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Lesson 1   
__________________________________________________________________________________ 
 
Topics:  Na%ural )um+ers. /pera%io)s o) )a%ural )um+ers3 4ul%iplica%io) +y po7ers o8 9:. /pposi%e 
opera%io)s. Commu%a%i<e =roper%y o8 >??i%io) a)? 4ul%iplica%io). Expo)e)%ial )o%a%io). /r?er o8 
opera%io)s. TCe mea)i)D o8 %Ce EFG siD)3 
__________________________________________________________________________________ 
 
>ri%Cme%ic is a +ra)cC o8 ma%Cema%ics i) 7CicC numbers, relations among numbers, a)? operations 
on numbers HliIe a??i%io)J su+%rac%io)J mul%iplica%io) a)? ?i<isio)K are s%u?ie?3 
 
Le 7ill s%ar% 7i%C 

Natural numbers 
 
Numbers 
                  0, 1, 2, 3,  …  
are called natural numbers.                  
 
H%Ce ?o%s M N M i)?ica%e %Ca% %Ce lis% Does 8ore<erK 
 

Basic operations on natural numbers 
 
 
TCe +asic opera%io)s o) )a%ural )um+ers are a??i%io)J su+%rac%io)J mul%iplica%io) a)? ?i<isio)3 
 
Addition:    OPQ !"  

The result of addition is called the sum3 For exampleJ %Ce sum o8 Q a)? P is O3  Num+ers %Ca% 
are +ei)D a??e? are calle? terms of addition. 

 
6      +     2     =    8 

                                                                   
                                                        terms of            sum 
                                                        addition       
 
 
Subtraction:    SPQ !#  

The result of subtraction is called the difference. For exampleJ %Ce ?i88ere)ce o8 Q a)? P is S3 
Num+ers %Ca% are +ei)D su+%rac%e? are calle? terms of subtraction. 
 

6      !     2     =   4 

                                                                   
                                                        terms of        difference 

                                         subtraction   
             
 
 



 S

Multiplication:    9PPQ !$   
/%Cer )o%a%io)s are also use?T KPHQJPQ % J HQKP3  If no sign is explicitly displayed we assume 
multiplication (8or exampleJ  QHPK   mea)s PQ$ K3  The result of multiplication is called the 
product3 TCe pro?uc% o8 Q a)? P is 9P3 Num+ers %Ca% are +ei)D mul%iplie? are calle? factors3  

 
            6         2     =    8 

                                                                   
                                                         factors          product 

  
Division:   "PQ !&    

EUui<ale)%lyJ 7e ca) 7ri%e   "
P
Q
!   Hi% is calle? 8rac%io) )o%a%io)K3 

The result of division is called the quotient.  TCe Uuo%ie)% o8 Q a)? P is "3  TCe )um+er 7e 
?i<i?e +y is calle? a divisor; P is %Ce ?i<isor i) %Cis ?i<isio) HVK3 

 
      6     2     =    3 

                                                            
                                                             divisor    quotient 

 
 
>) impor%a)% 8ac% a+ou% ?i<isio)3 
 

 
                  The operation of division by 0 is not defined 
 

 

For exampleJ  ::J
:
WJ

:
X

&  are )o% ?e8i)e? Hbut :
W
:
!  is defined! We can divide 0 by any number 

different from 0K3 
 
Numbers on which addition, subtraction, multiplication or division are performed are called 
operands. SoJ i) all o8 %Ce a+o<e examplesJ i3e3 OPQ !" J SPQ !# J 9PPQ !$ J "PQ !& J  7e ca) re8er 
%o %Ce )um+ers Q a)? P as %o opera)?s3 
 
Example 939 Re7ri%e %Ce 8ollo7i)D )umerical expressio)s i)ser%i)D a mul%iplica%io) siD) [[ $  

7Ce)e<er mul%iplica%io) is implie?3  
             aK KXH"                            +K KQWHS "      

 
Solu%io)T    

aK X"KXH" $!  
+K KQWHSKQWHS "$!"  

________________________ 
HVK Num+er %Ca% is +ei)D ?i<i?e? is calle? ?i<i?e)? HQ is %Ce ?i<i?e)? i) %Ce ?i<isio) Q& P F "K3 TCe )ame is )o% use? %Ca% 
o8%e)J so i8 you ?o )o% remem+er i%J i% is /\3 



 W

Example 93P Name %Ce opera%io) %Ca% is %o +e per8orme? a)? also %Ce )ame o8 i%s resul%J %Ce) e<alua%e 
%Ce expressio)3 

   aK PX9"   +K :"W$   cK QPS&   
   
  Solu%io)T 
   aK  a??i%io). %Ce resul% o8 a??i%io) is calle? %Ce sum. X"PX9 !"  
   +K  mul%iplica%io). %Ce resul% o8 mul%iplica%io) is calle? %Ce pro?uc%. ::"W !$   

cK  ?i<isio). %Ce resul% o8 ?i<isio) is calle? Uuo%ie)%.  SQPS !&  
 

Example 93" LCicC o8 %Ce 8ollo7i)D opera%io)s are )o% ?e8i)e?] ^8 %Ce opera%io) is ?e8i)e?J per8orm 
i%J o%Cer7ise 7ri%e E)o% ?e8i)e?G3 

  aK :PS"&   +K PS": &   cK 
PS"
PS"  

Solu%io)T 
aK :PS"&  ca))o% +e per8orme? si)ce opera%io) o8 ?i<isio) +y : is )o% ?e8i)e?3 

Le mus% 7ri%e E)o% ?e8i)e?G3 
+K :PS": !&   H: ?i<i?e? +y a)y )um+er ?i88ere)% 8rom : is eUual %o :K3 

cK 9
PS"
PS"

!  

 
Example 93S Lri%e %Ce 8ollo7i)D s%a%eme)%s as )umerical expressio)sJ a)? %Ce) e<alua%e %Cem3 

aK TCe pro?uc% o8 Q a)? X 
+K O su+%rac%e? 8rom 9P 
cK TCe sum o8 S a)? 9Q 
?K TCe Uuo%ie)% o8 "Q a)? 9P  

  
  Solu%io)T 
   aK  SPXQ !$   
   +K  SO9P !#   H=leaseJ )o%ice %Ce or?er o8 %Ce )um+ers 9P a)? OK 
   cK  P:9QS !"  
   ?K  "9P"Q !&  
 

The opposite operations 
 
Addition and subtraction are opposite operations. TCis mea)s %Ca% o)e ca) +e use? %o Mu)?o_ %Ce 
o%Cer3  ^8 7e s%ar% 7i%C a)y )um+er a)? a?? a)y )um+er a)? %Ce) su+%rac% %Ce same )um+er 7e a??e?J 
7e re%ur) %o %Ce )um+er 7e s%ar%e? 7i%C3 TCe same 7ill Cappe) i8 7e 8irs% su+%rac% a)? %Ce) a?? %Ce 
same )um+er3 
    WPPW !#"    also WPPW !"#      
 
Multiplication and division are opposite operations.  4ul%iplyi)D a)y )um+er +y a)o%Cer )um+er 
a)? %Ce) ?i<i?i)D %Ce resul% +y %Ce same )um+er 7e mul%iplie? +yJ 7ill Di<e us as a resul% %Ce )um+er 
7e s%ar%e? 7i%C3 SimilarlyJ i8 7e 8irs% ?i<i?e a)? %Ce) mul%iply +y %Ce same )um+erJ 7e 7ill De% %Ce 
)um+er 7e s%ar%e? 7i%C H7e )ee? %o remem+er %Ca% ?i<isio) +y `ero is )o% ?e8i)e?K3 
 
                        9PQQ9P !&$   also  9PQQ9P !$&  
 



 Q

Example 93W ^?e)%i8y %Ce opera%io) %Ca% is per8orme? i) %Ce 8ollo7i)D examplesJ a)? %Ce) 8i)? %Ce 
opposi%e opera%io) %oDe%Cer 7i%C %Ce appropria%e opera)? %o Eu)?o i%G3 

   aK Q9S#     +K aPX &  
  
  Solu%io)T 

aK TCe opposi%e opera%io) %o su+%rac%io) is a??i%io)3 Le )ee? %o a?? Q %o Eu)?oG 
%Ce opera%io)  39SQQ9S !"# 3    

aK TCe opposi%e opera%io) %o ?i<isio) is mul%iplica%io)3 Le )ee? %o mul%iply +y a 
%o Eu)?oG %Ce opera%io)  3PXaaPX !$&  

   
 

Commutative property of multiplication and addition 
 
Le I)o7 %Ca% 7Ce%Cer 7e a?? X %o "J or " %o XJ %Ce resul%J i) +o%C casesJ 7ill +e %Ce same3 
4ul%iplica%io) Cas %Ce same proper%yJ 8or example Q %imes W is eUual %o W %imes Q3 ^) o%Cer 7or?sJ 7e 
ca) cCa)De %Ce or?er i) 7CicC 7e a?? or mul%iply )um+ers3 SucC proper%y is calle? %Ce commu%a%i<e 
proper%y a)? i% mea)s %Ca% i% ?oes )o% ma%%er i) 7CicC or?er 7e ?o %Ci)Ds HVK3 
 

The commutative property of addition (multiplication) says it does not matter in which 
order we add (multiply) numbers. 

 
For example,   SPPS "!"      

SPPS $!$  
 

^% is impor%a)% %o )o%e %Ca% %Cis proper%y ?oes )o% apply %o all %Ce opera%io)s3 ^% ?oes apply %o a??i%io) 
a)? mul%iplica%io) +u% ?oes )o% apply %o su+%rac%io) or ?i<isio)3 
 

Subtraction and division are NOT commutative. We cannot change the order in which we 
perform subtraction or division. 
 

For example,   OWWO #'#      
P:WWP: &'&                        H%Ce siD) M' _ mea)s %Ca% %Ce o+bec%s are )o% eUualK3 

 
 

Multiplication by powers of 10 
 

Le% us recall %Ce 8ollo7i)D 8ac% a+ou% mul%iplyi)D a)y )um+er +y 9:J 9::J 9:::J N H)um+ers 7Cose 
8irs% ?iDi% le8% %o riDC% is o)eJ 8ollo7e? +y `erosK3 To mul%iply a )a%ural )um+er +y 9:J 7e re7ri%e %Ce  
)um+er a)? a?? o)e `ero %o %Ce riDC% o8 %Ce )um+er3 
 
ddddddddddddddddddddddddddddddddd 
HVK TCere is a)o%Cer impor%a)% proper%y o8 mul%iplica%io) a)? a??i%io)T %Ce associa%i<e proper%y3 ^% is )ee?e? +ecause 
a??i%io) a)? mul%iplica%io) are +i)ary opera%io)s 7CicC mea)s %Ca% 7e ca) o)ly ?o mul%iplica%io) or a??i%io) 7i%C %7o 
)um+ers a% o)e %ime3 So 7Ca% ?oes 9ePe" Hor S$W$QK mea)] Le ca) ei%Cer say H9ePKe" or 9eHPe"K 7Cere %Ce pare)%Ceses 
i)?ica%e 7CicC opera%io) is %o +e per8orme? 8irs%3 ^% %ur)s ou% %Ca% 7e De% %Ce same a)s7er +o%C 7ays3 TCe associa%i<e 
proper%y o8 mul%iplica%io) Ha??i%io)K %ells us %Ca% 7Ce) 7e mul%iply Ha??K  %Cree )um+ersJ i% ?oes )o% maIe a)y ?i88ere)ce 
7CicC )um+ers 7e EDroup %oDe%CerGJ 7e 7ill al7ays De% %Ce same a)s7er3 For exampleJ HS$WK $QFS$ HW$QK or 
H9ePKe"F9eHPe"K3  Su+%rac%io) a)? ?i<isio) ?o )o% Ca<e %Ce associa%i<e proper%y3 



 X

":9:" !$  
 SX:SX9: !$  
^8 7e mul%iply +y 9::J 7e a?? %7o `eros %o %Ce riDC% o8 %Ce )um+er3 
  SW::SW9:: !$  
^8 +y 9:::J %Cree `eros are )ee?e?3 
 "SX:::9:::"SX !$  
^) De)eralJ 7e a?? as ma)y `eros %o %Ce riDC% as appears i) %Ce )a%ural )um+er +y 7CicC 7e mul%iply3   

WP:::::9:::::WP !$     H8i<e `eros are a??e? si)ce %Cere are 8i<e `eros i) 9:::::K 
  
Example 93Q =er8orm %Ce 8ollo7i)D opera%io)s3 =leaseJ maIe sure %Ca% you ?isplay your a)s7er i) a 

correc% 7ayJ usi)D %Ce MF_ siD)3 
aK 9::P$     
+K  9:""$          
cK WS:9:::$  
 

  Solu%io)T 
   aK P::9::P !$  
   +K "":9:"" !$  
   cK WS::::WS:9::: !$  
 
 

Exponential  notation as a shorthand for repeated multiplication 
 
 

Suppose %Ca% 7e 7a)% %o per8orm %Ce 8ollo7i)D opera%io) "e"e"e"e"e"3 ^)s%ea? o8 7ri%i)D sucC a lo)D 
expressio)J 7e ca) use %Ce mul%iplica%io) %o ?e)o%e %Ce a+o<e opera%io)3 >??i)D " six %imes %o eacC 
o%Cer mea)s " %imes Q3 
        Q""""""" $!"""""  
 
