 a) “a squared” or “a raised to the second power.” b) “a cubed” or “a raised to the third power.” c) “a raised to the 

twelfth power.” d) ”2 to the m” or ” 2 raised to the m-th power.” e)  “minus y” or “the opposite of y”    f) “the 

product of c and d” or “c times d” g) “a minus b”    h)  “two-fifth times x” or “two-fifth x” 

3 a) 7n    b)   −5 km      c) “there is no multiplication performed”   d) − x (−y)    e) 
2

3 x      f)  2 x−y z+w (−t)    

4 a) multiplication     b) division c) exponentiation    d) division    e) subtraction   f) multiplication  

5      a) Any time two operation signs are next to each other, parentheses are needed.   b) If parentheses are   

               removed, only m would be raised to the fourth power.  c)  Any time two operation signs are next to each    

               other, parentheses are needed, even if the multiplication sign is not explicitly displayed   d) If parentheses   

               are removed, only a would be raised to the fourth power.    e)  Any time two operation signs are next to  

               each other, parentheses are needed, even if the multiplication sign is not explicitly displayed     

  f) Any time two operation signs are next to each other, parentheses are needed  

6   a)  s       b) s       c) st          d)  t        e) x     f) 
y

x
       g) st  h) s   i) sy   

7 a) x  b)  −x  c) multiplication 

8 a)    1∙x = x;               b)  −1∙x =−x   c)  0∙x = 0 

9 a) )( x   b) 
y

x3

             c)










y

x3

  d) 














y

x3
 

10 a) y
2

1
    b) y

4

3
        c) 5y     d) yv         e) 

2y      f) 3y     g) xy           h)  xy         i) y2  

11 a)  )( ba            b)   )( ba            c)  )( ba              d)  −C       f) −(−C)              g)  
b

a




               

               h) ))(( ptv        i) 
B

c


   j) 

mx)(                 k) 
m

y

x







   

12 a) 10x        b)   x
3

2
         c) 

3

x
          d) 

x

100
         e)  2x  f) x30          g) 3x  h)  5x   

13 
t

d
 

14 ma  

15 )(
2

1
bh or   bh

2

1   

16  a) 853     b) 123     c) 1
3

3
  d) 1234        e) 932   f) 2

3

6
       

17 
x

1  can not be evaluated with 0x , because the denominator of a fraction can not be 0.   

If 0x , 
5

1

x
 can be evaluated:  

5

1

50

1

5

1





x
, but if 5x  then 

0

1

55

1

5

1





x
 is undefined. Another 

example could be:  
4

3

y

 cannot be evaluated with 4y . (answers vary) 

18  a) 003   b) 220   c) undefined        d) 0
7

0
     e) 

3

2

30

2



     f) undefined        

19 a) 932    b)    823    c) 422   
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20 a) 2 A   b) 2 A  

21 a) 286         b) 16610          c) 264        d) 066       e) 2662   

22 a) 0)2(2      b) 4)2(2     c) 0)2(2   d) 14)2(5   

e)  4)2(10)2(6   

23 a) 30)10(3    b) 50)10(5   c) 20
10

200


  d) 5
2

10
    

  e) 
2

1
or5.0105    f) 000,10104   

24    a) 000,12)12(1000             b) 2
6

12



  c) 60)12(5    

d) 
1212

6


  “not possible”            e) 2)12(24   f) 144)12( 2   

25 a) 
3

7
 or 

3

1
2       b) 

15

13
     c) 

21

8
  d) 

12

13
          e) 

3

8
 or 

3

2
2          f) 

3

11
  or 

3

2
3    

26 a) 
10

9
          b) 

35

16
          c) 

5

3
1

5

8
or          d) 

20

13
      e) 

10

9
2

10

29
 or          

27  a) 
7

4
     b) 2          c) 

3

4
                  d) 

8

5
         e) 

2

1
17

2

35
or  f) 

7

1
  

28 a) 
16

9
                b) 1          c) 

20

9
         d) 

2

3
            e) 

4

1
             f) 0  

29 a)  3.41     b)  34. 81     c) 0.05    d) −8   e) 0.06  f) −5 

30 a) −3.9     b) −2.1 c) 2      d) 360      e) −0.0006 f) −0.216 

31 a)  −1.58  b) −1.1  c) −10  d)  0.3  e)  20 

32 a) 
15

4
1

15

19
or       b) 

14

5
         c) 28.1           

33 a) 
15

1
   b) 

14

13
  c) 88.0  

34 a) 
9

4
  b) 

5

3
3

5

18
or   c) 002.0  

35 a)
121

9
      b) 

9

40
  c) 20  

36 a) 000,000,10            b) 16           c) 
8

1
         d) 

000,100

1
or00001.0  

37 a) 1
2

1
22 








x   b)  

8

3

2

1

4

3

4

3









x  c)  

4

1

2

1
2









  

38 1 t  if 1t ,  1)1(  t  if  1t ; t  may be positive or negative depending on the value of t  

 

Lesson 2 
 

1 a) )2( nmx    b) )2( nm    c) 7)2(  nm   d)  anm 32     e) )13( 2  kk  f) )4(4 yx    

2 a)  yx 3  b)  )(4 ba       c)  
6)( x      d)  zyoryz )3()3(       e) 

39x  

f)   
3)9( x         g)  

c

ba 
       h) x

y


3
     i) )3(  M  j) 

73)( yx   

3 a) )7(2 x        b) )(
3

2
cx           c)  5

4

1
x          d)  xc 9         e)  

3

2







 x
 f) )(4 x           

 g)  63 x             h)  )4( xy       i)   )( xy        j) )5( xx        k)  
121)( x      l) 

2x  
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4 32
5

9
C  

5 2(L+W)  

6 
2mc  

7 a) 
5ba   exponentiation    b) 

5)( ba   addition 

  

c) 
8x   exponentiation   d) 

8)( x          opposite of x 

 

 e) 
c

ba 
 subtraction         f) cba   division  

g) y74   multiplication    h) ba 3       division 

 

8 a)  Multiply x by 4 and then subtract y.         b) Add a and 3 and then divide the result by x. 

c) Add x and 3 and then multiply the result by y.        d) Divide s by t and then add 2 to the result. 

e)  Square x and then multiply by 3.          f)  Multiply x by 3 and then square the result. 

g) Add a and c and then raise the result to the 4
th

 power.   h) Raise c to the 4
th

 power and then add the result to a. 

9 a)  parentheses are needed    b) c−3−a   c) 3a+x     d) parentheses are needed         e ) parentheses are needed     

f) 
a

dc        g) parentheses are needed    h) 
8yx       i) parentheses are needed       j) parentheses are needed 

10 a) 2      b) 2  c) 2     d) Yes, because we performed the same operations.               e) −2 

11 a) 11532             b)  534 2        c)  
33

3


 cannot be performed 

d) 9)3( 2                       e) 932       f)  0
34

33





  g) 2733   

12 a)   -162 4   b) 16)2( 4       16)4( c) 2   d) 1642       

13 a)  (−(−1))+( −1)=0     b) (−(−1)) −( −1)=2 c) (−(−1))( − ( −1))=1       d) (−1)
2
 =1     e) − (−1)

2
 =−1  

14  a) 
2

2

1

1


  b)  

2

5

2

1
2

2

1

2

1

1


           c) 
4

1

2

1
2









            d)     

4

1

2

1
2









            

15 a)  0.39     b)  −5  c)  −1       d)  −273  

16 b)  c) and f)     We would have 0 in the denominator in these cases.   

17 a)  −19         b) 60       c)  −34     d)  −35    e)  −50 

18 a) 9
5

4
10

8

1
8 








  b) 1

5

4

8

1
10 
















  c) 

20

37

8

1

5

4
2 
















  

d) 
40

27

5

4

8

1
8

2









       e) 



















8

1

8

1

5

4  cannot be performed      .f) 
24

61

8

1

10

3

5

4









  

19 a) 
81

2

3

1
2

4









         b)  

81

16

3

2
4









      c)  

81

16

3

2
4









       d)   

3

1

3

2

3

1
3

2

3

1






   e)     

9

4

3

2

3

1

3

2

3

1































 

20 a) −1         b)  64       c)  
9

1
         d)  

9

1
        e)   1        f) −1 

21 a) − 2.2     b)  −2.1 

22 a)  −0.1       b)  0.1          c) −0.2 

23 a)  −2          b) −2 

24 a)  −5    b)  0        c)  1.3     d)  
2

3

2

1
1        e)  

15

43

15

13
2     f)  

35

4
 

25 a) 4    b) 7        c) 0.5     d)  7              e) 
14

3    f)   
3

2
5

3

17
  

26 a) 10     b)  −50 c)  −0.05 
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27 a)  0     b)  −6  

28 a) addition,  7+x     b)  multiplication      c)   multiplication ,  12x      d)  addition , 7x  

 e) exponentiation,   x∙8 f) subtraction 
x

1  

29 a) 81)3( 2 x   b) 5
2.0

)4(


x
 c) 27

9
3










x
 

 

Lesson 3 
 

1 In the expression  yx 24 2  , 
24x  and y2  are called factors . In the expression yx 24 2  , 

24x  and y2  are called  

terms. 

2 a) x,3     b) cdab ,              c) 1,2,
2

2 y
xy

         d) z
y

x
b  ,,)2( 2

 

3 All these expressions are equal (equivalent) because of the commutative property of addition.           

4 a) 1 nm , 1mn ; they are not equivalent.    b) True 

 

5 a) Terms: zm,2 ; mzzm 22      b) Terms: 2, x ; xx  22     c) Terms: 2,3c ; cc 3223         

d) Terms: 
2

,2
3

2 y
x    2

33
2 2

22
2 x

yy
x    e) Terms:

2),( yfdc  ; )()( 22 fdcyyfdc   

f) Terms: 
3

2
,)( 2 


s

yx ;
22 )(

3

2

3

2
)( yx

ss
yx 





     

6 a)  xmnmnx  22       b) )32(344)32(3 baxxba   

 

7 a) Terms: xx ,2 3x ;   
233232 xxxxxxxxx   (answers  vary)  

b) Terms: 
2

3
,2,2 x

bca   ; 
222 2

2

3
2

2

3

2

3
2 abc

x
bca

xx
bca  (answers  vary) 

8 (1) -- (C), (2) -- (E),  (3) --(A) , (4) --(B), (5)-- (D  

9 a) a2 ; factors: 2, a   b) )(3 ba  ; factors: )(,3 ba       

c) 
y

x
2

3  ; factors: 
y

x
2

,,3  d) )()(4 cbyx  ; factors: )(),(,4 cbyx          

10 a) nmmn        b) )5(775        c) )( cdcd        d) ))(()( cdadac             

11 a) tsvsvtstvvst     b) tvyxvtyxyxvttyxv )()()()(  . 

12 a) All these expressions are equal (equivalent) because of the commutative property of multiplication 

b) 62133  AB ; 13123 BA  when 1A  and 2B , thus they are not equivalent, 

13 They are all equivalent because of  the commutative property of addition and multiplication 

14 a) 
7

5

7

2

7

52



    b) 

3

6

33

6


 aa
    c) 

baba

a

ba

a









 22
     d) 

cab

c

cab

b

cab

cb










22

2

2

2

 

15 a) 
4

nm 
     b)

4

7 2nm 
     c) 

24

25 2





c

nm
  d)  

x

CBA 2
 

16 a) 
5

274 
      b) 

x

nm

4

37 2 
    c) 

1

3





s

tm
   

17 a) x
3

2
          b) 

y

x 2

2            c) 
2

3

2
x


         d) 

y

ba )2(
2


           e) x

3

1
           f) )2(

3

1
ba   

18 a) 
n

m3
   b) 

n

m)(3 
     c) 

4

)( ba 
      d) 

4

)( ba 
          e) 

n

ts )4( 
         f) 

1

)(4





n

a
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 g)  
t

nm )(3 
 h) 

2

)1(

x

xa 
 

19 The opposite to 
t

s
 is 

t

s
  or equivalently 

t

s
, 

t

s


. All students were right. 

20 a) 
b

a

b

a

b

a







222
         b) 

d

ca

d

ca

d

ca

2

2

2

)2(

2

2 








 

21 a) 
3

42 yx 
    b) 

3

2 yx 
 c) 

3

72 yx 
      d) 

t

yx 3
      e) 

t

yx 32 
 f) 

tk

n



 21
 

 g)  
t

cdba )1(2)(3 
 h) 

xy

nma )(3)2( 
 

22 a) 
y

x
y

x 33
   b) 

y

x

y

x
 3

3
        c) x

yy

x
3

13
      d) )(

1
ba

yy

ba



 

23 a) a 4    b) a32  c) a2    d) x64     e) not possible     f)  not possible       g) x2  h) x2   

 i) 
m3         j) 

2x   k) 
2xy      l) not possible       m) x2  n) x2   

o) x
5

8
 p)

xz

y6
  q) x1       r) 

ac

bd

3
          s) xyz06.0   t) x4  

24 Yes, both are equivalent. 

25 (x+y)(1+a) and x+y(1+a)  are not equivalent. In  (x+y)(1+a) the entire expression of  (x+y) is multiplied with (1+a)   and 

in  x+y(1+a)  only y is multiplied with (1+a). 

26 a)  abccba  22           b)  4
4


x
x             c)  xy

xy

4

1

4
  d)  

2
2

a
a                        

e)   
333

yxyx



 f)  zccz   g)   )( xyzxyz   h)   

22

b
a

ab
                       

27 
1

m
,   

1

m
  ,   )1(m    are equivalent to .m    

28 )(nm   and mn   are equivalent to :nm  

29 dcba  and acbd   are equivalent to dbca  . 

30 
b

a

b

a

b
a

b

a





,

2

2
,

1
,  are equivalent to 

b

a
 . 

31 All of the expressions are equal to 
6

5x
 except 

x6

5
 

32 
2

x
,    

8

4x
,   and     

2

 x
    are equivalent to 2x  

33 38 a , 83  a , 
2

83
2

a
  are equivalent  to a83  

34 
6

1
)3( and,

6

3
,

66

3
),3(

6

1
ba

abba
ba 


 are equivalent to 

6

3 ba  . 

35 
33

1
)(,

3

1

3

1
,

3

mn
andnmnm

nm 


  are equivalent to 
33

nm
 . 

36 Both John and Mary are right. 

37 1)( 4 x ,  14  x . Since 11  the expressions are not equivalent. 

38 522  yx , 1)( 2  yx , when 1x , 2y . Since  15   the expressions are not equivalent. 

39 m−n+p=−2, m− (n+p)= −4,when m=2, n=5 5n ,and  p=1. Since  −2 −4 the expressions are not equivalent. 

40 a) ,1)1(  m
  11  m

, when 1m  b) ,1)1(  m
  11  m

, when 3m  

c) ,1)1(  m
  11  m

, when 5m  d) ,1)1(  m
  11  m

, when 7m    
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e) No, we cannot. Even if the expressions have the same answers in a-d, we cannot conclude that the expression will 

always be equivalent. f)  (−1)
m
 =1,  −1

m
 =−1, when m=2. Yes, we can, they are not equivalent. It is enough to find 

one set of values of variables for which two expressions are not equal to determine that they are not equivalent. 

 

Lesson 4 
 
1 coefficient, exponent or power, the base. 

2 a)  first  b) zero 

3 a) b  b) ab  c) de  d)  ─a  e) a  f) 









y

x2  

4  a)  

4

2







 a
    b)  

3

3

2








a       c) 

7

3c
         d)  

2)5( a         e)  
28a         f)  

5)( x         g)  
10x  

5   base           exponent         coefficient 

a)              x             4               3 

b)              x                                m             −1 

c)              x                                 3                            
3

2  

d)           bca              2            −1 

e)              
y

x
            m               1 

f)            yx                            7              
4

1  

g)           
w

zx 3
                          7              

4

3
 

h)               ab              5                       
2

1
  

6 a) 
56        b) 

4z        c) 
433 a   d)  

25 yx  e) 
4aa    f) 

22 xyyx           g) 
3)( ba    h) 

43 )2( t     

i)   m+
2n +m      j) 

n

k
k

n

k 43

  k) 
4z

zzz 
         l) 

zzz

z



 3)(
  m) 

22

4
3 xx

x              n) 
3)3( x      

o) 

3
2










b

a
      p)  

3
3










x
      q) 

3)2(

1

vw 
     r) 

3








 

m

yx
        s) nmnm  2)(    t) )()( 2 pmnnpm   

7 a)  (−4) (−4) (−4) (−4) (−4) b)  −4∙4∙4∙4∙4   c)  (−m) (−m) (−m)    d)  −m∙ m∙ m 

e) )2)(2)(2( aaa  f) aaa 2   g) ))(( baba     h) bba   

8 a) 1       b) 3                  c)  x        d) a  e) ab  f) 1     g) 1ab         h) 1 

9 a)  
3x   b) 

4)( x , necessary  c) 
7x    d) 

3)2( ba  ,  necessary 

e) 
3)2( ba  , necessary        f) 

32ba          g) 
mbca )( , necessary h) 

4

2









y

x
, necessary 

10 a)  2,000,000   b)  8,000,000 

The answers are different, since the order of operations is different.  In part b, we must first complete operations within 

parentheses.  

11 a) To multiply exponential expressions with the same bases one needs to       add       the exponents. 

b) To   divide   exponential expressions with the same bases one needs to  subtract   their exponents 

c) To raise an exponential expression to another power one needs to  multiply  exponents. 

12 a)  
23n            b) 

14s        c) 
6x       d) 

8b        e) 
216x           f) 

92m            g) b           h) 0x 1    

i) 
169a     j) 

12x        k)  
2

2

1
a        l) 

33x           m) 
326a         n) 

115s          o)  
125t        p) 

218x        
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13           a) 
32 2)2( mmm    b) 

66

1

18

3 2
2

3

5 x
orx

x

x
   c) 

1535 8)2( aa   

14 a) 2a                b)  322 4 a           c) 83  a      d)  42 a  

15 a) 18 m                          b)  
2

1

2

1
 m                    c)  

3

1

3

1 28 m      d) 22 57 m  

16 a) 492  x      b)  49      c)  
9

4
          d)  0049.0  

17 a) 
5B   nc: 1     b) 

8B   nc:  1        c) 
8B   nc:  1       d) 

4B   nc:  1      

18 a)  
38x      b) −

332x       c)  
46x        d)  

812x      e)  
2

4

1
a       f) 

3

3

1
x        g) 

264x      h)  a
2

1
                        

i)  
6

2

1
a       j)  

42x    k)   
227x      l)  1      m)  

5v  n) 
69a            o) 

6

5

2
x       p) 

16.0

6x
  

19 a) 
932 27)3( xxx    b) 20

2

2

12

16
4

a
a

a









  c) 

2273 )()( aaa   

20 a) 
610 yx  b)  

33 yx  c) 
103ab  d) 

423 ba  e) 
4

6

16b

a
            f) 

55 yx                       

g) 1       h) 
3

16

1
x   i) 

352 yx   j) 
5)(4 nm        k) 

4)(
2

1
ba              l)  

28bca  

21 a)   325

3

57 )(
yx

y

xy
   b)  

7223 9)3( babab     

22 a) 24 mn   b) 42 m   c) 1)( 2  nm   d) 1 

23 
2

25

4
y ,        

5

2 2y
,    yy 

5

2
, 

2

5

2








y , yy

5

2
  

 

24 
3

20a
,  

20

20

3

a
,     

20

812

3

)(a
,  

20

812

3

aa
,  

20

54

3

)(a
 

 

25  
324 xy , 

32)2( xy , 
32 )2()2( xy    xxy 2)4( , xxy 2)(4        

 

 

26  
3262 bca , 

32322 acba , 
11)(2 abc , 

14

7 632 abc
, 

323 )(2 bca  

 

27 a) Ψ=8           b) Ψ= 10        c) Ψ=400 d) Ψ=12       e) Ψ=14           f)  Ψ=10        

28 a) 15      b)  3
2
 = 9      c) −12     d) 0.5

2
 = 0.25 e) 4

2
 = 16   f)  −2

3
 = −8 

 

 

Lesson 5 
 
1 Based on the Commutative Law of Multiplication: )()( baccba  , and from here we can apply the Distributive 

Law: cbcabac  )( .  