Le ca) <ie7 mul%iplica%io) as a sCor%Ca)? 8or repea%e? a??i%io)3 TCere is also a sCor%Ca)? 8or repea%e? 
mul%iplica%io)3 ^% is calle? expo)e)%ia%io)3 ^)s%ea? o8 7ri%i)D """""" $$$$$ J 7e ca) 7ri%e Q" 3 
 
         Q""""""" !$$$$$  
 
TCe expressio)s o8 %Ce 8orm SQ PJ" J PSW   are  calle? exponential expressions3 ^) %Ce expo)e)%ial 
expressio) SP J %Ce )um+er P is calle? %Ce base, a)? S is calle? %Ce exponent (or power)3 
 

      
 
No%ice %Ce rela%i<e posi%io) o8 %Ce +ase a)? %Ce expo)e)%3 TCe expo)e)% is )o% i) %Ce same li)e as %Ce 
+aseJ i% is 7ri%%e) sliDC%ly CiDCer3 
TCe expressio) SP  mea)s EP mul%iplie? +y i%sel8 as ma)y %imes as %Ce expo)e)% i)?ica%esG3  
 



 O

TCusJ 8or exampleJ   

                                               

PPP
PP

P

9

$!

!  

                                 N 

                                               
!!! "!!! #$

!! "!! #$

times

times

Q

Q

W

W

PPPPPPP

PPPPPP

$$$$$!

$$$$!

 

                                                N 
 
TCe expressio) QP  is rea? E%7o raise? %o %Ce six%C po7erG3  ^) case o8 expressio)s raise? %o %Ce seco)? 
po7erJ liIe PQ J P" J %Cey ca)  also +e  rea? Msix sUuare?_ or M%Cree sUuare?_J respec%i<ely3 Expressio)s 
raise? %o %Ce %Cir? po7er "S  are o8%e) rea? M8our cu+e?_3 
 
Example 93X Expa)?  "a J mea)i)D 7ri%e 7i%Cou% expo)e)%ial )o%a%io)3 
 
  Solu%io)T 
  aaaa" $$!  
 
Example 93O Lri%e %Ce 8ollo7i)D expressio)s usi)D expo)e)%ial )o%a%io) 7Ce)e<er possi+le3 
   aK  KXKHXKHXKHXHX          

+K OOQQQ $$$$  
cK PPPPPP $$"""  
 

  Solu%io)T 
   aK WX  
   +K P" OQ $  

 cK Expo)e)%ia%io) is use? o)ly i8 %Ce same )um+er is mul%iplie? se<eral %imes3 
LCe) P is a??e?J 7e ca))o% use %Ce expo)e)%ial )o%a%io)3 SoJ 

""" PPP 2$2$2 "PPPP """!  
 

Example 93a =er8orm %Ce 8ollo7i)D opera%io)s3 
   aK P"       

+K "P          
cK 9PS       
?K W9:   

 
  Solu%io)T 
   aK a"""P !$!  
   +K OPPPP" !$$!  
   cK PSPS9 !  
   ?K 9:::::9:9:9:9:9:9:W !$$$$!  
 
 



 a

Order of operations 
 
Suppose %Ca% 7e are asIe? %o per8orm %Ce opera%io) S"P $" 3 No%ice %Ca% more %Ca) o)e opera%io) 
)ee?s %o +e per8orme? Ha??i%io) a)? mul%iplica%io)K3 TCe Uues%io) is 7CicC opera%io) sCoul? +e 
per8orme? 8irs%3 TCe 8ollo7i)D co)<e)%io) Cas +ee) commo)ly a?op%e?3 
 
 
   When evaluating arithmetic expressions, the order of operations is  

1) Perform all operations in parentheses first.  
2) Next, do any work with exponents. 
3) Perform all multiplications and divisions, working from left to right.  
4) Perform all additions and subtractions, working from left to right.                                  

 If a numerical expression includes a fraction bar, perform all calculations above and below 
the fraction bar before dividing the top by the bottom number.     
                                                                               

 
Some%imesJ i)s%ea? o8 pare)%Ceses H KJ 7e use +racIe%s f gJ or +races h i3 TCere is )o ?i88ere)ce i) 
mea)i)D amo)D %Cose %Cree3 TCe reaso) 7Cy %Cey are use? some%imes is 7Ce) %Ce expressio) is so 
complica%e? a)? co)%ai)s so ma)y pare)%Ceses %Ca% i)%ro?uci)D ?i88ere)% %ypes 7ill maIe i% easier %o 
rea? %Ce expressio)3 
 
Example 939: Name %Ce 8irs% opera%io) %Ca% sCoul? +e per8orme? i) accor?a)ce %o %Ce or?er o8 

opera%io)s3 TCe) e<alua%e %Ce expressio)s per8ormi)D one operation at a time. =leaseJ 
maIe sure %Ca% you ?isplay your a)s7er i) a correc% 7ayJ usi)D %Ce MF_ siD)3 

aK S"P $"    +K SK"PH $"             cK PS"$  
 

Solu%io)T 
aK TCe 8irs% opera%io) %Ca% Cas %o +e per8orme? is mul%iplica%io)3 

                   9S9PPS"P !"!$"  
+K TCe 8irs% opera%io) %Ca% Cas %o +e per8orme? is a??i%io) H+ecause o8 

pare)%Ceses arou)? a??i%io)K3  P:SWSK"PH !$!$"  
cK TCe 8irs% opera%io) %Ca% Cas %o +e per8orme? is expo)e)%ia%io)3 

                   SO9Q"S" P !$!$  
 
Example 9399 =er8orm %Ce 8ollo7i)D opera%io)sJ i8 possi+le3 ^8 )o% possi+leJ explai) 7Cy i% is )o% 

possi+le3 =leaseJ maIe sure %Ca% you ?isplay your a)s7er i) a correc% 7ayJ usi)D %Ce MF_ 
siD)3 

aK 
""

S
#

             +K  WK"SH $#               cK W9:X &"             ?K "S9P $&   

 
                        Solu%io)T 

aK  
:
S

""
S

!
#

  Si)ce ?i<isio) +y : is )o% ?e8i)e? i% is )o% possi+le %o per8orm %Cis 

opera%io)3  
+K  WW9WK"SH !$!$#  
cK  aPXW9:X !"!&"  
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?K  a"""S9P !$!$&   
 

Example 939P Lri%e %Ce 8ollo7i)D s%a%eme)%s usi)D as o)e )umerical expressio)J a)? %Ce) e<alua%e3 
aK Firs% 8i)? %Ce pro?uc% o8 P a)? WJ a)? %Ce) raise %Ce resul% %o %Ce 8our%C po7er 
+K Firs% su+%rac% " 8rom 9:J a)? %Ce) 8i)? %Ce sum o8 %Ce resul% a)? 9P 
 

             Solu%io)T 
        aK ( ) 9::::9:9:9:9:9:WP SS !$$$!!$  
        +K 9a9PX9P"9: !"!"#  
 

Use of the correct mathematical language and the meaning of equal sign 

>)y %ime 7e e<alua%e? expressio)s 7e use? MF_ siD)3 TCe eUual siD) E FG is place? +e%7ee) %7o 
sym+ols or expressio)s %o i)?ica%e %Ca% %Cey Ca<e %Ce same <alue3 Le% us co)si?er %Ce 8ollo7i)D 
e<alua%io)   ":QWKP"HW !$!$   No%iceJ %Ca% 7Ca% 7e ?i? 7as su+s%i%u%i)D Q 8or P"$ 3 

                          W    H " $  P K      F    W$   Q    F  ": 
                                   
                                   
                                        Le replace "$P +y Q          
                                                      
Le coul? ?o %Ca% +ecause Q is eUual %o P"$ 3 ^8 %7o %Ci)Ds are eUualJ %Ce) o)e ca) +e pu% i) place o8 
%Ce o%Cer a)? )o%Ci)D 7ill cCa)De Hsee also 4is%aIe 93S a% %Ce e)? o8 %Cis Lesso) 9K3  TCe 8ollo7i)D 
8u)?ame)%al pri)ciple u)?erlies %Ce process o8 e<alua%io)3 
 

 
^8 %7o Uua)%i%ies are eUualJ you ca) al7ays su+s%i%u%e o)e 8or %Ce o%Cer3 

“Equals can be substituted for equals” 
 

 
 
Example 939" >pply %Ce pri)ciple MeUuals ca) +e su+s%i%u%e? 8or eUuals_ %o e<alua%e 
                9:::KWQXO9P"SH $$  

i8 you I)o7 %Ca%  X::QQWPWQXO9P"S !$ 3 
 
Solu%io)T 
Si)ce MeUuals ca) +e su+s%i%u%e? 8or eUuals_J 7e ca) su+s%i%u%e X::QQWP 8or  

  WQXO9P"S$  %o De%    
    
          H9P"S  $  WQXOK    $  9:::  F     X::QQWP    $  9::: F X::QQWP:::    
     
                                                 
                                                       Le replace %Cese %7o 

             
Example 939S ^8 you I)o7 %Ca% 9:W"P"SQ !$ J 7Ca% is %Ce resul% o8 P"9:W"& ]  
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  Solu%io)T 
 

Si)ce MEUuals ca) +e su+s%i%u%e? 8or eUuals_J 7e ca) replace 9:W"  7i%C P"SQ$ 3 TCis 
su+s%i%u%io) Di<es us 
 
  9:W"   &   P" F   P"SQ$   &  P"  F  SQ 
     
      Le replace %Cese %7o 

                        
Di<isio) +y P" is %Ce opposi%e opera%io) %o mul%iplica%io) +y P" a)? o)e ca) +e use? %o 
Eu)?oG %Ce o%Cer3  TCus %Ce 8i)al resul% is SQ3 

 
Fi)allyJ le% us recall %Ce 8ollo7i)D proper%y o8 EFG siD)3 ^% is symme%rical3 ^8  PF9e9J 7e eUui<ale)%ly 
ca)  7ri%e i% as 9e9FP3 Bo%C s%a%eme)%s Ca<e exac%ly %Ce same mea)i)D3 
 
 

Common mistakes and misconceptions 
 
Mistake 1.1 

^% is N/T %rue %Ca% 7e al7ays per8orm a??i%io) 8irs% a)? su+%rac%io) a8%er7ar?3 >??i%io) a)? 
su+%rac%io) are o8 eUual priori%y3 Le per8orm %Cese opera%io)s i) or?er o8 %Ceir appeara)ce 8rom 
le8% %o riDC%3 For exampleJ  i) P"9: "#  7e 7oul? 8irs% su+%rac% " 8rom 9:J a)? o)ly %Ce) a?? P3
  
  aPXP"  9:

8irs%     
su+%rac%  7e

!"!"#
"#$

  

>??i)D P""  8irs% 7oul? Di<e us %Ce 7ro)D a)s7er3 
SimilarlyJ mul%iplica%io) a)? ?i<isio) are o8 eUual priori%yJ 7e per8orm %Cem i) or?er o8 %Ceir 
appeara)ce 8rom le8% %o riDC%3 

 
 9O"Q"P  9P

8irs%     
 ?i<i?e 7e

!$!$&
"#$

   

Si)ce %Ce 8irs% opera%io) 8rom %Ce le8% is ?i<isio)J 7e ?i<i?e +e8ore mul%iplyi)D3 
 

Mistake 1.2 
 Do )o% co)8use expo)e)%ia%io) 7i%C mul%iplica%io)3 For exampleJ 
  XPPX %'  

^) XP J )um+er P mus% +e mul%iplie? +y i%sel8  X %imesJ PPPPPPPPX $$$$$$!  J )o% +y X3 
 

Mistake 1.3 
TCere is a ?i88ere)ce +e%7ee)  P"S$  a)?  PK"SH $ 3 ^) %Ce expressio) P"S$  o)ly " is sUuare? 
a)? %Ce) %Ce resul% is mul%iplie?  +y S3 

                        "QaS"S P !$!$  
^) %Ce expressio) PK"SH $ J  +ecause o8 pare)%CesesJ 7e 8irs% mul%iply S +y "J a)? %Ce) raise %Ce 

resul% %o %Ce seco)? po7er3 
  9SS9PK"SH PP !!$  
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Mistake 1.4 
 LCe) e<alua%i)D 99:P "$  J i% is ^NC/RRECT %o 7ri%e 
                                      P9P:99:P !!"$                H P9P: ' K 
 ^)s%ea?J o)e sCoul? 7ri%e    
                                      P99P:99:P !"!"$  

Num+ers or expressio)s )o% i)<ol<e? i) %Ce opera%io) %Ca% is +ei)D carrie? ou% must always be 
rewritten3 EUual siD) mea)s %Ca% %Ce Uua)%i%ies o) ei%Cer si?e are eUual3 

 
 

Exercises with Answers    HFor a)s7ers see >ppe)?ix >K 
 
Ex.1  Fill i) %Ce +la)Is3 

^) %Ce pro?uc% X"$ J "  a)? X are calle? dddddddddddd 3 
Num+ers :J 9J PJ "J  333  are calle? dddddddddd )um+ers3 
/pera%io) o8 ?i<isio) +y ddddddddd is )o% ?e8i)e?3 
lero ?i<i?e? +y a)y )um+er excep% dddddddddddd  is eUual  %o  dddddddddd 3 
TCe resul% o8 a??i%io) is calle? dddddddd3 TCe resul% o8 mul%iplica%io) is calle? dddddddd  3 
^) %Ce expressio) "W9W !& J W is calle? dddddddddJ " is calle? dddddddddd3 
^) %Ce sum WS " J S a)? W are  calle? dddddddddd o8 a??i%io)3 

 
Ex.2  LCicC o8 %Ce 8ollo7i)D se)%e)ces are %rue] HTCere may +e more %Ca) o)e %rue s%a%eme)%3K 

aK /pera%io) o8 mul%iplica%io) +y `ero is )o% ?e8i)e?3 
+K lero ?i<i?e? +y a)y )um+er excep% `ero is `ero3 
cK /pera%io) o8 ?i<isio) +y `ero is )o% ?e8i)e?3 
?K >)y )um+er mul%iplie? +y `ero is `ero3 
 

Ex.3 Re7ri%e %Ce 8ollo7i)D )umerical expressio)s i)ser%i)D a mul%iplica%io) siD) E$G 7Ce)e<er 
mul%iplica%io) is implie?3 
aK KWHS                            +K KXKHSH  
cK KWPH" #          ?K KQHSKaHO "    
eK KSH""S #      8K KPSKHP9:H &#  

 
Ex.4  Lri%e %Ce 8ollo7i)D ?i<isio) pro+lems usi)D 8rac%io) )o%a%io)3 Do )o% e<alua%e %Ce)3 

aK ""SWQ&       
+K "WQ &  

 
Ex.5  Firs% )ame %Ce opera%io) %Ca% is %o +e per8orme? %oDe%Cer 7i%C %Ce  )ame o8 i%s resul%J  %Ce) 

e<alua%e eacC expressio)3 
aK """&           +K "9S#                

 cK QHOK              ?K 99P""                

 eK 
W
PW           8K WP$  

 
Ex.6  Lri%e %Ce 8ollo7i)D s%a%eme)%s as )umerical expressio)sJ a)? %Ce) e<alua%e %Cem3 

aK TCe pro?uc% o8 " a)? O   +K " su+%rac%e? 8rom X" 
cK TCe sum o8 9:: a)? P   ?K TCe pro?uc% o8 W a)? : 



 9"

eK TCe Uuo%ie)% o8 9: a)? P   8K 9W ?i<i?e? +y "  
    

Ex.7     ^8 %Ce opera%io) ca) +e per8orme?J pleaseJ per8orm i%3 ^8 )o%J 7ri%e E)o% ?e8i)e?G3 

aK 
:

9W                   +K  
9W
:                  

cK 
:
:                   ?K  

9W
9W    

eK 9W:$      8K  
9

9W  

 
Ex.8  aK LCa% )um+er sCoul? +e mul%iplie? +y WXQO %o Di<e %Ce a)s7er WXQO] 

WXQO !$ dddddddd WXQO 
+K By 7Ca%  )um+er ca) WXQO +e ?i<i?e? +y %o Di<e %Ce a)s7er WXQO] 
WXQO !& dddddddd WXQO 
cK LCa% )um+er ca) +e a??e? %o WXQO %o Di<e %Ce a)s7er WXQO] 
WXQO WXQOdddddddd !"  
?K LCa% )um+er ca)  +e su+%rac%e? 8rom WXQO %o Di<e %Ce a)s7er WXQO] 
WXQO !# dddddddd WXQO 

 
Ex.9  ^?e)%i8y %Ce opera%io) %Ca% is per8orme? i) %Ce 8ollo7i)D examples a)? %Ce) 8i)? %Ce opposi%e 
opera%io) %oDe%Cer 7i%C %Ce appropria%e opera)? %o Eu)?o i%G Hsee Example 93W 8or a sample solu%io)K3 

aK a9W#      +K O"P &  
 cK WP "      ?K 9PS$  
   
Ex.10  ^8 S:aOQOa9SQ !$  , %Ce) 7Ca% is SQOa9$  eUual %o ] Explai) 7Cy3 
 
Ex.11  =er8orm %Ce 8ollo7i)D opera%io)s3 =leaseJ maIe sure %Ca% you ?isplay your a)s7er i) a correc% 
7ayJ usi)D %Ce MF_ siD)3 

aK 9::P$      +K  9:""$            
cK W9:::$      ?K SW:9::$     
eK 9:::9::$      8K 9::::::::$  

 
Ex.12  TCe same )um+er is %o +e place? i) eacC o8 %Ce %Cree +oxes +elo73 HTCere may +e more %Ca) 
o)e %rue s%a%eme)%3K 

          
LCicC o8 %Cese )um+ers 7oul? maIe a %rue s%a%eme)%] 

aK  : 
+K  9: 
cK  W 
?K  9  

Repea% %Ce same exercise 7i%C 
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Ex.13  Fill i) %Ce +la)Is3 
^) %Ce expo)e)%ial expressio) PWW J W is calle? dddddddddJ PW is calle? ddddddddd 3 
 
Ex.14  Lri%e %Ce 8ollo7i)D s%a%eme)% usi)D ma%Cema%ical sym+ols H?o )o% per8orm %Ce opera%io)sK3 

aK 8i<e raise? %o %Ce 8our%ee)%C po7er 
+K %7el<e cu+e? 
cK %e) sUuare? 
?K expo)e)%ial expressio) 7i%C +ase eUual %o X a)? expo)e)% eUual %o 9" 
 

Ex.15  Expa)? J mea)i)D 7ri%e 7i%Cou% expo)e)%ial )o%a%io)3 H?o )o% per8orm %Ce opera%io)sK3 
aK "9P       +K SPW9      

 cK 9X       ?K WO  
 
Ex.16  Lri%e %Ce 8ollo7i)D expressio)s usi)D expo)e)%ial )o%a%io) 7Ce)e<er possi+le3 Do )o% 
e<alua%e3 

aK SSSSSS $$$$$     +K KWOKHWOKHWOKHWOH           
cK OO"""" $$$$$     ?K KaKHOKHXKHXHX  
eK K"KH"KH"KH"H""     8K SSSS """ HSK 
DK KWPKHWPKHWPH """    CK O9PKO9PKHO9PH """"  
 

Ex.17  =er8orm %Ce 8ollo7i)D opera%io)s3 =leaseJ maIe sure %Ca% you ?isplay your a)s7er i) a correc% 
7ayJ usi)D %Ce MF_ siD)3 

aK Pa       +K SP     
cK W9:       ?K "S    
eK "9::      8K P9::::    
DK 9WQ       CK WQ9  

  
Ex.18  > liDC% year is approxima%ely 9P9:Q$ 3 LCa% is a)o%Cer 7ay o8 7ri%i)D %Cis )um+er] 

aK  Q ::: ::: ::: ::: 
+K  Q ::: ::: ::: 
cK  Q:: ::: ::: ::: 
?K  Q: ::: ::: ::: ::: 

 
Ex.19  To 7Ca% po7er ?o 7e )ee? %o raise %Ce 8ollo7i)D )um+ers %o De%  9 ::: :::] 

aK 9:    +K 9::   cK 9 ::: ::: 
 
Ex.20  ^s expo)e)%ia%io) commu%a%i<e] Explai) your a)s7er3 
 
Ex.21  Name %Ce opera%io) %Ca% Cas %o +e per8orme? 8irs% accor?i)D %o %Ce or?er o8 opera%io)s3 TCe) 
e<alua%e %Ce expressio)s per8ormi)D one operation at a time. =leaseJ maIe sure %Ca% you ?isplay your 
a)s7er i) a correc% 7ayJ usi)D %Ce MF_ siD)3 

aK PX9S $&    +K QKPOH "    cK PW9: "#    
 ?K "P9S $#    eK PKSPH $    8K S9:"$  
 
Ex.22  Lri%e 8our ?i88ere)% )um+er se)%e)ces 8ollo7i)D +o%C o8 %Cese rules3 
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HiK EacC )um+er se)%e)ce mus% sCo7 a ?i88ere)% 7ay o8 De%%i)D %Ce )um+er SP3 
HiiK EacC )um+er se)%e)ce mus% co)%ai) a% leas% %7o ?i88ere)% ari%Cme%ic opera%io)s3 

For exampleJ P9:SSP "$!  
 
Ex.23  For eacC pair o8 %Ce 8ollo7i)D expressio)J %Ce seco)? o)e is o+%ai)e? 8rom %Ce 8irs% o)e +y 
re7ri%i)D i% 7i%Cou% pare)%Ceses3 E<alua%e eacC o8 %Cem %o 8i)? ou% i8 i)clusio) o8 pare)%Ceses Di<es a 
?i88ere)% resul%3 

aK  OKX"H $"    OX" $"    
+K  "KW:PH $    

"W:P$  
cK   KPWHP: $&   PWP: $&    
?K   K"PH9S "#  

   
"P9S "#

  
 

 
Ex.24 Lri%e eacC o8 %Ce 8ollo7i)D s%a%eme)%s as o)e )umerical s%a%eme)% a)? %Ce) e<alua%e3 
Remem+er a+ou% %Ce use o8 pare)%CesesJ +u% use %Cem o)ly 7Ce) )ee?e?3 

aK Firs% 8i)? %Ce sum o8 " a)? PJ a)? %Ce) mul%iply %Ce resul% +y 9:::3 
+K Firs% 8i)? %Ce Uuo%ie)% o8 SS a)? SSJ a)? %Ce) mul%iply %Ce resul% +y 9Q3 
cK Firs% su+%rac% O 8rom 9:J a)? %Ce) a?? W %o %Ce resul%3 
?K Firs% 8i)? %Ce pro?uc% o8 " a)? QJ a)? %Ce) a?? i% %o X3 
eK Firs% su+%rac% 9 8rom XJ a)? %Ce) ?i<i?e 9O +y %Ce resul%3 
8K Firs% mul%iply W a)? PJ %Ce) raise %Ce resul% %o %Ce se<e)%C po7er3 
DK Firs% cu+e PJ a)? %Ce) mul%iply %Ce resul% +y 9:3 
CK Firs% ?i<i?e "Q +y aJ a)? %Ce) su+%rac% %Ce resul% 8rom 9O3 
iK Firs% ?ou+le XJ a)? %Ce) su+%rac% i% 8rom ":3 
bK Firs% 8i)? %Ce <alue o8 %Ce expo)e)%ial expressio) 7i%C %Ce +ase 9 a)? %Ce expo)e)% WJ a)? 

%Ce) a?? P %o i%3 
 

Ex.25  =er8orm %Ce 8ollo7i)D opera%io)s a)y %ime %Cey are ?e8i)e?3 ^8 %Cey are )o% ?e8i)e?J please 
7ri%e E)o% ?e8i)e?G3 =leaseJ maIe sure %Ca% you ?isplay your a)s7er i) a correc% 7ayJ usi)D %Ce MF_ 
siD)3 

aK WPS: $&                  +K  W""" $#                    
cK SK9PH $"                ?K PQ": &#       

  eK PKQ":H &#            8K 
X

QO "                

 DK   "PS$              CK "KPSH $                 
 iK PQS &"                bK XPW #"         

IK "P99#      lK P9:W $"   
mK P9:KHW $"     )K XP9:: $$  
oK :K"Q"QH &#     pK 9W"S "#      

 UK KPaO9H9:: #$     rK Q"P9: $"$      
 sK QK"PH9: $"$     %K K"SKHPWH "#     
 uK PSPP $"      <K PSX "      

 7K W9:P"aO &""     xK 
P

X
9S"
*
+
,

-
.
/ #      

 yK KSPH9W "#      `K P"9P #&  
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Ex.26  mou I)o7 %Ca% SPP !" 3 Ca) you 7ri%e PPS "!  i)s%ea?] Do +o%C s%a%eme)%s Ca<e %Ce same 
mea)i)D] 

 
Ex.27  Compare eacC o8 %Ce 8ollo7i)D %7o expressio)s a)? 7ri%e [[!  +e%7ee) %CemJ i8 %Cey are eUualJ 
or [['  i8 %Ce expressio)s are )o% eUual3 

aK XWdddddXW $      
+K XXXXXddddddXW $$$$  
cK WWWWWWWddddddXW $$$$$$    
?K WW K"SdddddH"S $$  
eK QWP9"QXOdddQXOQWP9" $$    
8K a"Sdddddd"Sa "" $$  
DK K"SWQa:H9Pddd"SWQa:9P &"&"   
CK QW"S"WQdddd"WQQW"S ##    
iK SW:dddddd:P"SW $$     

bK :dddddd
"W
"W     

 
Ex.28 aK ^8  WaaS9P"QSXWO !" J %Ce) 7Ca% is 9P"QWaaS#   eUual %o] Explai) Co7 you arri<e? a% you 
a)s7er3 

+K ^8 aQ"WPW::XQ !& J %Ce) 7Ca%  is WPaQ"$   eUual %o] Explai) Co7 you arri<e? a% you 
a)s7er3 

 
Ex.29 ^8 you I)o7 %Ca%  XS::OSP" ! J apply %Ce pri)ciple EEUuals ca) +e su+s%i%u%e? 8or eUuals_ %o 
e<alua%e3    

aK "SP9:$    +K SP SPSP$$    cK 9SP" "     
?K 9:::SP" $    eK "SPXS::O #   8K "SP9$  

 
Ex.30 ^8 you I)o7 %Ca%  "S::OXOS"Q !$ J apply %Ce pri)ciple EEUuals ca) +e su+s%i%u%e? 8or eUuals_ 
%o e<alua%e3 
 aK S"QXO$    +K 9:XOS"Q $$   cK 9XOS"Q "$  

 ?K "S::OXOS"Q #$   eK
9

XOS"Q$     8K OXOS"Q #$  

Ex.31 Replace %Ce %ria)Dle 0  7i%C a )um+er %o maIe %Ce s%a%eme)% %rue3 
 aK "SO:9: !$0   +K PX" !0    cK SWaXO9SWa "!0"  
 ?K W9W !0&    eK 9PX "0!#   8K WX::WX !0$  

 DK 99"W
!