2 a) 2L+2R      b) R − Rx    c) P+Prt     d)  R
2
 s−r

2
 s   e) −3−xy   f)  x

3
−7zx     g) 2ac+c

2  
−c

6
     h) a−a

2
 +2 

3 Based on the Commutative Law of Addition ycybxcxbycxcybxb  , so the two answers are 

equivalent. Some other ways (answers vary): 
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ybycxbxcxbybxcycxcxbybycybycxcxbcbyx  ))((                 

4 a) 10
9

5
F  b) 

45 2418 yy   c) 
56 2xx   d) dc 222        e) 

2223 babaa       

 f) 
5224

7

3
2 yxxyyx   g) ywxwyzxz    h) baaba 34

5

2
410          

 i) gdbdadgcbcac    j) 12323  xxxyxyyxyx    

k) 6342  xyxy   l) bababcabccac 242422   

5 a) yxyx 555)( 22       b) 14)14(  xx     c) aacca  )1(  

d) ydybyadbay 242)2(2   e) 22)2)(1( 333  xyxyyx  

f) 
4242 2)2( xxxxxx   

6 a) 33333)(3333  abbabaabba      (answers vary) 

b) zyzzyzyzzyzyzz  22)2(22           (answers vary) 

 

7  . mpmn   mpn )(   nmpm  pmn  nmmp  

 

8    ))(1( zyx       )1)((  zyx  )(1 zyx    1)(  zyx  

   zyx    zyx    zyx    )( yzx                             
9 a) 2  b) 3   c) m 

10 a) )(5 yx    b) )71(7 a      c) )23( cc    d) )18( 5  xyy     

e) )41(11 2tt   f)  )(2 whlhlw   g) )554( 2  xxx   

11 a) )2( 2axy    b) )( yxxy    c) )1(  baxy  

12 a) )3(1 x   b) )1(1  ba  c) 






 


2
1

zyx
a  

13 a) )32(5 aa    b) 







 4

2

1
11 tt  c) )13(5 23 xx  d) )12(4 5  xyy   

e) )8(22 addc    f) )31(3 2 xyyx   g) )2( a
y

x
   h) )1(

1
s

ba



 

14 a) )2(
3

2 2 zyx   b) 









5

1

5

1
x   c) )1106(6.0  yx   d) )65(

6

1
ba   

 e)  )12(
7

2 2 x   f) )1320(1.0  ba  g) )
3

11
211(

11

3
 xxy   h) )5020(02.0 nm  

15 a) )6)(( xba   b) )](34)[( baba   

16 a) )21((2 xyyxy   b) )15( 433  abba   c) )32(17 224  yxyxxy         d) )51( 424 mnnm      

e) )324(4 543 dccac     f) )325(7 22  abbab    g) )2)(2( 2zyx   h) )](41[)( 2 dcadc   

17 










a
aa

3
1(                      

18 a) )
2

2(2
x

   b) 







1

4

x
x   c) 










2

12
2

x
x   d) 










4

11
4

x
x  

19 a) Numerator: One term, t. (can be viewed as two factors, 1 and t) Denominator: two terms: 2t (with factors 2 and t) and 

─ty (with factors ─1, t and y). Therefore t is a common factor of ALL terms (numerator and denominator.) We can divide 

the numerator and the denominator by t. 

b) Numerator: two terms, x (with factors 1 and x) and xy (with factors x and y) Denominator: one term, 2ax (with factors 

2, a and x). ALL terms in the numerator AND in the denominator have a common factor, x. We can therefore divide both 

the numerator and denominator by x. 
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c) Numerator: one term, 3ab (with three factors 3, a and b). Denominator: two terms, ab (with factors a and b) and ─
2a  

(with factors ─1 and 
2a ). ALL terms in the numerator AND in the denominator have a common factor, a. We can 

therefore divide both the numerator AND the denominator by a.  

20 x is NOT a factor in the denominator, but it can be viewed as a factor in the numerator. We can NOT cancel x, because it 

is not a factor in the denominator. 

21 x IS a factor in BOTH the numerator and the denominator, therefore we can cancel x. The result is 
xy

7
 

22 a  IS a factor in BOTH the numerator and denominator, thus we can cancel it. The result: xa  .  

23 ab  IS a factor in the denominator, but NOT in the denominator, therefore we cannot cancel it.  

24 a) 
3

1
  ; 3xy       b)  

4

c
   ;  2ab      c) 

2

1

b


 ; 

2a        d) 
4

xy
;  

35y           e) 
5

)(3 ba 
 ; x5                         

f)  
2

)( cba 
; a       g)  ;20 2x x     h) )( ebc  ; b         i)  

7

1
  ; )( ba         j)  not possible             

25 a) 
yx 

1
       b)  

3

zy 
           c) x54       d)  

2

1 x
 e) 

x31

1


              f) 

342 4 abba         g) 1                     

h) 
32

1

x
          i) not possible        j) 

y1

1
       k) not possible            l) zyx 23                                      

m) 
3

1 xy 
      n) 1      o) 132  uv      p) 

xyzx 63

1
3 

 

 

Lesson 6 
 
1 b) and d) 

2 Yes. 

3 No. (All three are unlike) 

4 
226 yx   yx22   xy5   

23.0 yx  

 

5 
2)(5 ab   ba22    

2

7

3
ab             

7

2ba
 

6    
23 xy   xxy 3

  
232 yx   xxy 2

  yyxxy  

 

 

7 
352 aba        bab 52   

33)( bab  
23)(2 aab  

53ba  

8 a) x2     b)  not possible        c) 0       d)  not possible         e) tsst 2or2               f) 
22ac  g) not possible       

h) hmv6   i) 
533 zxy   j) nm39         k) not possible l) 

222 ba  

9 a) xx  )43(      b) xx
21

1

7

2

3

1









              c) xx

22

1

22

3

11

2









          

d) xx 2.0)5.03.0(          e) xx
45

53

5

2

9

7









           f) xx

6

1

10

3

3

2

5

1









           

10 a) x   b) a5    c) x d) x  e) ab7      f)  not possible      g)  not possible      h) yx22.1  

11 a) yxyxxx 8138283    b) babbaa 5122375   

c) 1312342  ababbaab  
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12 a) j  b) a
3

1
2    c) z7.0  d) m72    e) 

432 xx         f) yx 3           g) 1 x             

  h)  xy
2

1
      i)  cdcd 

3

2
     j)  

3232 54 baab             k) xyx 74 4          l) 
8

7
5

38

11
 ab  

 

13 Student A and C. 

14 yx    a) 4       b) 
5

9
   c) 7.2    

15 x ;  a) 4   b) 10   c) 
3

2
. 

16 a) 218 a      b) 227 a       c)  64 y       d) 102 t  e) 1
5

8
 x     f) 2.03.1 a   g) 12  x  h) 

4829  q      i) ba
5

41
   j) yx 910   k) da 52    l) 32  a       m) 33 xy  

               n)  aabcbc 25   o) b
3

1
        p) 236 24  xx        q) 612 2 x    r) 97.35.2  m  

17 a) The student claiming that  
222 2)( BABABA   was right.     b) 222 2)( BABABA   

18 a) 44 48  xx       b) 169 2  xx  c) 822  aa        d) 
22

2

1

2

1
3 cbcb      e) xc

3

29
       

f) 252 23  xxx     g) 
2235 22 bbabaa      h) 

24
3

8

9

4
xx     i) cb 23     j) yx 513   

k) 852  xx      l) 4125 2  aa  m) xx 23    n) 232 2  mm     o) 622  kk       p) 0 

19 a) xyxyyx 5)2(3     b) 1)24()13(  xxx                   

c) 228)24()24( 333  aaaaa  d) 252)2()32(  baabba        

e) 
15

2

15

16
22

5

2

3

1 2 
















 aaaa              f) 

22422 372)3)(2( yyxxxyyx   

g) mnmnkmnnmkmnk 33)3(4     h) 4129)23( 22  xxx  

i) 
222 44)2( bababa                      j) 43)14(2)25(  xxx  

20 ;33 ba     a) 9  b) 
2

1
1

2

3
 or              c) 5.4 

21 −3xy  a) −9   b)1             c) 0.3 

 