0
   CK "QP !0    iK OP"OP"

!
0

 

 bK PQPS "0!&   IK QXO"WQX $!0$   lK ":PW !0"  
 mK W:P !&0    )K 0"!$ ":XW   oK XS:XSQ !0#  
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Lesson 2 
__________________________________________________________________________________ 
 
Topics:  ^)%eDers. 4ea)i)D o8 Mn_J Mo_. Compari)D i)%eDers. Num+er li)e. /pposi%e )um+ers. >??i)D 
a)? su+%rac%i)D i)%eDers3 
__________________________________________________________________________________ 
 
Suppose %Ca% you Ca<e 9W ?ollars a)? 7oul? liIe %o +uy a +ooI %Ca% cos%s 9S ?ollars3 mou Ca<e e)ouDC 
mo)ey %o +uy i%3 Bu% i8 %Ce +ooI cos%s 9Q ?ollarsJ you )o lo)Der ca) a88or? i%3 TCe o)ly 7ay you ca) ?o 
i% is %o +orro7 o)e ?ollar3 ^8 you ?o +orro7 o)e ?ollar i) or?er %o +uy %Ce +ooIJ you 7oul? %Ce) Ca<e 
o)e ?ollar less %Ca) )o%Ci)D3 ^) 8ac%J you 7oul? +e i) ?e+% 8or o)e ?ollar or i% coul? +e sai? %Ca% you 
Ca<e Emi)us o)e ?ollarG3  Num+ers liIe %Cis are calle? i)%eDers3 
 

Integers 
 
 
Integers are numbers of the form 
     … , !3, !2, !1, 0, 1, 2, 3, …  
 
H?o%s M N MJ as al7aysJ  i)?ica%e %Ca% %Ce lis% Does 8ore<erK3 
 
Le i)%ro?uce i)%eDersJ +ecause some%imes H)o% al7aysKJ %Ce opera%io) o8 su+%rac%io) o8 )a%ural 
)um+ers ca))o% +e per8orme? Hi3e3J %Ce resul% o8 su+%rac%io) o8 %7o )a%ural )um+ers is )o% )ecessarily a 
)a%ural )um+erJ 8or example WP # K3 Li%C %Ce Celp o8 i)%eDersJ a)y su+%rac%io) ca) +e per8orme?3  
  
Num+ers   N J "# J P# J 9#    are calle? negative integers3 Num+ers 9J PJ "J N are positive integers. 
0 is neither positive nor negative3  No%ice %Ca% : %oDe%Cer 7i%C %Ce posi%i<e i)%eDers are )a%ural 
)um+ers3 >)y )a%ural )um+er is also a) i)%eDer3 To De% i)%eDersJ 7e bus% a?? all %Ce )eDa%i<e )um+ers 
%o all )a%ural )um+ers3 TCe se% o8 )a%ural )um+ers is co)%ai)e? i) %Ce se% o8 i)%eDers3 
 
^% looIs some%Ci)D liIe %Cis 
 
 
                                  
                      )a%ural  
                      )um+ers 

 i)%eDers 
     
 
 
^)%eDers are a) Eex%e)sio)G o8 )a%ural )um+ers3 >ll rules %Ca% are es%a+lisCe? 8or )a%ural )um+ers Hor?er 
o8 opera%io)J commu%a%i<e proper%y o8 a??i%io) a)? mul%iplica%io)J %Ce 8ac% %Ca% mul%iplica%io) a)? 
?i<isio) as 7ell as a??i%io) a)? su+%rac%io) are opposi%e opera%io)sK are also %rue 8or i)%eDers3 
 

Comparing integers 
 
>)y %7o i)%eDers ca) +e compare?3 /)e i)%eDer is ei%Cer Drea%er %Ca)J less %Ca)J or eUual %o a)o%Cer 
i)%eDer3  
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Le use sym+ols EnGJ  EoGJ a)?J o8 course EFG 3 
 
   W" 1   mea)s %Ca% " is less %Ca) W3  
   "W 2   mea)s %Ca% W is Drea%er %Ca) "3 
 
TCe sym+ol poi)%s %o a smaller )um+er3 
 
No%ice %Ca% i8 " is less %Ca) W %Ce) W is more %Ca) "J %Cus  
                 W" 1     is eUui<ale)% %o  HCas %Ce same mea)i)D asK    "W 2 3 
 
Le pro+a+ly all aDree 7i%C %Ce 8ollo7i)D s%a%eme)%s3 
 > perso) 7Co Cas W ?ollars Cas more %Ca) %Ce o)e 7Co Cas " ?ollarsT        "W 2 3  
 > perso) 7Co Cas W ?ollars Cas more %Ca) %Ce o)e 7Co o7es " ?ollarsT     "W #2   

> perso) 7Co o7es " ?ollars His +e%%er o88K Cas more %Ca) %Ce o)e 7Co         
o7es W ?ollars3 TCe more you o7eJ %Ce less you Ca<eT                 W" #2#      3  
 

No%ice %Ca%    W" 1   
  +u%       W" #2#  
 
 
Le are Doi)D %o a?op% %Ce 8ollo7i)D rules 8or compariso) o8 i)%eDers3 
 
                                          HOW   TO  COMPARE  INTEGERS   
 
Le compare %7o posi%i<e i)%eDers liIe 7e compare )a%ural )um+ers3 For exampleJ "W 2  
 
 
>)y posi%i<e )um+er is Drea%er %Ca) `ero or a)y )eDa%i<e )um+er3 For exampleJ J"W #2    :W 2  
 
 
To compare %7o )eDa%i<e )um+ers M?rop_ %Ce mi)us siD) i) 8ro)% o8 eacCJ compare %Ce resul%i)D 
posi%i<e i)%eDers a)? %Ce) re<erse %Ce i)eUuali%y siD)3  
For exampleJ %o compare "#  a)? W# J  compare " a)? W 8irs%T             JW" 1    
                                        a)? %Ce) s7i%cC EnG   %o   EoG %o De%T           W" #2# 3 
 
 
>)y )eDa%i<e )um+er is less %Ce) `ero3  For exampleJ :W 1#  
 

 
 
Example P39 Fill i) +la)Is usi)D %Ce 8ollo7i)D sym+ols MnGJ Mo_J MF_  as appropria%e3  
   aK Xddddd: #     +K addddO ##  
 

Solu%io) T 
aK  >)y )eDa%i<e )um+er is al7ays less %Ca) `eroJ %Cus  X: #2 3 
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+K  Si)ce +o%C )um+ers are )eDa%i<eJ 7e 8irs% compare O a)? a %o De% aO 1 3 
TCe)J 7e re<erse %Ce i)eUuali%y siD) %o o+%ai)  aO #2# 3 

 
Example P3P =u% %Ce i)%eDers PJ99J9QaJ:JP: ###  i) or?er 8rom leas% %o Drea%es%3  

 
Solu%io)T 
Firs% le% us pu% posi%i<e i)%eDers i) or?erJ aP 1 3 To compare )eDa%i<e i)%eDersJ 7e 
E?ropG %Ceir mi)us siD)s a)? compare %Ce resul%i)D posi%i<e i)%eDers  99n9QnP:3 To De% 
%Ce compariso) o8 )eDa%i<e )um+ersJ 7e re<erse i)eUuali%y siD)s3 P:9Q99 #2#2# 3 
Fi)allyJ a)y posi%i<e )um+er is Drea%er %Ca) : a)? a)y )eDa%i<e )um+er is less %Ca) :3 
TCusJ     3aP:999QP: 111#1#1#  

 
Example P3" Replace eacC s%ar 7i%C a ?iDi% so %Ca% %Ce i)eUuali%y is %rue3 
   aK 9VXO 1     +K VWWP #2#  
 
  Solu%io)T 

aK >ll )um+ers less %Ca) X 7oul? )o% 7orI3 X ?oes )o% 7orIJ +ecause XO is more 
%Ca) X93 Le )ee? %o cCoose ei%Cer O or a %o De% O9 or a93 

+K TCe i)eUuali%y  VWWP #2#  is %rue o)ly i8 VWWP 1 3 For %Ce i)eUuali%y 
VWWP 1  7e ca) cCoose a)y )um+er Drea%er %Ca) P3 Si)ce )um+ers "J SJ 333 J OJ a sa%is8y 

%Ce i)eUuali%y  VWWP 1 J 7e ca) co)clu?e %Ca% %Cey also sa%is8y VWWP #2# 3 
 
 

Number line. Comparing integers with help of a number line 
 
 
^)%eDers ca) +e or?ere?3 Le ca) <isuali`e %Ce or?er o8 i)%eDers 7i%C %Ce Celp o8 a )um+er li)eJ a 
Cori`o)%al li)e %Ca% ex%e)?s 8rom a special poi)% calle? %Ce origin i) +o%C ?irec%io)s3 

 

TCe oriDi) correspo)?s %o %Ce )um+er :3 TCe )um+er 9 is place? %o %Ce riDC% o8 :3  

 

TCe ?is%a)ce +e%7ee) poi)% : a)? 9 ?e8i)es a u)i% o8 le)D%C3 /)ce : a)? 9 Ca<e +ee) place? o) %Ce li)eJ 
%Cis 8orces e<ery%Ci)D else3 EacC i)%eDer Cas a speci8ic place o) i%3 TCe )um+er PJ 8or exampleJ 
correspo)?s %o a poi)% P u)i%s a7ay 8rom %Ce oriDi) %o %Ce riDC%J "# J correspo)?s %o a poi)% o) %Ce li)e 
" u)i%s a7ay 8rom %Ce oriDi) %o %Ce le8%3 

 



 P:

The distance between two successive integers is always the same a)? is eUual %o o)e u)i%3 SoJ %Ce 
?is%a)ce +e%7ee) 9 a)? P is %Ce same as +e%7ee) P a)? " or W# a)? Q# 3 

Example P3S  =lo% " o) eacC o8 %Ce 8ollo7i)D )um+er li)es3 
 

         aK 

         
         +K   

                                            
         cK 

                                              
  
        
                     Solu%io)T  
       TCe ?is%a)ce +e%7ee) : a)? 9 ?e8i)es o)e u)i%3 Num+er " sCoul? +e place? "  u)i%s 
                      %o %Ce riDC% o8 :3 Le De% %Ce 8ollo7i)D plo%s3 
       
       aK 

                     
                     +K  

                      
    c)                                

           
 

              
The arrowhead on the right-hand side of the line indicates the direction in which numbers 
increase. SoJ as 7e mo<e 8rom le8% %o riDC% o) %Ce )um+er li)eJ %Ce )um+ers De% larDer3 ^8 o)e )um+er 
is %o %Ce riDC% o8 a)o%Cer )um+erJ i% is larDer %Ca) %Ca% )um+er3 SoJ 7Ce) compari)D %7o i)%eDersJ 7e 
ca) ?o %Ca% +y placi)D %Cem o) a )um+er li)e3  
 
For exampleJ " a)? W are plo%%e? o) a )um+er li)e +elo73 
 
 

  
 
 
Si)ce " is %o %Ce le8% o8 WJ i% mea)s " is less %Ca) WJ so 7e 7ri%e W" 1 3 Le ca) also co)clu?e %Ca% W is %o 
%Ce riDC% o8 "J %Cus W is Drea%er %Ca) " a)? 7ri%e "W 2 3 
 
         3 < 5 has the same meaning as 5 > 33 
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Example P3W  =lo%  S#  a)? 9# J a)? ?e%ermi)e 7CicC o)e is Drea%er3 
 

        Solu%io)T 

                         
         
        si)ce  9#  is %o %Ce riDC% o8 S# J %Cus S9 #2# .  9#  is Drea%er3 

 
 

Example P3Q  =lo% %Ce 8ollo7i)D %Cree )um+ers  WJPJ" ##   o) a )um+er li)e a)? %Ce) 8i)? a 
)um+er sucC %Ca% 

     aK i% is Drea%er %Ca) all %Ce a+o<e  %Cree )um+ers3 
+K i% is Drea%er %Ca) %7o o8 %Ce %Ce a+o<e  %Cree )um+ers a)? less %Ca) o)e o8 

%Cem3 
 

          Solu%io)T 

                            
          

     aK TCe )um+ers Drea%er %Ca) WJPJ" ##  mus% +e %o %Ce riDC% o8 %Ce )um+ers 
WJPJ" ## J %Cus a)y )um+er  SJ WJ QJ 333  7oul? +e a correc% a)s7er3 

              +K TCe )um+ers Drea%er %Ca) %7o o8 %Cose )um+ers mus% +e %o %Ce riDC% o8 
WJP ## 3 TCey mus% also +e %o %Ce le8% o8 "J as )um+ers less %Ca) "3 TCus a)y )um+er 

amo)D J9# :J 9J P 7oul? +e a correc% a)s7er3 
 
 

Opposite numbers 
         
 

For eacC )o)p`ero i)%eDerJ %Cere is %Ce i)%eDerJ calle? opposi%eJ %Ca% is %Ce same ?is%a)ce 8rom :J +u% i) 
opposi%e ?irec%io)3 For exampleJ W#  is %Ce opposi%e o8 W3 
 
 

 
                                                                TCe ?is%a)ce 8rom : o8 W a)? !W is %Ce same3 
 
 
TCe opposi%e o8 "#  is "J %Ce opposi%e o8 Q#  is Q3 TCe opposi%e o8 : is :3 lero is %Ce o)ly )um+er %Ca% 
is %Ce opposi%e o8 i%sel83  
 
Example P3X Fi)?  %Ce opposi%e )um+ers o8        

aK X    +K O#  
 
         Solu%io)T 
        aK X#  
             +K O  



 PP

Addition of integers 
 
 
Le 7ill 8irs% co)si?er %Ce 8ollo7i)D si%ua%io)s3 
 

! Suppose %Ca% a Dam+ler 7i)s P ?ollars a)? %Ce)J la%erJ Ce 7i)s a) a??i%io)al " ?ollars3 LCa% is 
Cis %o%al]  TCe %o%al amou)% 7o) is W ?ollars3 ^) o%Cer 7or?sJ   W"P !"  

! Suppose %Ca% %Ce Dam+ler 7i)s P ?ollarsJ a)? la%er Ce loses " ?ollars3 LCa% is Cis %o%al]  No%ice 
%Ca% si)ce " is more %Ca) PJ  Ce los% more %Ca) Ce 7o)J a)? %Cus %Ce %o%al 7ill +e 7i%C a mi)us 
siD) Ho<erall Ce los%K3 Le su+%rac% 7i))i)Ds 8rom Cis losses H 9P" !# KJ a)? use %Ce mi)us siD) 
i) %Ce a)s7erJ %Cus   9"P #!#  

! No7J %Ce Dam+ler los% P ?ollars a)? %Ce)J la%erJ Ce 7o) "3 To 8i)? Cis %o%alJ 7e su+%rac% Cis 
losses 8rom Cis 7i))i)Ds H 9P" !# K a)? )o%ice %Ca%J si)ce " is more %Ca) PJ Ce 7o) more %Ca) 
Ce los%J so %Ce siD) 7ill +e posi%i<e3 Le De%J  9"P !"#  

! Fi)allyJ suppose %Ca% %Ce Dam+ler los% %7iceJ 8irs% Ce los% P ?ollars a)? la%erJ a) a??i%io)al " 
?ollars3 Le )ee? %o a?? Cis losses a)? Ieep %Ce mi)us siD) Ho<erall Ce los%!KJ  W"P #!##  

 
Le% us exami)e a)o%Cer i)%erpre%a%io) o8 opera%io)s "P " J "P # J "P "# J a)? "P ## 3 TCis %ime 7e 
7ill use a )um+er li)e a)? i)%erpre% a)y opera%io)s as Ma mo<eme)% o) %Ce )um+er li)e_3 Le 7ill s%ar% 
%Ce mo<eme)% a% `ero3 >)y posi%i<e i)%eDer 7ill i)?ica%e a mo<eme)% %o %Ce riDC%J a)y )eDa%i<e o)eJ a 
mo<eme)% %o %Ce le8%3 
 

! W"P !"  Si)ce %Ce 8irs% )um+er is P Ha posi%i<e )um+erKJ 7e 7ill mo<e %7o u)i%s %o %Ce 
riDC%J s%ar%i)D 8rom :3 TCe seco)? )um+er " mo<es us %Cree u)i%s 8ar%Cer %o %Ce riDC%3 >s a resul% 
7e la)? o) W3  TCusJ W"P !" 3   

           
! 9"P #!#  TCe siD)s o8 %Ce )um+ers are ?i88ere)%J so 7e mo<e +o%C le8% a)? riDC%3 TCe siD) 

o8 %Ce a)s7er ?epe)?s o) 7CicC )um+er is +iDDer3 Le 8irs% mo<e P u)i%s %o %Ce riDC%3 TCe)J 7e 
re<erse %Ce ?irec%io) a)? mo<e " u)i%s %o %Ce le8%3 ^% is liIe a %uDpo8p7ar3 TCe +iDDer )um+er 
7i)sJ a)? Ele)?sG i%s siD) %o %Ce a)s7er3 "#  r7o)r o<er PJ  so %Ce a)s7er is )eDa%i<e 

9"P #!# .  

       
! 9"P !"#        Le mo<e P u)i%s %o %Ce le8%J a)? %Ce) " u)i%s %o %Ce riDC%3 /)ce aDai) %Ce siD) o8 

%Ce a)s7er ?epe)?s o) 7CicC )um+er is +iDDer3 Because " is +iDDer %Ca) PJ 7e Do %o %Ce riDC% 
8ar e)ouDC %o pass %Ce `ero a)? la)? o) 9J so %Ce a)s7er is posi%i<e 9"P !"# 3 

       



 P"

! W"P #!##  Si)ce %Cis %ime 7e al7ays Do %o %Ce le8% H8irs% P u)i%sJ %Ce) " u)i%s %o %Ce 
le8%KJ %Ce a)s7er Cas %o +e )eDa%i<e3 ^)?ee?J 7e la)? o) W# J so W"P #!## 3 

 
 
 
/pera%io)s "P " J "P "#  are a??i%io) o8 i)%eDers +u% 7Ce) 7e 7ri%e  "P #  or "P ##   a??i%io) is also 
assume?3  TCose s%a%eme)%s are eUui<ale)% %o  
     K"HP"P #"!#  

  K"HP"P #"#!## .            
 
Be8ore 7e procee? a)y 8ur%CerJ le% us o+ser<e Co7 %Ce pare)%Ceses are use? i) %Ce a+o<e expressio)s3 
TCey are place? accor?i)D %o %Ce 8ollo7i)D co)<e)%io)3 
 
Any time two operation signs (+ and – in these cases) are next to each other, parentheses must be 
used to separate those two signs.  

Le 7ri%eT     Le do not 7ri%e T  
             P e H!9K                  9P #"  
 
No7J 7e are rea?y %o prese)% %Ce rules o8 a??i%io)s o8 i)%eDers3 
 
                                              HOW TO ADD INTEGERS 
 
LCe) adding two integers of the same sign H%7o posi%i<e or %7o )eDa%i<e )um+ersKJ %aIe %Ce sum o8 
%Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e %Ce same as %Ce siD) o8 )um+ers Hi8 +o%C posi%i<eJ %Ce resul% 
is posi%i<eJ i8 +o%C )eDa%i<eJ %Ce resul% is )eDa%i<eK3 For exampleJ  
                       
         W"P !"                             Le a?? P a)? " %o De% W3 Bo%C )um+ers are posi%i<eJ %Cus %Ce resul%  
                                                    is posi%i<e3 
 
     WK"HP"P #!#"#!##        Le a?? P a)? " %o De% W3 Bo%C )um+ers are )eDa%i<eJ %Cus %Ce resul%  
                                                    is )eDa%i<e3 
 
 
LCe) adding a negative number to a positive number Hor a posi%i<e )um+er %o a )eDa%i<e )um+erKJ 
%aIe %Ce ?i88ere)ce o8 %Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e %Ce same as %Ce siD) o8 %Ce MlarDer_ 
)um+er3 For exampleJ  
                       
        9"P !"#                            Le su+%rac% P 8rom " %o De% 93 Num+er " is larDer %Ca) P a)? is  
                                                     prece?e? +y a plus siD)J %Cus %Ce resul% is posi%i<e3 
 
        9K"HP"P #!#"!#           Le su+%rac% P 8rom "3 Num+er " is larDer %Ca) P a)? is prece?e? 
                                                    +y a mi)us siD)J %Cus %Ce resul% is )eDa%i<e3 
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Example P3X =er8orm %Ce i)?ica%e? opera%io)s3 Lri%e your a)s7er usi)D MF_ siD)3 
   aK  XW##      

+K WS "#         
cK a"#      
?K  O: #  
 

  Solu%io)T  
 aK 9PXW #!##   Bo%C )um+ers are )eDa%i<eJ so 7e a?? W a)? X a)? %Ce a)s7er 
is )eDa%i<e3 
 +K 9WS !"#    TCe siD) o8 %Ce a)s7er is %Ce same as %Ce siD) o8 %Ce +iDDer 
)um+er HW is +iDDer %Ca) SKJ so i% is posi%i<e3 Le su+%rac% %Ce smaller )um+er 8rom %Ce 
+iDDer 39SW !#  
 cK Qa" #!#  TCe siD) o8 %Ce a)s7er is %Ce same as %Ce siD) o8 %Ce +iDDer 
)um+erJ so i% is )eDa%i<e3 Le su+%rac% " 8rom a %o De% Q3 
 ?K OO: #!#  
 
 

Addition and subtraction of integers 
 
TCe s%a%eme)%  K"HP"P #"!#   miDC% +e a li%%le +i% co)8usi)DJ +ecause i) %Ce case o8 "P #  you 7oul? 
pro+a+ly say i% is a su+%rac%io)J a)? i8 you see K"HP #" J  a??i%io)3 LellJ you ca) <ie7 %Cis pro+lem as 
su+%rac%io) o8 "J or as a) a??i%io) o8 %Ce opposi%e o8 "J "# 3 Any subtraction is equivalent to addition 
of the opposite. LiIe7iseJ any addition is equivalent to subtraction of the opposite. SoJ are 7e 
a??i)D or su+%rac%i)D] LellJ i% ?epe)?s Co7 7e looI a% i%3  
 
Co)si?er KPH" ##  
               !## KPH"       RecallJ %Ca% su+%rac%io) is a??i%io) o8 %Ce opposi%e a)? %Ce opposi%e o8 P#  is P3 
               !" P"             
               W  
 
LCa% 7e ?i?J 7e replace? %7o a?bace)% mi)uses +y %Ce plus siD)3 

 
 

       
                 T7o a?bace)% HE?ou+leGK mi)us siD)s 

           are replace? +y plus siD) 
 

 
By replaci)D %7o mi)uses 7i%C a plusJ 7e 7ere a+le %o re7ri%e %Ce su+%rac%io) pro+lem as a) a??i%io)3 
Si)ce a??i%io) ca) +e <ie7e? as su+%rac%io) a)? su+%rac%io) as a??i%io)J 8rom )o7 o)J 7Ce) 
per8ormi)D %Ce opera%io)sJ le% us s%op asIi)D oursel<es i8 7e are a??i)D or su+%rac%i)D3 ^)s%ea?J 7e ?o 
%Ce 8ollo7i)D3 
 
 



 PW

                                         HOW TO ADD/SUBTRACT INTEGERS 
 
 S%ep 93   Replace a)y a?bace)% HE?ou+leGK siD)s accor?i)D %o %Ce 8ollo7i)D rules3  
 

                    
               E –   a)? – G  replace 7i%C  E + G                  E  +  a)? – G  replace 7i%C   E – G  
 
 

                     
                E +  a)? + G  replace 7i%C  E + G                  E  –  a)? + G  replace 7i%C  E – G   
 
S%ep P3    >8%er replaci)D E?ou+leG siD)sJ 8ollo7 %Ce rules 8or a??i%io) o8 i)%eDersJ i3e3  
 
             ^8 adding two integers of the same sign  H%7o posi%i<e or %7o )eDa%i<e )um+ersKJ  %aIe %Ce  
             sum o8  %Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e %Ce same as %Ce siD) o8 )um+ers Hi8 +o%C 
             are posi%i<eJ %Ce resul% is posi%i<eJ i8 +o%C are )eDa%i<eJ %Ce resul% is )eDa%i<eK3 
             For exampleJ                 WP" !"                     WP" #!##  
                
             ^8 adding a negative number to a positive number  Hor a posi%i<e )um+er %o a )eDa%i<e 
             )um+erKJ %aIe %Ce ?i88ere)ce o8 %Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e %Ce same as %Ce  
             siD) o8 %Ce MlarDer_ )um+er3 
             For exampleJ                 9P" !#                     9P" #!"#  
 

 
Le Cope %Ca% %Ce %a+le +elo7 7ill Celp 7i%C remem+eri)D %Ce rules 8or replaceme)% o8 E?ou+le_ siD)s 
i) a??i%io)/su+%rac%io) pro+lems3  
     

           
       (+)(+)  " (+)              (!)(+)  " (!) 
      (!)(!)  " (+)              (+)(!)  " (!) 
 

 
 

Example P3O  =er8orm %Ce i)?ica%e? opera%io)s +y 8irs% remo<i)D E?ou+leG siD)s3 Lri%e your a)s7er 
usi)D MF_ siD)3 

        aK KXH" #"#     +K  KOHS ##  
        cK KSHa "##     ?K  KWHQ ""#  
 
  Solu%io)T 
         aK !#"# KXH"         Replace E?ou+leG siD)s accor?i)D %o %Ce rule  (+)(!) "(!) 
                    !## X"              Follo7 %Ce rules 8or a??i)D %7o )eDa%i<e i)%eDers3 
                                   9:#  



 PQ

          +K !## KOHS     Replace E?ou+leG siD)s accor?i)D %o %Ce rule   (!)(!) "(+) 
              !"OS                Follo7 %Ce rules 8or a??i)D %7o posi%i<e i)%eDers3 
          9P  
         cK  !"## KSHa        Replace E?ou+leG siD)s accor?i)D %o %Ce rule   (!)(+) "(!) 
       !## Sa              Follo7 %Ce rules 8or a??i)D %7o )eDa%i<e i)%eDers3 
              9"#  
         ?K !""# KWHQ   Replace E?ou+leG siD)s accor?i)D %o %Ce rule (+)(+)"(+)                    
                          !"# WQ            Follo7 %Ce rules 8or a??i)D i)%eDers o8 opposi%e siD)s3 
    9#  
 
 

Addition of  opposite numbers 
 
 
Le I)o7 %Ca% :K"H""" !#"!# 3 Co)si?er  """# 3 ^8 you mo<e " %o %Ce le8% o) %Ce )um+er li)e a)? 
%Ce) mo<e " %o %Ce riDC%J you are +acI %o :3  TCus :"" !"# 3 No%ice %Ca% i) +o%C cases 7e are a??i)D 
opposi%e )um+ers3   
Any number added to its opposite yields zero. 
                                       :WWWW !#!"#  
                                   :SWSWSWSW !#!"#  
                              :"Sa9"Sa9"Sa9"Sa9 !#!"#  
 
TCis is ac%ually a ?e8i)i)D proper%y o8 opposi%e )um+ers3  The opposite of a given number is a 
number such that the sum of those two is zero. 
 