Lesson 7 

1  a) 20   b) 
27

1
  c) 32  

2 a) 6  b) −36  c) 4  d) −9 

3 a) −4  b) −4  c) 4 

4 a) −14  b) 
7

2
   c) 2  d) 4 

5 a) 
7

2
   b) 

7

2
  c) 

7

2
  d) 

49

4
 

6 a) −7  b) 7  c) −7  d) −7  e) −7 

7 a) 1  b) −1  c) −2  d) −1 
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8 a) 9 b) 3   c) 3  d) 
3

1
  e) 6  f) 27 

9 a) 
3

1
   b) 

3

1
  c) 

9

1
   d) 

3

1
   e) 3   f) 

3

1
  

10 a) 1  b) 2  c) 39 

11 a) −3  b) −0.4  c) −0.12 

12 a) −12  b) −3  c) −2  d) −2 

13 a) 
3

2
  b) 

3

2
   c) 

9

2
  d)  4  

14 a) 2.0  b) 
2

1
  c) 0.05 or 

20

1
  d) 10 

15 a) 1 zx   b) 3 z  

16 a) x
x

3
2

6
  

17 a) 
2

2

2

3

2

3
xor

x



 b) x

2

7
  c) 

3

2

27
x  d) x  

18 a) 
2x   b) 

225x  c) 
2x   d) 

225x  e) 122  xx   f) 
6x  

19 a) 
221 xx   b) 

2x   c) 
222

2

4

9

4
xxx

x
  d) 0 

20 a) 34 x  b) 123 2  xx  c) 246 2  xx   d) 253 2  xx  

 e) 169 2  xx   f) 273 2  xx   g) 18 x  h) 322 2  xx  

21 a) ss 22 3   b) 
72s   c) 

310s   d) 
5s  

22 x   

23 a) 
34 mm    b)  

34 24 ss   

24 a) 
410s   b) 

1210 88 ss    c) 
4s  

25 a) 
226s   b) 

24m   c) 
24m      

26 a) 
44 16)2( bb     b) 

416b     c) equal   d) 0  e) 0464 44444  bbbbb     f) equal 

27 x4  

28 a) m3      b) 
2

m
         c) 

m6      d) 
3m  e) m   f) m  

29 a) y3            b) 
23y          c) y           d) y5  

30 )24)(26(  xx  

 

Lesson 8 
 
1 One can solve an equation  but not  an algebraic expression_. If the left hand side of an equation is equal to the right hand 

side of the equation for 7x , then 7 is called a _solution_.  The solutions_ of an equation are all values of variables 

that make the equation true.  The statement that contains two quantities separated by an equal sign is called an _equation . 

A _solution__ always makes the _equation_ true. 

 

2 Equations:      b) 25 x     c) 362 x        e) xx 24   

 
3 Both Tom’s and Mary’s answers are correct, because  x=3 is equivalent to both   3=x  and   −x=−3. 

4 False. 7  is not a solution of   2(x + 1) − x = 7. 

5 None of the numbers is a solution of 164  x . The number 2 and  −2 are solutions of  x
4
 =16. 

6 a) No b) Yes 
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7 a) Yes  b) No  c) Yes 

8 a) No  b) Yes  c)  No  d) Yes 

9 a) Yes  b) Yes  c) No 

10 a) algebraic expression b) equation; −3 is a solution c) equation; −3 is not a solution  

 d) equation; −3 is not a solution e) algebraic expression f) equation; −3 is a solution 

11 a) algebraic expression  b) equation; 0.6 is a solution  c) equation; 0.6 is a solution 

 d) algebraic expression  e) equation; 0.6 is a solution  f) equation; 0.6 is not a solution 

12 a) equation; −1 b) algebraic expression c) equation; 0 or 1  d) equation; 1    e) algebraic expression f) equation; 

13 a) −2  b)  3 (answers vary; any number different from −2) 

14 a) 5   b) 5 (answers vary; any number different from −5.) 

15 a) a solution b) a solution       c) a solution d) not a solution e) not a solution   f) a solution 

16 For example,  −2, −1, 0, 1 (answers vary; every number is a solution of this equation) 

17 We can only divide by a variable if we assume it is not 0. It is better if we always try to avoid dividing by a variable or by 

an algebraic expression. A better way to solve this equation is:  x = 2x; x −2x = 2x−2x;  x = 0 

18 a) x= −3       b)  x = 6 c)  x= 5 d) x = −20     e) −50    f)  x= −3 g)  x= −2 h) x= −8 

19 a)  x=−4  b)  x= 3  c) x= −3  d) 
5

4
x  e)  x= −18 f) x= −5  

20 a) 
5

12
x   b) 

7

5
x  c) x= 0 d) 

7

2
x  e) 

8

3
x  f) x= −1 

21 f) x= 6  g)  x= −1 c) x= −8  h) x= −1    e) x= 6  f) x= 1 

22 a) no solution b)  x= 0 (exactly one solution) c) all real numbers d) no solution  e) all real numbers      

23 a)  x= −2 b) a= −60 c) x= 7        d)  x=0      e) a= 0 f)  x= 5        g)  y= 2  

h) 
3

11

6

22
y      i) x= 0      j)  x= −6     k) 

5

2
x  l) a= 10 m) 

6

1
B        n) x= 3 o) all real numbers 

 p)  x= −2    q) 
3

1
x    r) no solution s) no solution    t) no solution    u) 

5

7
x    v)  x= 2 

 

Lesson 9 
 

1 a) 18x  b) 
15

2
x  c) 

16

5
x  d) 

5

8
x  e) 2y  f) 

6

1
x  

2 a) no solution b) 
5

2
x  c) 

4

1
a  d) 

6

1
x  e) no solution         f) 

4

1
x   

 g) 0x  h) 
21

10
x  i) all real numbers       j) 

9

4
x    k) 

8

13
x  l) 

2

9
x  

3 a) 0x  b) 
5

1
x  c) 0x  

4 a) 8x  b) 
7

2
x  c) 

2

11
x  

5 a) no solution  b) 
7

1
a  c) 

7

2
a  

6 No. y
x

5
2

1



 is not an equation, so we can not solve it. 

7 a) 14x    b) abx   

8 a) 5x    b) abx   

9 a) 6x    b) 
a

bc
x


  

10 a) 2x    b) 
ba

c
x


  
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11 a) 1x     b)  
ba

bc
x


  

12 a) ax       b) cab 2      c) 
c

b
a

4

  d) 
x

b
a

3
  e) au         f) cab 2         g) 

32nm    

 h) xty   i) 
2xy       j) 1

1

)1(

1

1












x

x

x

x
A  k) 1 sx   l) 

x

by
a

2

5
  

 m) t
s

v 
3

  or 
3

3ts
v


   n) 

22

1




a
x   o) 1

2

2







mn

nm
x  p) 

bbb

b
m







1

33
2

 

13 a) e
y

x
d    b) )( edyx   c) 

ed

x
y


  

14 a) attb    b) 
t

bt
a


  or 

t

b
a 1  c) 

a

b
t




1
 or 

1




a

b
t  

15 x= a
9
= −1 

16  n = −m = 4 

17 a) 
b

A
h

2
   b) inches 4h  

18 a) 
2

2LP
W


  or L

P
W 

2
  b) 1W  c) 2W  inches 

 

Lesson 10 
 
1 For example  x= 3 or x= −2 (answers vary). The same numbers could be solutions for the other inequality.  Both x<5 and 

5>x state the same condition (are equivalent) 

2 a) and  d)  

3 For example x= −1 or x= −3 or x= −10  (answers vary.) 

4 
3

2
x  

5.         3 ,          2 ,          1 ,          0,         1,          2,          3,           4,           5 

 

6.          3 ,          2 ,          1 ,          0,         1,          2,          3,           4,           5 
7 −.666,   −6,   −0.6 

8 a) 0x    b) 0x  c) 6x  d) 6x  e) 6x  

9    

            
b)   

 
c)  

 
d)   

 
e)    

            
 f)   
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10 

a)  

 
b) 

              
c)  

 
d)  

 
11 a) 1x  b) 4x  c) 1x  d) 1x  

 

12 
3

2
x  is the value that satisfies both inequalities. 

 
13 a) 7or3  xx  (answers vary)  

                 
 b) 3or2  xx  (answers vary) 

   
14 a) 0or4  xx  (answers vary)  

   

b) 
2

1
or2  xx    (answers vary) 

   
15  x  0   (answers vary.) 