 

Common mistakes and misconceptions 
 
Mistake 2.1  

: is )o% less %Ca) a)y o%Cer )um+er3 ^% is Drea%er %Ca) all )eDa%i<e )um+ers3 
 
 

Exercises with Answers    HFor a)s7ers see >ppe)?ix >K 
 
Ex.1 Fill i) %Ce +la)Is usi)D %Ce 7or?s Ele8%GJ  EriDC%G as appropria%e3 
>ll posi%i<e )um+ers are %o %Ce dddddddddddo8 `ero o) a )um+er li)e3  
>ll )eDa%i<e )um+ers are %o %Ce dddddddddd o8 `ero o) a )um+er li)e3   
 
Ex.2 Lri%e %Ce 8ollo7i)D s%a%eme)%s usi)D i)eUuali%y sym+ols3 

aK " is less %Ca) W 
+K S is Drea%er %Ca) P#  

Ex.3  /+ser<e %Ce %empera%ure o) eacC o8 %Ce %Cermome%ers +elo7 H8rom >pFK a)? a)s7er %Ce 
8ollo7i)D Uues%io)s3 



 PX

 

aK LCicC %Cermome%er sCo7s %Ce CiDCes% %empera%ure]                                                                     
+K LCicC %Cermome%er sCo7s %Ce lo7es% %empera%ure]                                                            
cK LCa% is %Ce ?i88ere)ce i) %empera%ure +e%7ee) %Ce %Cermome%ers C a)? D]                                
?K LCa% is %Ce ?i88ere)ce i) %empera%ure +e%7ee)  %Ce %Cermome%ers E a)? F]                                
eK LCicC %Cermome%erHsK sCo7HsK a %empera%ure CiDCer %Ca) 9:# ]                                                 
8K LCicC %Cermome%erHsK sCo7HsK a %empera%ure lo7er %Ca) W# ]                                                  
DK Lis% all %empera%ures 8rom %Ce lo7es% %Ce CiDCes%3            

Ex.4  TCe 8ollo7i)D %empera%ures 7ere recor?e? a% ?i88ere)% loca%io)s a% a Di<e) %ime3 

Loca%io) > Loca%io) B Loca%io) C Loca%io) D Loca%io) E Loca%io)  F Loca%io) G 

    9#         Q       9P#       9S#        O       :     W#  

                                                                                                                                           
aK LCere 7as i% 7armer %Ca% ?ayJ i) loca%io) > or F]                                                                             
+K LCere 7as i% 7armer %Ca% ?ayJ i) loca%io) > or G]                                                                    
cK LCere 7as i% 7armer %Ca% ?ayJ i) loca%io) C or D]                                                                  
?K ^) 7Ca% loca%io) 7as i% %Ce 7armes%]                                     
eK ^) 7Ca% loca%io) 7as i% %Ce col?es%]                                                                                           
8K  Lis% all %empera%ures 8rom %Ce lo7es% %o Drea%es%3 

 Ex.5  Fill i) +la)Is usi)D %Ce 8ollo7i)D sym+ols MnGJ Mo_J MF_  as appropria%e3 
 aK OdddddW     +K Sdddd" #  

cK 9:ddddd:     ?K 9ddddd: #                                                
eK WdddddS ##    8K Pddddd" ##                                                                       
DK PdddddP ##    CK 9::dddaa ##  

Ex.6  Lri%e %Ce 8ollo7i)D i)%eDers i) or?er 8rom lo7es% %o Drea%es%3                                                        
aK  XJ:J"J9:JWJO ###                                                                                                                      
+K PJ9JXJ"JWJP ####                                                                                                                   
cK SaJQ"JSOJS"JW9JQP ####  

Ex.7  Replace eacC s%ar 7i%C a ?iDi% sucC %Ca% %Ce i)eUuali%y is %rue Hmore %Ca) o)e a)s7er is 
possi+leK3 
 aK "QV" 1     +K "QV" #1#  



 PO

 cK SWWV 2     ?K SWWV #2#  
 
Ex.8 =lo% %Ce 8ollo7i)D )um+ers o) a )um+er li)e3 

aK P#      +K S#  
cK "      cK O  

 
Ex.9  =lo% S o) eacC o8 %Ce 8ollo7i)D )um+er li)es3 

aK 

  
+K  

 
cK 

 
 

Ex.10   =lo% %Ce 8ollo7i)D pairs o8 )um+ers o) %Ce same )um+er li)e a)? ?e%ermi)e 7CicC o)e is 
Drea%erJ 7CicC o)e is smaller3 use EnGJ EoG sym+ols 7Ce) 7ri%i)D your a)s7er3 
 aK  Q a)? X   +K 9#  a)? P 
 cK  S# a)? P#      ?K W#  a)? X#  
 
Ex.11 Lis% all i)%eDers %Ca% are less %Ca) W +u% Drea%er %Ca) "#  Hi8 i% CelpsJ use a )um+er li)eK3 

Ex.12 =lo% %Ce 8ollo7i)D %Cree )um+ers  JX# 9J W o) a )um+er li)e a)? %Ce) 8i)? a )um+er sucC %Ca% 
aK  ^% is Drea%er %Ca) all %Ce a+o<e  %Cree )um+ers3 
+K  ^% is less %Ca) all %Ce a+o<e  %Cree )um+ers3 
cK  ^% is  Drea%er %Ca) %7o o8 %Ce a+o<e  %Cree )um+ers a)? less %Ca) o)e3 
?K  ^% is less %Ca)  %7o o8 %Ce  a+o<e  %Cree )um+ers a)? Drea%er %Ca) o)e3 

 
Ex.13 Fi)? %Ce opposi%e )um+er o8 %Ce 8ollo7i)D )um+ers3 
 aK  S     +K 9Q#  
 cK 9:P#     ?K  : 
 
Ex.14 =lo%  

aK  O  %oDe%Cer 7i%C i%s opposi%e3 
+K  "#  %oDe%Cer 7i%C i%s opposi%e3 

 
Ex.15 ^maDi)e a <ery CiDC +uil?i)D 7i%C a <ery ?eep u)?erDrou)? sec%io) a)? a) ele<a%or mo<i)D 
+e%7ee) all 8loors3 TCe Drou)? le<el 7ill +e calle? : le<el3 TCe le<els a+o<e %Ce Drou)? are le<els 9J PJ 
"J N  a)? %Ce u)?erDrou)? le<els are  3J333"JPJ9 ###   
>)s7er %Ce 8ollo7i)D Uues%io)s +y 7ri%i)D a correspo)?i)D )umerical s%a%eme)% a)? %Ce) e<alua%i)D i%3 

aK > perso) e)%ers %Ce +uil?i)D o) %Ce Drou)? 8loorJ %aIes %Ce ele<a%or W 8loors up a)? %Ce) X 
8loors ?o7)3 LCa% is %Ce le<el Ce 7ill e)? up 7i%C] 

+K > perso) e)%ers %Ce +uil?i)D o) %Ce Drou)? 8loorJ %aIes %Ce ele<a%or P 8loors ?o7) a)? %Ce) Q 
8loors up3 LCa% is %Ce le<el Ce 7ill e)? up 7i%C] 

cK > perso) e)%ers %Ce +uil?i)D o) %Ce Drou)? 8loorJ %aIes %Ce ele<a%or S 8loors ?o7) a)? %Ce)  " 
8loors ?o7) aDai)3 LCa% is %Ce le<el Ce 7ill e)? up 7i%C] 



 Pa

Ex.16 >)s7er %Ce Uues%io)s +y 8irs% 7ri%i)D a correspo)?i)D )umerical s%a%eme)% a)? %Ce) e<alua%i)D 
i%3 

aK >liceJ 7Ce) Doi)D %o a s%oreJ Ca? vS:3 SCe spe)% H7i%C %Ce Celp o8 a cre?i% car?K vQ: i) %Ce 
s%ore3 LCa% is Cer )e% 7or%C )o7]  

+K >lice ?oes )o% Ca<e a)y mo)ey3 SCe +orro7e? vPW o) 4o)?ayJ a)? %Ce) vPW o) Tues?ay3 
>ssumi)D %Ca% sCe ?i? )o% Ca<e a)y a??i%io)al i)comeJ 7Ca% is >lice_s 8i)a)cial s%a)?i)D]  
 
Ex.17 >)s7er %Ce Uues%io)s +y 8irs% 7ri%i)D a correspo)?i)D )umerical s%a%eme)% a)? %Ce) e<alua%i)D 
i%3 
 aK TCe %empera%ure i) >lasIa a% 9Pam 7as F:Q# 3 TCe %empera%ure ?roppe? +y F:O ?uri)D %Ce 
)ex% S Cours3 LCa% 7as %Ce %empera%ure a% S am]  
 +K  TCe %empera%ure i) >lasIa a% 9Pam 7as F:Q# 3 TCe %empera%ure rose +y F:9:  ?uri)D %Ce 
)ex% S Cours3 LCa% 7as %Ce %empera%ure a% S am]  
 
Ex.18 ^) >pril %Ce 7a%er le<el o8 %Ce wu?so) Ri<er 7as X# Hse<e) i)cCes +elo7 %Ce a<eraDe le<elK3 
>8%er 4ay_s precipi%a%io)J %Ce 7a%er le<el rose +y 9P i)cCes3 LCa% 7as %Ce 7a%er le<el %Ce)] Lri%e a 
)umerical s%a%eme)% correspo)?i)D %o %Cis si%ua%io) a)? e<alua%e i%3  
 
Ex.19 Represe)% eacC o8 %Ce 8ollo7i)D opera%io)s as a Emo<eme)% o) a )um+er li)eG Hsee paDe PPK 
a)? %Ce) e<alua%e %Cem3 

aK 99a "#     +K 99a ##      
cK 99a #     ?K 99a "      
eK 9999#     8K aa "#  
 

Ex.20 Firs%J ?e%ermi)eJ i8 %Ce 8i)al a)s7er is posi%i<e or )eDa%i<eJ a)? o)ly %Ce) per8orm %Ce i)?ica%e? 
opera%io)s3 
 aK WP "#     +K 9PX ##     cK 9:X #  
     
Ex.21 =er8orm %Ce i)?ica%e? opera%io)s3 

aK OX #     +K "P ##     cK WW"#  
 ?K S9"#     eK :""#     8K O9P#  
 DK aS #     CK QW"#     iK OS #  
 bK WP ##     IK 9:a"#     lK "9W##  
 mK S: #     )K WQWQ #     oK OQ "#  
 pK P""     UK Qa "#     rK 99"#  
  
Ex.22 Re7ri%e %Ce 8ollo7i)D expressio)s 7i%Cou% M?ou+le siD)s_ a)? %Ce) e<alua%e %Cem3 

aK KPH" ##      +K K"H9: "##  
cK KSHW #"      ?K KWHX "##    
eK K9QH9P "#      8K KaHP ##    
DK K9HS #"      CK KQH: "#    
iK K9HS9 ##      bK KQHP #"#    
IK K9Ha ""#      lK KQH9W #"#    
mK K9SH9: ##      )K K9PH9P "#    
oK K"Ha #"#      pK K9PH" ##    



 ":

UK KPHP ##      rK K9WH9W "##   
  

Ex.23 E<alua%e3  
aK X"#      +K KSH: #"    
cK K9PHP ##      ?K :"S ##    
eK K9HS ##      8K KPHO ""  
DK 9:9:##      CK WP ##    
iK K"PH"P ###     bK aPO"#    
IK 9Q9S#      lK KQHQ ###  

 
Ex.24 CCoose a)y )um+er3 =er8orm %Ce 8ollo7i)D opera%io)s o) i%3 

aK %aIe %Ce opposi%e o8 %Ce )um+er 
+K ^)crease %Ce o+%ai)e? )um+er +y 9 
cK TaIe %Ce opposi%e o8 %Ce )um+er o+%ai)e? i) %Ce pre<ious s%ep a+o<e 
?K ^)crease %Ce )um+er  8rom %Ce pre<ious s%ep  +y 9 

LCa% is %Ce )um+er you De% a8%er comple%i)D HaKpH?K] wo7 a+ou% i8 you repea% s%eps HaKpH?K  " %imes] 
/r W %imes]  
 
Ex.25 Replace %Ce %ria)Dle 0  7i%C a )um+er %o maIe %Ce s%a%eme)% %rue3  
 aK P" #!"0    +K a9 #!0#    cK SP #!#0  
 ?K :"9 !0#    eK "P !0"#    8K XW #!0##  
 DK OW #!0##   CK "PX "!0#   iK 9"9 "#!#0  
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Lesson 3 
__________________________________________________________________________________ 
 
Topics:  >??i%io)/su+%rac%io) o8 more %Ca) %7o i)%eDers. 4ul%iplica%io) a)? ?i<isio) o8 i)%eDers. 
/pposi%e o8 a )um+er as mul%iplica%io) +y 9#  3 
__________________________________________________________________________________ 
 
 

Addition/subtraction of more than two integers 
 
Sea) Cas S: ?ollars3 we is pla))i)D %o +uy a CD 8or 9W ?ollars a)? a +ooI 8or ": ?ollars3 we also 
I)o7s %Ca% Cis Dra)?ma 7ill Di<e Cim P: ?ollars 8or Cis +ir%C?ay3 LCa% 7ill +e Cis 8i)al +ala)ce] To 
a)s7er %Cis Uues%io) 7e )ee? %o e<alua%e %Ce expressio) P:":9WS: "## 3 To %Cis e)?J 7e per8orm  %Ce 
opera%io)s 8rom %Ce le8% %o riDC% H8ollo7i)D %Ce or?er o8 opera%io)sK3 
 
                 P:":9WS: "## F             per8orm %Ce 8irs% opera%io) 9WS:#  
                         !"# P:":PW            per8orm %Ce seco)? opera%io) ":PW#  
                               !"# P:W             per8orm %Ce %Cir? opera%io) P:W"#  
                                           9W     
 
Le I)o7 %Ca% i% ?oes )o% ma%%er 7Ce%Cer Sea) +uys a CD or a +ooI 8irs%J or e<e) i8 Cis Dra)?ma Di<es 
Cim mo)ey +e8ore Ce +uys all o8 %Cose %Ci)DsJ %Ce 8i)al resul% 7ill +e %Ce same3 ^8J 8or i)s%a)ceJ Sea) 
+uys a +ooI +e8ore Ce +uys a CDJ %Ce expressio) %Ca% )ee?s %o +e e<alua%e? 7oul? +e   

P:":9WS: "##  a)? sCoul? +e eUual %o %Ce oriDi)al expressio)3  
   
           !"## P:":9WS:  9W P:9W":S: "##!  
 