16  x  4   (answers vary) 

17 a)  −5+2 < 4    and     b) 5+8  13 ;    −5 is not a solution of (c) and (d)      −3<4     13  13     

18 Only student B 

19 a) yes b) no (there are infinitely many solutions) c) infinitely many   d) 1, 10, 100  

 e)  −1, −3, −5   (answers vary.) f) yes g) no h) no i) yes 

20 a) and e) 

21 a) subtract 5;  no sign change;  z < 3    b) add 2; no sign change; z < 3     c) divide by  4; no sign change;  z > − 3 

 d) divide or multiply by -1; sign changes;  z < 3       e) multiply by -3; sign changes; z <  − 3 

22 a) and d) 

23 b) and d) 

24 a)  x <− 4 

       
 

b) All real numbers  
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c) 2x  

       
d) 7a       

 
 

e) 10x   

 
f) 2a  

       
25 a) “add 3 to both sides”, “divide each side by  −1”; a > −7  

b) “subtract 1 from both sides”, “divide each side by 3”; 
3

5
x   

c) “multiply each side by 4”, “divide each side by 3”;  x < −20  

d) “multiply each side by 4”, “divide each side by  −1”;  20x   

e)  “subtract 1 from both sides”, “multiply each side by 4”; 8x   

f)  “multiply each side by 4”, “subtract 1 from both sides”; 5x                                                         

26 a) 6x      b) 2x      c) 4x     d) all real numbers   e) no solution    f) 
5

3
a           g) 

3

4
x         

 h) 
7

3
x  i) 

3

2
x     j) all real numbers      k) all real numbers    l) 

2

9
x  m) all real numbers        

  n) no solution   o) no solution     p) 
4

1
x  q) 18x  r) 0y       s) 

81

34
a     t) no solution 

 

Lesson 11 
 

1 
4

3
a  

2 a)  4and3  ba              b)  
3

2
and4  ba  

3 a)  3p          b)  3p  

4 5and2  ba  

5 7a  

6 yBxA  and4  

7 a) bYaX  and3    b) abYX  and3  

8 a) 2and1  bxc        b) 
9and ybxc   

9 (1)-E;  1and  bxa              (2)-F; 1and  bxa         (3)-D; xba  and8  

(4)-A;  ybxa 5and3       (5)-B; ybxa 5and3      (6)-C; yba  and3  

10 a) form of BA ; nn  5)(5        b) form of BA ;  )(55 nn   

       c) form of BA ; nn  5)(5       d) form of BA ;   )(55 nn   

11 a) 31  banda  b) 32  banda   c) 1
2

1
;1

2

1 3  bandax  

d) 
2

3
2;

2

3
2 3  bandax     e) 

2

3
1;

2

33  bandax    f) 48 3 x  4,8  ba  



Answers to Exercises 131 

12 a) 6;62 a  b) 20;202 a    c) 4.0;4.0 2 a    d) 
7

3
;

7

3
2









a   e) yay 5;)5( 2  f) 

10
;

10

2
b

a
b









 

 g) cac 7.0;)7.0( 2   h) 
222 ;)( XaX        i) 

323 2;)2( xax       j) 
424 9;)9( xyaxy   

13 a) 1;)1( 3  a    b) 3;33 a      c) 3.0;3.0 3 a  d) 
5

2
;

5

2
3









a        e) zaz  ;)( 3

  

 f) xax 4;)4( 3      g) 
2

;
2

3
x

a
x









     h)

232 ;)( yay     i) 
333 10;)10( xax     j) 

y

x
a

y

x

2
;

2

5
3

5









 

14 a) 
646 ;)( xax   b) 

464 ;)( xax   c) 
2122 ;)( xax   

15 a) xAx  ;)( 7
 b) 

272 ;)( xAx   c) 
32732 ;)( yxAyx     d) 

10

3
7

10

3

;
z

y
A

z

y









 

16 a) 5;;5  mxax  b) 7;;)( 7  mstvastv  c) 7;;7  mbab  

d) 3;;

3









m

C

B
a

C

B
     e) 4;;

4











 
m

z

yx
a

z

yx
      f) 2;8;)8( 2  mxax  

17 a) 2;1;0)2( 22  bayx  b) 1;3;0)1(3 22  bayx  

c) 1;
2

1
;0)1(

2

1 22  bayx   d) 0;1;001 22  bayx    

e) 
4

1
;

4

3
;0

4

1

4

3 22  bayx  or 3x2  y2  0   if you were to multiply both sides by 4, then 1,3  ba     

f) 5;10;0)5(10 22  bayx   or  5;10;0510 22  bayx  

18 a) 
2

3
;

4

1
;1;

2

3

4

1
)1( 








 CBAzyx                b) 1;3;6;)3(6  CBAzyx       

c) 
4

1
;

2

1
;

4

3
;

4

1

2

1

4

3









 CBAzyx  d) 0;1;1;0)1(1  CBAzyx         

e) 2;
4

3
;

4

3
;2

4

3

4

3
 CBAzyx  f) 

15

1
;0;0;

15

1
00 








 CBAzyx  

19 a) 2;3);2(3  bmxy      b) 0;1;01  bmxy       c) 0;
5

1
;0

5

1
 bmxy              

d) 2;3;23  bmxy   e) 
3

1
;2;

3

1
2 








 bmxy            

f) 5;0);5(0  bmxy     g) 0;0;00  bmxy     h) 6;4);6(4  bmxy  

20 a) 
222 69)3(23;;3 bbbbbba     

b)
2222 9124)3()3)(2(2)2(;3;2 yxyxyyxxybxa   

c) 
25

4

5

4

5

2

5

2
)(2)(;

5

2
; 24

2

2222 







 yyyybya  

21 a) not linear b)  1;
3

1
;0)1(

3

1
 bax  c) 0;1;001  bax  

d) 9.0;
8

1
;09.0

8

1
 bax  or 2.7;1;02.7  bax        e)  02 x  , 2,1  ba  
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f) 7;4;074  bax  or 7;4;0)7(4  bax  g) 5.2;1;0)5.2(  bax

 h) 5;18;0)5(18  bax  or 5;18;0518  bax  

22 2;4  ba  ;   0612 x    where 6;12  ba  

23 a) )1)(1(  xx  b) )32)(32( xx   c) )10)(10( ayay       d) )85)(85( tsts    

e) 


















3

1

3

1 22 xx   f) )5.0)(5.0(  xyxy   g) 
















 66

b

a

b

a
 

h) )13)(1()]12()][12([  mmmmmm  

i) )64)(42()]53()1)][(53()1[(  xxxxxx   

j) )35)(3(]3)32][(3)32[(  aaaaaa   

24 a) )164)(4(;4;;4 233  xxxbxax    b) )421)(21(;2;1;)2(1 233 yyyybay   

c) )964)(32(;3;2;)3()2( 2233 yxyxyxybxayx   

d) 



























9

1

3

1

3

1
;

3

1
;;

3

1
)( 2422

3

32 xxxbxax  

25 a) )24)(2( 22 yxyxyx    b) )1.06)(1.06( yxyx   

 c) )93)(3( 22 yxyxyx    d) )416)(4( 222 cbabcabca   

26 28204.1)3.97.10)(3.97.10(3.97.10 22   

27 14641111041106110410)110( 4322344   
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APPENDIX  B:                                     SAMPLE TESTS 
 

_____________________________________________________________________________________ 

                                                          

                                                        Sample Test 1 (Lesson 1-3) 

_____________________________________________________________________________________
  

1. Write the following statements as algebraic 

expressions. Remember to place parentheses where 

needed (please, place them only when needed). 

a) two seventh of xy    

 b) the product of x  and 2y  

c) xy  raised to fourth power  

 d) Subtract A from B, and then multiply by C 

e) take the opposite to x , and then raise it to 

the third power 

___________________________________________ 

2.   By placing the minus sign differently, write the 

expression   
c

ba 
  in two additional equivalent 

ways. Use parentheses when needed.  

___________________________________________ 

3. Let 2m . Rewrite the expression replacing the 

variable with its value (Remember to place 

parentheses ) and then evaluate, if possible. 

Otherwise write “undefined”. 

a) m         b) m5     c) 
4m     d) 

m2

1
 

___________________________________________ 

4. Let  3.0,1.0  ba . Rewrite the 

expression replacing the variable with its value 

(remember to place parentheses ) and then 

evaluate, if possible. Otherwise, write 

“undefined”.    a)  ba     b)   ab100       c)   
a

b 2

                                                                                               

_______________________________________ 
5. Write an algebraic expression representing the 

opposite of (do not remove parentheses):    
B

A




 

6. Let 
5

1
,

4

3
 yx . Rewrite the expression 

replacing the variable with its value  (remember 

to place parentheses ) and then evaluate, if 

possible. Otherwise write “undefined”. 

a) yx 58    b) xy5   c)
y

x
  

___________________________________________
 

7. Determine which of the following expressions are 

equal to x  

  x
xx

xx 21
11

1)1( 



  

___________________________________________
 

8. Write the expressions yx
3

1

3

2


 
as a single  

fraction. . 

__________________________________________ 

9. Fill in the blanks to make a true statement. 

a) ___________ A
y

A
       

b) __________
22




c

a

c

ba
                    

c) ______________
4

3
 a

a

 
___________________________________________ 

10. Perform all numerical operations that are 

possible.  If no simplification is possible, write “not 

possible”.     a) x24      b) )2)(4(  x        

c) )2( 2x         d) 
9

3x
       e) 

3
12

x


_____________________________________________________________________________________ 

                                                          

                                                        Sample Test 2 (Lesson 1-3) 

_____________________________________________________________________________________
 

1.   The expression 
2

3





x

x
  cannot be evaluated for 

which of the following values of x? List all. 

a) 2x  b) 2x      c)  0x      d) 3x  

 

2. Write the following statements as algebraic 

expressions: 

a) x raised to the 4
th
 power, then subtracted from y. 

b) the sum of  5 and three-forth of a number. 

c) the opposite of  4b  

d) 6 less than the square of a number. 
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3. Let m = ─3. Evaluate the following expressions if 

possible (otherwise, write “undefined”):   

a) 
2m       b) 

2

5m 
 c) 

3

1





m

m
 d) m23  

___________________________________________ 

4. Evaluate  
2uv  if possible (otherwise, write 

“undefined”), when 
3

1

3

2
 vandu . 

_______________________________________ 

5. Evaluate n
p

m
  if possible (otherwise, write  

“undefined”), when .1,02.0,1.0  pnm  
___________________________________________________________ 

6.    Let F be a variable representing the temperature.  

Use F to write the following statement as an algebraic 

expression:   

five-ninth times the difference of F and   32. 