TCe ma%Cema%ical reaso) 8or %Cis pCe)ome)a comes 8rom %Ce 8ac% %Ca% a)y su+%rac%io) ca) +e <ie7e? 
as a??i%io) o8 %Ce opposi%e )um+er a)? %Cus %Ce expressio) P:":9WS: "##  ca) +e re7ri%%e) as 
repea%e? a??i%io) P:K":HK9WHS:P:":9WS: "#"#"!"## 3 Si)ce a??i%io) is commu%a%i<eJ we can 
rearrange all terms of addition3 So 8or exampleJ i8 Sea)_s Dra)?ma Di<es Cim %Ce P: ?ollars +e8oreJ 
ra%Cer %Ca) a8%er Ce spe)?s %Ce 9W a)? ":J i% 7ill maIe )o ?i88ere)ce %o %Ce 8i)al resul%3 
 

            ":9WP:S:P:K":HK9WHS:P:":9WS: ##"!"#"#"!"##  
 
Rearra)Di)D %erms is liIe %aIi)D eacC i)%eDer together 7i%C %Ce siD) %Ca% prece?es i% a)? %rea%i)D i% as a 
M+locI_3 

             
TCe +locIs ca) +e rearra)De? i) a)y or?er3 
 

 
 



 "P

Example "39 Lri%e %Ce )umerical expressio) XQWS #"#  as a) a??i%io) pro+lem a)? %Ce) re7ri%e i% i) 
%7o ?i88ere)% 7ays +y cCa)Di)D %Ce or?er o8 %erms o8 a??i%io)3   

 
Solu%io)T 
 

  TCe E+locIsG %Ca% 7e ca) rearra)De are XJQJWJS #"#" 3 Le De% 
 SXQWSQXWXWQSKXHQKWHSXQWS "#"#!""##!##"!#""#"!#"#   
Ho%Cer a)s7ers are possi+leK3 

 
Example "3P >mo)D all expressio)s +elo7 8i)? %Cose %Ca% are eUual %o aQW ## 3 

 aK  aWQ #"#   +K WaQ "##   cK QWa #"#   ?K aQW ###  
 
             Solu%io)T 

TCe o)ly expressio) %Ca% is )o% eUual %o aQW ##  is H?K3 No%ice %Ca% %Ce siD)s   
prece?i)D W i) aQW ##  a)? aQW ###  are ?i88ere)%3  

 
TCis possi+ili%y o8 rearra)Di)D %Ce %erms o8 a??i%io)s mea)s %Ca% 7e ca) per8orm a??i%io) i) a)y  or?er3 
For exampleJ i)s%ea? o8 per8ormi)D opera%io)s 8rom le8% %o riDC%J 7e ca) 8irs% a?? all )eDa%i<e a)? all 
posi%i<e i)%eDers separa%elyJ a)? %Ce) com+i)e %Ce %7o resul%s3 

!"## P:":9WS:       Le rearra)De %Ce or?er Droupi)D posi%i<e a)? )eDa%i<e )um+ers %oDe%Cer 
!##" ":9WP:S:     

              !# SWQ:  
                       9W             
TCe a)s7erJ as i% sCoul?J is %Ce same as 7e Do% 7Ce) e<alua%i)D 8rom le8% %o riDC%3  
 
Some%imesJ 7e miDC% De% a M%ricIy_ e<alua%io) %Ca% ca) +e ma?e mucC easier %o e<alua%e i8 7e 
rearra)De %erms i) some special 7ay3 Co)si?erJ   

9P"SXOa:"WXaXOa:9P"S "#""#  
=er8ormi)D a??i%io) 8rom %Ce le8% %o riDC% 7oul? +e Uui%e cum+ersome3 ^)s%ea?J 7e rearra)De %Ce   
%erms o8 a??i%io) i) %Ce 8ollo7i)D 7ay 

"WXaXOa:XOa:9P"S9P"S9P"SXOa:"WXaXOa:9P"S "#""#!"#""# 3 
Remem+eri)D %Ca% %Ce sum o8 %Ce opposi%e )um+ers is al7ays `ero H :9P"S9P"S !"#  a)? 

:XOa:XOa: !# KJ 7e De% easy calcula%io)s 
"WXa"WXa::"WXaXOa:XOa:9P"S9P"S !""!"#""#  

 
Le% us summari`e 7Ca% 7e Ca<e lear)e?3 
                  
In order to add/subtract integers do the following: 

1. If there are any ‘double signs’ in the expression, replace them with one sign according 
to rules              (+)(+)  " (+)              (!)(+)  " (!) 

                             (!)(!)  " (+)              (+)(!)  " (!) 
2 Perform the operations from left to right or, if you prefer, rearrange terms of addition 

according to your liking, and then perform the operations from left to right. 
 
For exampleJ      



 ""

!#### SKXH"  replace E?ou+leG siD)s 
!#"# SX"   a?? i)%eDers 8rom %Ce le8% %o riDC% 

  !# SS  : 
/rJ 7e ca) ?o i% ?i88ere)%lyJ                 

!#### SKXH"           replace E?ou+leG siD)s 
            !#"# SX"                Droup all )eDa%i<e )um+ers %oDe%Cer 
             !"## XS"               a?? all )eDa%i<e )um+ers 
 !"# XX  :                  a?? %Ce resul%i)D )um+ers 
 
Example "3" =er8orm %Ce i)?ica%e? opera%io)s3 
   aK KOHPK"H #""##      +K "KQHKWHS ###""#  
 
  Solu%io)T 
                         aK  "OWOP"KOHPK"H #!#!#"!#""##  
   +K S99XQW"S"QWS"KQHKWHS !"#!""##!#""#!###""#  
   ^) H+KJ +e8ore a??i)DJ 7e Droupe? all posi%i<e a)? )eDa%i<e i)%eDers %oDe%Cer3 

Multiplication of integers 

4ul%iplica%io) o8 i)%eDers is similar %o mul%iplica%io) o8 )a%ural )um+ers excep% %Ca% %Ce siD) o8 %Ce 
pro?uc% mus% +e ?e%ermi)e?3  were are %Ce rules 8or mul%iplica%io) H8or some bus%i8ica%io) 8or %Cese 
rulesJ see HVKK3 
 
                                          HOW TO MULTIPLY INTEGERS 
 
LCe) multiplying two integers of the same sign H%7o posi%i<e or %7o )eDa%i<e )um+ersKJ %aIe %Ce 
)um+ers 7i%Cou% %Ceir siD)s a)? mul%iply %Cem3 TCe siD) o8 %Ce resul% 7ill +e posi%i<e3 For exampleJ   

Q"P !$               or      QK"HP !#$#                                                  
Le mul%iply P +y " %o De% Q3 Bo%C )um+ers are o8 %Ce same siD)J %Cus %Ce resul% is posi%i<e3 
 
 
LCe) multiplying a negative number and a positive number Hor a posi%i<e )um+er a)? a 
)eDa%i<e )um+erKJ %Ce )um+ers 7i%Cou% %Ceir siD)s a)? mul%iply %Cem3 TCe siD) o8 %Ce resul% 7ill +e 
%Ce )eDa%i<e3 For exampleJ 
                               Q"P #!$#    or    QK"HP #!#$  
Le mul%iply P +y " %o De% Q3 TCe )um+ers are o8 %Ce opposi%e siD)J so %Ce resul% is )eDa%i<e3 
 

 
^% miDC% Celp %o )o%ice %Ca% rules 8or siD)s i) mul%iplica%io) are exac%ly %Ce same rules 7e use? i) case 
o8 E?ou+le siD)s_3 NamelyJ                (+)(+)  " (+)                    (!)(+)  " (!) 

                       H!KH!K  " HeK                    HeKH!K  " H!K 
ddddddddddddddddddddddddddd               
HVK were is o)e possi+le 7ay 7e ca) bus%i8y %Ce rules 8or mul%iplica%io) H?o )o% 7orry i8 you 8i)? i% ?i88icul% %o u)?ers%a)? x 
you ca) s%ill per8orm %Ce opera%io)s p %Ce u)?ers%a)?i)D 7ill come 7i%C %imeK3 ^8 you 7i) " ?ollars P %imesJ you %o%al is Q 
H%Ce pro?uc% o8 %7o posi%i<e )um+ers is posi%i<eK. ^8 you lose " ?ollars P %imesJ your %o%al is  !Q H%Ce pro?uc% o8 o)e posi%i<e 
a)? o)e )eDa%i<e )um+er is )eDa%i<eK. mou Ca<e a " ?ollar pe)al%y H!"K %Ca% you ?o )o% pay %7o %imes H!PK a)? %Ce resul% is 
you are aCea? +y plus Q ?ollars  (%Ce pro?uc% o8 %7o )eDa%i<e )um+ers is posi%i<eK3 



 "S

Le% us also recall impor%a)% co)<e)%io)T  >)y %ime %7o opera%io) siD)s HeJ !J $ J or & K  are )ex% %o eacC 
o%CerJ pare)%Ceses mus% +e use? %o separa%e %Cose %7o siD)s3 ^% sCoul? +e )o%ice? %Ca% e<e) i8 %Ce 
mul%iplica%io) siD) is )o% explici%ly ?isplaye?J 7e assume i% is %CereJ a)? place pare)%Ceses3 

Le  7ri%eT             Le do not 7ri%eT      
  K"HP #$           "P #$       
              K"HP #%           "P #%   Do )o% 7ri%e "P #  si)ce i% 7oul? )o 
              K"HP #                                              lo)Der mea) mul%iplica%io) +u% su+%rac%io)3 

Example "3S =er8orm %Ce i)?ica%e? opera%io)s3       
   aK KWKHaH ##    +K KXHQ #      cK KW"KH9:H#  

                        Solu%io)T 
   aK  SWKWKHaH !##                 use %Ce rule   EH!KH!K  " HeKG 
   +K   SPKXHQ #!#          use %Ce rule    EHeKH!K  " H!KG   
   cK  W":KW"KH9:H #!#          use %Ce rule    EH!KHeK  " H!KG     
 
Example "3W Lri%e %Ce 8ollo7i)D opera%io)s usi)D ma%Cema%ical sym+ols a)? e<alua%e %Cem3 

Remem+er a+ou% placi)D pare)%Ceses 7Ce) )ee?e?3 
   aK O#  mul%iplie? +y "#   +K TCe pro?uc% o8 9S a)? P#  
 
  Solu%io)T 
   aK PSK"HO !##  
   +K POKPH9S #!#  

Division of integers 

 

TCe rules 8or ?i<isio) o8 i)%eDers are <ery similar %o %Ce rules 8or mul%iplica%io)3 

                                                      HOW TO DIVIDE INTEGERS 
 
LCe) dividing two integers with the same sign H%7o posi%i<e or %7o )eDa%i<e )um+ersKJ 8i)? %Ce 
Uuo%ie)% o8 %Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e posi%i<e3 For exampleJ  

                            
P

"
QK"HQ !

#
#

!#&#
                

P
"
Q"Q !!&

 
Le ?i<i?e Q +y " %o De% P3 Bo%C )um+ers are o8 %Ce same siD)J %Cus %Ce resul% is posi%i<e3 
 
 
LCe) ?i<i?i)D a negative number by a positive number Hor a posi%i<e )um+er +y a )eDa%i<e 
)um+erKJ 8i)? %Ce Uuo%ie)% o8 %Ce )um+ers3 TCe siD) o8 %Ce resul% 7ill +e )eDa%i<e3 For exampleJ 

                             
P

"
QK"HQ #!
#

!#&             P
"

Q"Q #!
#

!&#
 

Le ?i<i?e Q +y " %o De% P3 TCe )um+ers are o8 %Ce opposi%e siD)J so %Ce resul% is )eDa%i<e3 
 



 "W

/)ce aDai) 7e 8ollo7 %Ce impor%a)% co)<e)%io)s 8or pare)%Ceses3      
          Le 7ri%eT    Le do not 7ri%eT    
   K"H9P #&                                               "9P #&      

>Dai)J 7e Ca<e %Ce same rules 8or ?e%ermi)i)D %Ce siD) o8 %Ce resul% o8 ?i<isio)3 
                                                                    (+)(+)  " (+)                    (!)(+)  " (!) 