___________________________________________ 

7. Perform all numerical operations if possible (if 

performing a numerical operation is not possible, 

write “not possible”).   

a) 
5

10



b
      b) c32     c) 

2)3(x  d) 









5

9

3

2 3 yx

  

e) 4)52(2 3  x     
f) )5(42  n

 

_______________________________________ 

8. Write 
b

a

2

5
  in three different ways. 

___________________________________________ 

9. Determine which of the following expressions are 

equivalent to 
b

a2

 

b

a
ba

b

a
a

b
ba

b

a )11(
,)11(,

2
2

1
,2,2









 
___________________________________________ 
10. Determine which of the following expressions are 

equivalent to kmn : 

mnkknmkmnknmmnk  )()(  

__________________________________________ 

11. Replace     with expressions such that the 

resulting statement is true. Use parentheses when 

needed. 

         a)  yzxyz              

         b) 



A
A 7                        

         c) )( ba
cc

ba







_____________________________________________________________________________________ 

                                                          

                                                        Sample Test 3 (Lesson 1-3) 

_____________________________________________________________________________________
  

1. Use the letter x to represent a number and write the 

following statements as algebraic expressions. 

a) Half of a number is subtracted from 7. 

b) Twice a number is added to 5, and then the   

     result is multiplied by 3. 

c) The number is tripled, and then squared. 

___________________________________________ 
2. Write the opposite (do not simplify).  

 a)   2x + 3y  b) 
yx

yx




 

_________________________________________
 

3. Name the operation that should be performed first.  

a)  yx 3       b) yzx 
 
    c) 

24x        d)  2
4x   

___________________________________________ 
 

4. If possible (otherwise, write “undefined”), evaluate  

─3xy  when      a) x =  6  and  y = 2  

b) 6
5x   and  4

3y    c)  x =  0.1 and  y =  0.2. 

5. If possible (otherwise, write “undefined”), evaluate  

y

x
   when       a) x =  6  and  y = 2  

b) 6
5x   and  4

3y    c)  x =  0.1 and  y =  0.2. 

___________________________________________
 

6. If possible (otherwise, write “undefined”), evaluate  

x

x

1
  when           

a) 0x        b) 1x     c) 1x  

___________________________________________
 

7. State which expressions are equivalent to 
2

yx 
 

a) 2 yx     b)   2 yx   c) 
22

yx
   

d) 
2

xy 
    e) )(

2

1
yx   
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8. Replace X  with expressions such that the resulting 

statement is true. Use parentheses when needed. 

a) Xyzzyx  2332        

b) 
y

X
b

y

a
3    

c) X
v

n

v

nm



.  

 

 

 

9. Perform all possible numerical operations. If none 

is possible, write “not possible” 

a)  x265            b)  )2(6 x         c)  x26 
 

d) x
6
5

3
2              e) x

6
5

3
2  

___________________________________________ 

10. Show that 
2)( x  is not equivalent to 

2x  by 

evaluating both expressions when 
3

2
x

_____________________________________________________________________________________ 

                                                       

                                                              Sample Test 1 (Lesson 4-6) 

_____________________________________________________________________________________ 

 
1. Write the following statements as an algebraic 

expression using parentheses where appropriate, and 

then remove parentheses: 

a)  The product of A   and 3 AB   

b)    The opposite of 2 x  

_______________________________________ 

2. Factor  
32a  from the expression 

35 108 aba  . 
___________________________________________ 

3. Factor 
7

2
 from the expression 

7

2

7

4
a

 
_______________________________________ 
4. If possible, add (or subtract) the following 

expressions. If not possible, write “not possible”. 

a) khhk
2

1
2    b) 

2abab     

c) nmnmn 2
  d) x

x

6

1

3
  

__________________________________________ 

5. Collect like terms in yyxyyyx 7834  , 

and then evaluate it when 
4

1
,2  yx . 

_______________________________________ 
6. Remove parentheses and then collect like terms 

a) )63(
3

1
7  bb             b) )2(4  xx                   

c) 
2)3( bx 
          

 d) )2)(12(2 2  xxx  

 

7. Simplify, if possible (assume that all denominators 

are different from zero). If not possible, write “not 

possible”.    

                  a) 
ax

bax 
        b) 

x

xy 3

  

                  c) 
ab

ba



 )(2
        d) 

22
xy

xy

c
        

                  e) 
x

x





2

2
   

_______________________________________ 
8. Write as a single exponential expression. For each 

expression, identify the numerical coefficient. 

a) 
3

5)(

a

a
   b) 

327 )2( xx          c) 
 

3

3

2

2

ab

ab

 
___________________________________________ 

9. Evaluate the following expressions: 

 a) 
43

45

2

2
    b) 03a   

___________________________________________ 

10. Find such X that the following is true:  

 a) 
X247     

 b) 

5

9

1

3

1

















X

 

 

_____________________________________________________________________________________ 

                                                 

                                                     Sample Test 2 (Lesson 4-6) 

_____________________________________________________________________________________ 
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1. Write the following statements as algebraic 

expressions using parentheses if appropriate, and then 

remove parentheses. Simplify, if possible: 

a) The product of 32 a  and aa 43 3   

b) 2 times the opposite of 93  y  

c) 3 subtracted from x, then squared. 

___________________________________________ 

2. Factor b from the expression:   bb 59 2   
___________________________________________ 

3. Factor 
35x  from the expression: 

37 515 xx   
___________________________________________ 

4. Collect like terms:   

a) abbaab 543      

 b) 63543 22  xxx  

___________________________________________ 

5. If possible, add the following expressions, 

otherwise write “unlike terms”. 

a) abab 22

2

1

3

1
   b) 

22 )(mnmn 

  c) 
222 )4( xyyx   

6. Subtract  ba 2  from  ba 23   and simplify. 

___________________________________________ 

7. Remove parentheses. Simplify. 

a) 









4

1
327 xx   b) )1(2 bb   

___________________________________________ 

8. Simplify if possible. If not possible, clearly say so: 

a) 
ab

ba

32

23




        b) 

36

3

b
     c) 

yx

yx

2

2





        

d) 
2

6

a

a
 

___________________________________________ 

9. Write as a single exponential expression. 

a)  432 )3(2 xxx   b) 

2

4

8










xx

x
 c) 

3
5

4
2

a
a

a


 

___________________________________________ 

 

10. Factor 
3

2
 from the expression: 

3

8

9

2

3

4 2  yy  

_____________________________________________________________________________________ 

                                                       

                                                          Sample Test 3 (Lesson 4-6) 

_____________________________________________________________________________________

 

1. Circle all expressions equivalent to 
62 yx  

xxy 6
     23xy        

 23yx     
223 yxy  

___________________________________________ 

2. Write as a one exponential expression. 

a) 
2

4

)2(

3

x

x
 b) 

9

3

2
a

a
  c) )3(3 mm   

___________________________________________ 

3. Replace   with a number so the following is 

equal:         a) 
 397

  b) 
 5258

 

___________________________________________ 

4. Remove parentheses and identify numerical 

coefficient: 

a) xxx )3)(2( 23      b) 
342 )2( ba    c) 

2

3

10

7
)5(

b

b
b   

___________________________________________ 

5. Write each statement as an algebraic expression 

using parentheses, and then rewrite without 

parentheses and collect like terms. 

a) opposite of    yx 53        

b) product of   52 x   and  32 x  

c) sum of  yx 45   and  72 x  

d) difference of  372 2  xx   and  685 2  xx  

 

6. Factor  

a) x from the expression   xxx 745 23  . 

b) x3  from the expression  xx 315 2   

c) za   from the expression    24 zaxza   

d) 1  from the expression 2
d

c
 

___________________________________________ 

7. Simplify, if possible. If not possible then write "not 

possible".               a) 
yx

xy

9

6
     b) 

x

xzxy

4


  

                              c) 
xy

yx

53

35




     d) 

6

4





x

x
          

 

8. Evaluate the following expression: 
25

27

5

5
. 

___________________________________________ 

9. Collect like terms, and then evaluate, when 

3a .         

a) )84(72 aaa          b) aa 6)3( 2            

c) 
2)3(96  aa                                                    
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_____________________________________________________________________________________ 

                                                       

                                                        Sample Test 1 (Lesson 7-9) 

_____________________________________________________________________________________ 
 

1. Evaluate the  expressions, if ,1x  and 
4

3
y

  a) 
2xy                  b)

y

x
 

___________________________________________ 

2. Evaluate  bca2
   if    

a) 
4

1
,2  bca         b) 5.0,4.02  bca  

_______________________________________ 

3. Let .3 mx   Express the following 

expression in terms of m  and simplify:  
x

x





3

5
 

_______________________________________ 

4. Write the following expression zyx 2  in 

terms of m , if mxz 32   and my  . 

Simplify your answer. 

_______________________________________ 

5. Is 
3

2
x  a solution of the following 

equations?  a)  
2

31


x
 b) 

9

42  x  

 

 

 

3. Evaluate )3(2 cba   if   

a)  2,2,3  cba     b)  6.03,2  bca  

_______________________________________ 

7. If 3 xP   and 42  xQ , find such x , 

that a) QP                   b) 1
2

 Q
P

 

_______________________________________ 

8. Solve the following equations:  

a) 2
3

1
b         b) 125  x    c) 422  xx  

d) xx  2)4(    e)  23
2

46



y

y
 

_______________________________________ 

9. Solve the following equations for x . Any time 

you must perform the operation of division, 

assume that the devisor is different from zero. 

Simplify whenever possible: 

a) b
b

x
2         b) bbax 2      c) axaax  2  

___________________________________________ 

10.  If  8 dl , evaluate   

a)  dl 2               b)  dl 22           c)  2
dl   

_____________________________________________________________________________________ 

                     

                                                      Sample Test 2 (Lesson 7-9) 

_____________________________________________________________________________________ 

 

1. Evaluate the following expressions, if 

2abc  a) 
4

abc
                 b) 

222 cba  

______________________________________ 

2. Evaluate 
232  xx   if    

a) 4x   b) 12 x  
______________________________________ 

3. Write the following expressions in terms of a , if 

ayx   and 1 axy . Simplify your answer. 

a) xy
yx


33
  b) 

yx

yx



22

 

 

4. Determine whether the following 

mathematical sentences represent an equation or 

an algebraic expression. In the case of an 

equation, circle the right-hand side of the 

equation.   43)2(3  xx ,   
2

1
5




x
x ,     

875 x , 532                                              

______________________________________ 

5. Let ym 2   and yn 3 . Find y  so that the 

following is true.      

a) nm 1      b) nm   
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6. Solve the following equations: 

a) 4.06.0  y              b) 213  x   

c)  4
5

2
 a                   d) 422  xx          

e) 24)12(2  cc     f) 
3

1

3

7

5





xx
  

_______________________________________ 

7. Solve the following equations for d  (assume 

that all devisors are different from zero). 

Simplify your answer whenever possible. 

a) cccd 22      b) a
d

b


   
c) bbdb  22

   

8. Is 0y a solution of the following equations: 

a) 0
1


y
  

b) 03 2  yy      

c) 1
3

3






y

y
 

_______________________________________ 

9.  Which of the following numbers are solutions 

of 92  x  ?            

a) 3              

b) 3           

_____________________________________________________________________________________ 

                     

                                                      Sample Test 3 (Lesson 7-9) 

_____________________________________________________________________________________

1. If  
8

3
 BA , evaluate:   

a) 
BA 

2
              b) AB                 c)   BA  

_______________________________________ 

2. Evaluate the following expressions, if 

2.0 yx   and 6.0
1


v

:     

a) yx
v


1

                      b) 
v

yx 

 
_______________________________________ 

3. Is 2x  a solution of 22  xx ? Explain how 

you arrived at your answer. 

_______________________________________ 

4. Rewrite the expression 
22 ba   in terms of x. 

Write your answer without parentheses. 

Simplify.  a) 1,2  xbxa  

                                    b) xbxa 2,3   

_______________________________________ 

 

5. Write the following expression )2(3 nmm   in 

terms of t , if tnm  . Simplify your answer. 

6. Which of the following are solutions of 

24xy ?                           

a) 4,6  yx        

b)  48,
2
1  yx         c) 24,0  yx  

_______________________________________ 

7. Solve the following equations. 

a)  273x    b) xx 72       c) xx 31)1(3         

d) 512  x   e) 1
2

3
 x

x
 

_______________________________________ 

8. Let xBxA  ,3 , and xC  . Find x  so 

that the following is true: C
BA


32  
_______________________________________ 

9. Solve for x . Any time you must perform the 

operation of division, assume that the devisor is 

different from zero. Simplify your answer, if 

possible  

a)  bax         b) d
d

x


23
         c) cxaax 

_____________________________________________________________________________________ 

                     

                                                      Sample Test 1 (Lesson 10-11) 

_____________________________________________________________________________________ 
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1. Describe the following set of numbers using 

inequality sign and then graph the set of on the 

number line: all numbers x  at least equal to 1 . 

_______________________________________ 

2. Which of the following numbers: 

3

9
,

3

10
,

4

7
,99.2,0,1  

satisfy the inequality: 3x ? 

_______________________________________ 

3. Solve the following inequalities. 

a) 23  x  b) xx 4)1(3        c) 
4

1
23  x  

_______________________________________ 

4. The following expression 
4

3x
is written in 

the form 
2

px 
. Identify p in this representation. 

 

5. Write the expression 7x  in the form: px  , 

where x  is unknown and p  any number. Then 

identify p  in your representation 

_______________________________________ 

6. Write the following expressions in the form 
3A , 

where A  is any algebraic expression. Identify A  in 

your representation a)  
8

3y
  b) 

63 yx       

_______________________________________ 

7. Write the following expressions in the form  

cbxaxy  23 , where ,, ba and c  are any  

numbers. Then identify ,, ba and c ?   

a)  
4

2
3

2 x
xy   b) 7422 23  xxy  

_______________________________________ 

8. Factor the following expressions:    

a) 1002 x   b) 4

25

1
y

_____________________________________________________________________________________ 

                     

                                                      Sample Test 2 (Lesson 10-11) 

_____________________________________________________________________________________ 
1. The number 4 satisfies which of the following 

statements?   a) 2x      b) 4x     c) 4x  

_______________________________________ 

2.  Using inequality symbols, describe the set 

that is graphed below. 

a) 

  
b) 

 
 

_______________________________________ 

3. Solve the following inequalities. 

a)  1325 x     b)  x 45  c) 82  x  

d)  3
5

6


 x
 e)  34124  xx   

_______________________________________ 

4. Write the following expression as a difference 

of two expressions, that is in the form BA , 

where A  and B  are any expressions except zero.  

Then identify A and B                                                              

a) ba 3    b)  
k

nm 
  

5. Write the following expressions in the form of 
na , where a  and n  is an algebraic expression 

and then identify a and n: 

a) 522    b) 33 )()2( xzy  

_______________________________________ 

6. Write the following equations in the form  

cbyax  , where cba ,, are any real numbers. 

Identify  a, b, and c in your representation. 

a) 532  yx         b)  173  xy         c)  0x  

_______________________________________ 

7. Determine if the following equations are linear 

equations in one variable. If so, express it in the 

form 0bax , where a is any real number 

except 0, b is any real number,  and x  is 

unknown.  Then identify a and b.  If not a linear 

equation, then state: not a linear equation 

a) 012 x       b) 01
3


x

     c) 4
4

8

8
x

xx



 

_______________________________________ 
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8. Factor the following expressions:        

a) 21 a   b) 22)12( xx   

9. Using the formula 

))(( 2233 babababa  , factor 3271 x .

 

_____________________________________________________________________________________ 

                                                      

                    Sample Test 3 (Lesson 10-11) 

_____________________________________________________________________________________ 
 

1. Graph the following sets on the number line:     

 a) 4x   

             
 b)    all numbers that are at least 1  

        
_______________________________________ 

2. Solve the following inequalities: 

a)  5 x     b)  433 x       

c) 0
5

6


x
         d)  xx 24)12(      

e) 1
3

2

2

3
x  

_______________________________________ 

3. If 1x , what inequality is true for   

a) 2x            b) 
2

x
  

_______________________________________ 

4. The expression 2)2()2(3 a  is written in 

the form: 23 BA . What algebraic expression 

represents A and B?          

_______________________________________ 

5. Write the following expressions in the form 
3x , 

where x  is any algebraic expression. Identify x  in 

your representation:        a) 
38y      b) 

18y   

6. Write the following equations in the form  

baz 3
, where a  and b  are any numbers.   Also 

Identify a  and b in your representation.   

a) 13 33  zz   b) 1
3

36 3


z

  

_______________________________________ 

7. Factor the following expressions.  

a) 
2925.0 x           b) 

22 )2()13( aa        

c) 
41 y  

_______________________________________ 

8. Determine if the following equations are linear 

equations in one variable. If so, express it in the 

form 0bax , where a is any real number 

except 0, b is any real number,  and x  is 

unknown.  Then identify  the values of a and b 

a) 875 x        b) 1
4


x
        

c)   xx 342   
_______________________________________ 

9. Using the formula 

))(( 2233 babababa  ,  

factor  100033 yx
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APPENDIX  C:                        SAMPLE TESTS SOLUTIONS 

 
_____________________________________________________________________________________ 

                                                        Sample Test 1 (Lesson 1-3) Solutions 

_____________________________________________________________________________________ 

1.      a)  xy
7

2         b)   2yx          c)   4
xy         

           d)   C(B −A)                 e)   3
x                   

2.     
c

ba

c

ba

c

ba












)(
  

3.       a)  2        b)  −10     c)  −16      d)  undefined                           

4.       a)  0.4 b)  −3       c)  0.9                     

5.         














B

A               

6.        a)  5        b)  
4

3
        c)  

4

15
                  

7.       all except  1 − 2x        

8.        
3

2 yx       

9.        a)  
y

1
          b)  

c

b
          c)  

4

3
              

10.      a)  −4+2x  b)  8x     c)  2x
2
  d)  

3

x       e)  −4x 

_____________________________________________________________________________________ 

                                                         Sample Test 2 (Lesson 1-3) Solutions 

_____________________________________________________________________________________

1.      2x      

2.      a) 
4xy     b) 

4

3
5

x
    c) )4(  b   d) 62 x   

3.        a)  9   b)  1        c)  undefined      d)  9     

4.      
27

2   

5.       0.08            

6.       32
9

5
F                   

 

 

7.      a)  −2b        b)  not possible c)  x −9     

         d)  yx3

5

6


    

e)  6x
3

 −4             f)  −104
n

  

8.       possible ways:  
b

a


2

5
,   

b

a

2
5  ,   

b

a5

2

1
                    

9.        all except: (1+1a)  b       

10.     nm−k,  mn+(−k), −k+mn   

11.      a)  replace with )( x     b)  replace with 7       

           c)  replace with  1

_____________________________________________________________________________________ 

                                                        Sample Test 3 (Lesson 1-3) Solutions 

_____________________________________________________________________________________

1.     a)  
2

7
x

     b)  3(2x+5)   c) (3x) 
2

 

2.     a)  −(−2x+3y)
    

 b)  
yx

yx




  

3.     a) addition of  x and  y     b) division of  x by y 
 
 

        c) exponentiation of x   d) exponentiation of −4x                                   

4.     a)  36           b)  
8

15


      c)  −0.06        

5.      a)  3            b)  
9

10
           c)  −0.5  

6.        a)  0         b)  undefined c)  
2

1
  

7.        all are equivalent except (a):  2 yx   

8.       a)   xX    b)  abX 3   c)  
v

m
X 

          
9.       a)  −5−4x       b)  −12x c)  3x          

           d)  x
6

5

3

2
         e)  x

6

1      

10.       If  
3

2
x  then 

9

4
)( 2 x  and            

   
9

42  x   thus    2
x 

2x
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_____________________________________________________________________________________ 

                                                        Sample Test 1 (Lessons 4-6) Solutions 

_____________________________________________________________________________________ 

1.       a)  A BA3 ABA23A                        

          b)    22  xx    

2.       )54(2 23  baa         

3.        
2

7
2a1  

4.        a) hk
2

3
    b)  not possible    c)  0   d)  

6

x
 

5.   xy ;  after evaluating: 
2

1
 xy                 

6.         a) 7b
1

3
3b6 7bb28b2    

            b) 4x x2 4xx25x2     

            c)  3xb 29x26bxb2
 

            d)    −3x+2 

7.      a)  not possible   b) 
xy3

x
y3    c)

2 ab 
ba

2          

         d)  
2c

xy
xy22cy   e) 1

2

)2(1

2

2











x

x

x

x
 

 8.     a)  
2a ; coefficient: −1 

         b)   8
13x  ;coefficient 8          

         c)
24a  , coefficient 4    

 9.       a)  
245

243
224  b)  3a03 1 3  

10.     a)  4
7
 2
X

; X  14   

           b)  
1

3








X


1

9








5
;X10  

_____________________________________________________________________________________ 

                                                       Sample Test 2 (Lessons 4-6) Solutions 

_____________________________________________________________________________________ 

1.     a)  )43)(32( 3 aaa              

          aaaa 12986 324   

        b) 186)93(2))93((2  yyy  

        c)  96)3( 22  xxx    

2.     b 9b5    

3.     )13(5 43 xx    

4.      a)  3ab  4ba  5ab   4ab   

         b)  3x4x253x26  7x23x11  

5.       a) 2

6

1
ab   b) unlike terms  c) 2215 yx

 

6.        bababa 35)2()23(   

7.        a)  
2

1
 x   b)  1b  

8.        a) 1      b) 
12

1

b
    c) not possible  d) 4a  

9.         a)  156x  b)  6x    c)  72a  

10.      2

3
2y2

1

3
y4








_____________________________________________________________________________________ 

                                                      Sample Test 3 (Lessons 4-6) Solutions 

_____________________________________________________________________________________ 
 

1.      xxy 6
            23xy        

 23yx   
223 yxy  

2.      a)  
2

4

3
x           b) 

62a         c) 
29m

 

3       a)  Ψ=14 b)  Ψ=16 

4.      a)  
66x ; coefficient: 6   b)

1268 ba ;coefficient: 8         

         c)  2

2

7
b coefficient: 

2

7
  

5.       a)   3x5y  3x5y      

          b)  151032)32)(5( 232  xxxxx                                                              

             c)  5x4y  2x7  7x4y7   

             d)   )685()372( 22 xxxx  

                       93 2  xx  

6.           a)  )745( 2  xxx    b) )15(3  xx           

              c)  )4)(( xza      d)  )2( 
d

c
 

7.         a) 
3

2
 b)  )(

4

1
zy    c) 1  d) not possible 

8.         
527

525
 52  25  

9  a)  4 a  when 3a ,  14  a       
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  b) 
29 a when 3a ,  189 2  a  

              c)   
2a when 3a , 

2a = 9  

   

____________________________________________________________________________________ 

                                                       Sample Test 1 (Lessons 7-9) Solutions 

_____________________________________________________________________________________ 

1.        a)  
9

16
         b)  

4

3
  

2.        a)  1          b)    −0.2  

3.        8 m

m
or

8

m
1

  

4.         4m       

5.         a) yes, it is a solution     b) 
3

2
 is not a solution           

6.         a)  −2    b)   3.4   

7.           a)  
3

1
x    b)  

5

7
x                           

8.          a)  
3

5
b  b)  2x           c) 2x    

             d)  no solution   e)  all real numbers              

9.            a) 
22bx        b)  

a

b
x

3
   c) 

a
x




1

1
           

                 

10.          a)  16   b)  16   c)  −64    

_____________________________________________________________________________________ 

                                                      Sample Test 2 (Lessons 7-9) Solutions 

_____________________________________________________________________________________ 

1.        a)  
2

1
       b)  4    

2.        a)  11          b)  4   

3.        a)  
3

32  a
     b)  

a

aa 122 
 

4.         )2(3 x 43 x  ; equation 

           
2

1
5




x
x ; expression     

            75x  8    ; equation   2+3 = 5     equation 

5.           a)  1y  b) 0y  

 

    

6.   a) 
3

2
y    b) 

3

1
x   c)  10a              

             d)  2x   e)  all real numbers  f)  15 

 

7.          a)  ccd  2
 b)  

a

b
d      c) 

b

b
d

1
  

 

8.          a)  no, not a solution  b) yes, it is a solution

 c) yes, it is a solution  

9.          a) no, not a solution  b) no, not a solution

_____________________________________________________________________________________ 

                                                    Sample Test 3 (Lessons 7-9 ) Solutions 

_____________________________________________________________________________________ 

1.         a)  
3

16
  b)  

8

3
     c)   

8

3
               

2.         a)  −0.4            b)  −0.12                       

3.         no, not a solution      

4.   a)  32  x     b)  246 xx                

5.   a)  23t        

6. a)  it is a solution set b) it is a solution set    

            c) it is a solution set                 

7. a)  30x      b)  0x   c)  no solution     

 d)  2x    e)  2x                        

8.   0x           

9.   a)  
a

b
x      b)  33dx     c)  

ca

a
x




_____________________________________________________________________________________ 

                                                  Sample Test 1 (Lessons 10-11) Solutions 

_____________________________________________________________________________________ 

 

1.   x ≥ − 1  

            

 

2.  x ≥ 3   
3

10
and

3

9
  satisfy this inequality     

3.      a) 



x  
2

3
     b)  



x  3 c)  



x 
11

8
        

4.       p = 3   

5.      )7(7  xx ; 7p  

6.      a)  



y 3

8

y

2









3

 ; 



A 
y

2
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         b)  



x3y6  xy 2 
3

 ; 



A  xy 2
                 

7.      a) 0)2(
4

1 3  xxy ; 0 ,2 ,
4

1
 cba          

         b) 
2

7
2 23  xxy ; 



a 1,  b  2,  c 
7

2
 

8.       a)  



x2 100  x 10  x 10      

          b)  



1

25
 y4 

1

5
 x2







1

5
 x2





 

_____________________________________________________________________________________ 

                                                    Sample Test 2 (Lessons 10-11) Solutions 

_____________________________________________________________________________________
 1.   b and c       

2.   a)  x < 2   b)  4x                      

3.     a)  x < 3 b) 9x      c)  4x  

               d)  x ≤ 9    e) all real numbers   

4.   a)  )3(3 baba  ; A = a  bB 3                   

               b)    ;
k

n

k

m

k

nm




k

n
B

k

m
A    ,     

5              a) ; 222 65  6    2  nanda  

                b)    ;2
3

xyz 3  ,2  nxyza  

6.          a)    2x + (-3)y = 5  so: 5,3,2  cba    

b)   either:   737  yx  so     

                ,7a 7,3  cb  or  737  yx  so     

                 ,7a 7,3  cb  

             c)  001  yx  0,0,1  cba   

7.          a)  not a linear equation 

b) 0)1(
3

1
x ; a linear equation with      

3

1
a , 1b        

             c)  00  x ; a linear equation  with      

 1a , 0,0  cb  (note: other results      

for a are possible but 0,0  cb  for all                 

             results) 

8.         a)  



1 a2  (1 a)(1 a)             

b)   )12)(12(12 22
xxxxxx   

)13)(1(  xx  

9.           333 31271 xx 
 

          
  293131 xxx 

_____________________________________________________________________________________  

                                                      Sample Test 3 (Lessons 10-11) Solutions 

____________________________________________________________________________________
1.   a)   

         
              b)  1x    

        

2. a)  5x  b)  



x  
7

3
 c)  x ≥ 6                  

            d)  no solution            e)  



x 
10

9
 

3. a) x – 2 says that 1x    

             b)  
2

1
   thatsays  

2



x

x
 

4. 2 aA , 2B   

5.  a)    yxyy 2  ;28
33   

              b)    63618   ; yxyy   

6.   a)  ; 12  3  z ,2 a  1b  

              b)  ; 06 3 z 0 , 6  ba  

7.  a)  



0.25 9x2  (0.5 3x)(0.5  3x)         

              b)      )15)(1(213
22

 aaaa  

              c)      
2224 11 yy

 
                          yyyyy  11111 222

 

8.        a)  5x – 7 = 8  can become  5x – 15 = 0;      

               linear equation a = 5 and 15b   

           b) 1
4


x
 can become 04 x ; linear   

                equation with 4,1  ba



   

           c)   xx 342   can become 08 x ;                     

               linear equation  1a , 8b  

9.         10010101000 2233  xyyxxyyx

 