        H!KH!K  " HeK                    HeKH!K  " H!K 
                                                                          
 
Example "3Q =er8orm %Ce i)?ica%e? opera%io)s3 

     aK K99HPP #&       +K 
a

WS
#
#   cK O"P &#  

 
           Solu%io)T 
        aK PK99HPP #!#&  use %Ce rule   E(+)(!)  " (!)G  

        +K  Q
a

WS
!

#
#   use %Ce rule    E(!)(!)  " (+)G 

        cK SO"P #!&#              use %Ce rule    E(!)(+)  " (!)G 
  
 
Example "3X Lri%e %Ce 8ollo7i)D opera%io)s usi)D ma%Cema%ical sym+ols3 Remem+er a+ou%  
  pare)%Ceses3 
   aK S ?i<i?e? +y P#  
   +K TCe Uuo%ie)% o8 PW#  a)? W#  
 

  Solu%io)T 

   aK P
P

S
#!

#
  or PKPHS #!#&  

   +K  W
W
PW

!
#
#   or WKWHPW !#&  

 

Multiplication of more than two integers 
 
 

Le% us per8orm %Ce 8ollo7i)D opera%io)s3 
 
 SKPKHPH !##  
 OKPHSKPKHPKHPH #!#!###  
 9QKPHOKPKHPHSKPKHPKHPKHPH !##!##!####  
 "PKPH9QKPKHPHOKPKHPKHPHSKPKHPKHPKHPKHPH #!#!###!###!#####  
 HNo%ice %Ce use o8 pare)%CesesK 
 
Le ca) o+ser<e %Ce pa%%er) o8 %Ce siD) i) %Ce pro+lems a+o<e3 TCe siD) al%er)a%es3 ^8 7e mul%iply a) 
e<e) )um+er o8 )eDa%i<e )um+ersJ %Ce resul% is posi%i<e He<e) )um+ers are 333JQJSJP  K3 ^8 7e mul%iply 
a) o?? )um+er o8 )eDa%i<e )um+ersJ %Ce resul% is )eDa%i<e Ho?? )um+ers are 333JWJ"J9 3 K3 



 "Q

^% Cappe)s +ecause i8 7e Ca<e a) e<e) )um+er o8 mi)uses 7e ca) pu% %Cem i) pairsJ a)? eacC pair ca) 
+e replace? +y plusJ so a% %Ce e)? 7e Ca<e a posi%i<e a)s7er3 
 

                                             
    
^8 7e Ca<e a) o?? )um+er o8 mi)uses 

 

      
    
o)e mi)us is Ele8%G a)? %Ce resul% is )eDa%i<e3 
 
No7 co)si?er %Ce pro?uc% o8 )o% o)ly )eDa%i<eJ +u% also posi%i<e )um+ers3 No%ice %Ca% mul%iplica%io) 
+y a posi%i<e )um+er ?oes )o% cCa)De %Ce siD) o8 %Ce resul%3 LCa% 7as posi%i<e s%ays posi%i<e3 LCa% 
7as )eDa%i<eJ s%ays )eDa%i<e3 TCusJ %Ce siD) o8 %Ce pro?uc% is ?e%ermi)e? o)ly +y %Ce )um+er o8 
)eDa%i<e i)%eDers %Ca% are 8ac%ors o8 %Ce pro?uc%3  
 
 

To determine the sign of the product of two or more integers, count the number of ‘minus    
signs’. If there are even number of ‘minus signs’, the result is positive; if odd, the result is 
negative. 

 
 
For exampleJ 
 
          9PK9HSK"H !##                             Si)ce %Cere are P He<e) )um+erK o8 )eDa%i<e 8ac%orsJ %Ce resul% is   
                                                               posi%i<e3 
          a:K9:KH"KH"KH9KH9H #!###    Si)ce %Cere are " Ho?? )um+erK o8 )eDa%i<e 8ac%orsJ %Ce resul% is   
                                                               )eDa%i<e3 
 
=leaseJ )o%ice %Ca% you ?o )o% Ca<e %o remem+er %Cis rule3 mou ca) al7ays per8orm mul%iplica%io) s%ep 
+y s%epJ a)? you 7ill De% %Ce same resul%3 E<e)%uallyJ i8 you per8orm a lo% o8 mul%iplica%io)sJ you 7ill 
remem+er %Ce rule a)y7ay3 
 
Example "3O =er8orm %Ce i)?ica%e? opera%io)s3 
   aK KQKHPKH9HS ###     +K KPKH9KHPKH"H9: ##  
 
  Solu%io)T 
   aK SOKQKHPKH9HS #!###      TCe a)s7er is )eDa%i<e si)ce %Cere are %Cree H" is o??K 
                         )eDa%i<e )um+ers i) %Cis pro?uc%3 
   +K 9P:KPKH9KHPKH"H9: !##     TCe a)s7er is posi%i<e si)ce %Cere are %7o HP is
   e<e)K )eDa%i<e )um+ers i) %Ce pro?uc%3 
 



 "X

Example "3a Lri%e %Ce expressio) E%Ce pro?uc% o8 9::J9 ##  a)? "# E usi)D ma%Cema%ical sym+ols 
a)? e<alua%e i%3  Remem+er a+ou% placi)D pare)%Ceses 7Ce) )ee?e?3   

      
Solu%io)T 

          "::K"KH9::H9 #!###  
 
yus% liIe i) case o8 a??i%io)J 7Ce) 7e 7ere a+le %o cCa)De %Ce or?er o8 %erms o8 a??i%io)J we can 
change the order of factors in multiplication.  For exampleJ    
          "9::K9::H" $#!#$  
          KSHK9H"PKSH"K9HP #$#$$!#$$#$  
 
Bo%CJ a??i%io) a)? mul%iplica%io) Ca<e %Cis )ice proper%yJ N/T ?i<isio)J N/T su+%rac%io)3 
 
Example "39: Lri%e %Ce expressio) KQKHWH9P ##  i) %Cree ?i88ere)% 7ays usi)D %Ce 8ac% %Ca% 8ac%ors 
  o8 a)y pro?uc% ca) +e rearra)De?3 
 
  Solu%io)T 
  K9PKHQHWKWKH9PHQK9PKHWHQKQKHWH9P ##!##!##!##  
  No%e %Ca% %Ce pro?uc% 7ill +e "Q: reDar?less o8 Co7 %Ce 8ac%ors 7ere arra)De?3 
 
 

Opposite numbers in the light of multiplication 
         

Recall %Ca% 8or eacC i)%eDer 7e ca) 8i)? i%s opposi%e3 For exampleJ X#  is %Ce opposi%e o8 XJ SW#  is %Ce 
opposi%e o8 SW3 TCe opposi%e o8 : is :3 ^) De)eralJ %o %aIe %Ce opposi%e o8 a )um+er o%Cer %Ca) : mea)s 
%o re<erse i%s siD)3 TCe opera%io) %Ca% cCa)Des %Ce siD) is %Ce mul%iplica%io) +y  9# 3 
           PP9 #!$#                            
           PKPH9 !#$#             
 
To find the opposite of a number we multiply the number by !1. 
             /pposi%e o8 O is OO9 #!$#  
             /pposi%e o8 O#  is OKOH9 !#$#  
 
We will use the minus sign to mean “the opposite of”. SoJ 7e ca) say %Ca% %Ce opposi%e o8 %Ce                
opposi%e o8 O Hle%_s sayK isT   KOH##     
a)? 7Ca% 7e mea) +y %Ca% is T   OOK9H9KOH !##!##  
 
SoJ )o7J %Ce expressio)s as   KKXHH ###  Ca<e )o% o)ly some mea)i)D H%Ce opposi%e o8 opposi%e o8 X# KJ 
+u% also ca) +e e<alua%e?3 

  XXK9KH9H9KKXHH #!###!###   
Si)ce %Cere are " )eDa%i<e )um+ers i) %Ce pro?uc% Hor %Cree mi)uses i) 8ro)% o8 XKJ %Ce a)s7er is 
)eDa%i<e3 
 
Example "3993    Lri%e %Ce 8ollo7i)D expressio)s as a pro?uc% o8 s[9#  a)? %Ce )um+er3 E<alua%e3  
         aK KSH##   +K KK9"HH ###  



 "O

             Solu%io)T 
   aK SSK9H9KSH !##!##  
   +K 9"K9"KH9KH9H9KK9"HH #!###!###  
 
Example "39P3    Fi)? %Ce opposi%e o8 opposi%e o8 opposi%e o8 9P3  
 
             Solu%io)T 
              9PK9PKH9KH9H9KK9PHH #!###!###          
 
Example "39"  >mo)D %Ce 8ollo7i)D )um+ers 8i)? all pairs o8 %Ce opposi%e )um+ers3 
         "KKJWHHJWJPKJPHJW #######  
 
              Solu%io)T 
   PKPH !##   a)? WKKWHH #!###      TCus 7e Ca<e "JWJPJPJW ## 3    TCe pairs o8 %Ce  
    opposi%e )um+ers are P#  a)? PJ W#  a)? W3  
 
 

Common mistakes and misconceptions 
 

Mistake 3.1   
TCe expressio)s "" ##   a)? K"H" ##  Ca<e ?i88ere)% mea)i)Ds3 "" ##  mea)s su+%rac%io) o8 " 
8rom "#  HorJ eUui<ale)%lyJ a??i%io) o8 "#  a)? "# K 7CicC is Q# 3 TCe seco)? o)e K"H" ##  
mea)s mul%iplica%io) o8 "#  a)?  "#  7CicC is  a3 

 
Mistake 3.2   

TCe rule sayi)D %Ca% i8 %Cere are e<e) )um+er o8 Mmi)us siD)s_ i) a productJ %Ce) %Ce resul% is 
posi%i<e. i8 o??J %Ce resul% is )eDa%i<e applies o)ly %o multiplication. ^% ?oes )o% apply %o 
a??i%io)/su+%rac%io) liIe 8or exampleJ aS"P ####  is s%ill )eDa%i<eJ e<e) %CouDC %Cere are a) 
e<e) )um+er o8 mi)us siD)s3  
 

 
Exercises with Answers    HFor a)s7ers see >ppe)?ix >K 

 
Ex.1  Lri%e %Ce 8ollo7i)D )umerical expressio)s as a??i%io) pro+lems a)? %Ce) re7ri%e eacC o8 %Cem 
i) %7o ?i88ere)% 7ays +y cCa)Di)D %Ce or?er o8 %Ce %erms3 ^)?ica%e %Ca% all o8 %Ce resul%i)D expressio)s 
are eUual %o eacC o%Cer +y placi)D EFG siD) +e%7ee) %Cem3 
 aK S"X "#      +K 9PWP "##  
 
Ex.2    Circle  all  expressio)s  %Ca%  are eUual %o PO9" "#"#  

OP9"O"9P9O"P9P"OPO"9 "#"###""#"""##"##  
 
Ex.3   =er8orm %Ce i)?ica%e? opera%io)s3 =leaseJ use EFG siD) correc%ly 7Ce) 7ri%i)D your a)s7er3 
 aK 9aO "#      +K X9"X ###  
 cK aO9: ##      ?K XW9P ##  
 eK W"S "##      8K 9"9" "##  



 "a

 DK "X9S #"#      CK 9:Q:W: ##  
 iK PXS" "#"#     bK a"WQ "###  
 IK WO"X #"#     lK 9P"S9S99P" "#"#  
   
Ex.4 =er8orm %Ce i)?ica%e? opera%io)s3 SCo7 all your s%eps a)? use EFG siD) correc%ly 7Ce) 7ri%i)D 
your a)s7er3 
 aK 9:KaH9 ###     +K PKQHX ##"#  
 cK aKPHK"H "#"##     ?K  K99HKXHO #"#"  
 eK K9PH"" ##"#     8K S9KPH "###  
 DK K99H9:a #"#     CK KWHKSHQ #""##  
 iK 9KXHKQH" #"####     bK KP"H9KP"HX #"###  
 IK KP:HKP:H9:O: #"##"#    lK K9PHK9HaKaH ##""###  
   
Ex.5 =er8orm %Ce i)?ica%e? opera%io)s3 SCo7 all your s%eps a)? use EFG siD) correc%ly 7Ce) 7ri%i)D 
your a)s7er3 
 aK P9:Sa "#"     +K "9PKaHKPHQ #"###"  
 cK K"HKOHKPH99 ""##"#               ?K K"HXK"HQKPH #"#"#"##  
 eK "S9XQ #"###     8K 9QS9Pa ##"#  
 DK "SWKXH""SW "####    CK 9PaPQ "##"  
 iK O9aW "#"#     bK QK9HK9HK9HK9H ""####"##  
 IK 9"POaa9PPOa "###    lK K9PH99PK"HKSH #"#"##"#  
 
Ex.6 Lri%e %Ce 8ollo7i)D s%a%eme)%s usi)D ma%Cema%ical sym+ols a)? %Ce) e<alua%e %Cem3 Remem+er 
a+ou% placi)D pare)%Ceses 7Ce) appropria%e3 
 aK 9:: mul%iplie? +y P#    

+K "#  mul%iplie? +y a#  
 cK TCe pro?uc% o8 P:#  a)? Q   

?K  TCe pro?uc% o8 9::#  a)? 9:#  
 
Ex.7 =er8orm %Ce i)?ica%e? opera%io)s3 =leaseJ use EFG siD) correc%ly 7Ce) 7ri%i)D your a)s7er3 
 aK K"HP #      +K KSPH9:: ##  
 cK KPHS #      ?K KXHa#  
 eK K"HQ ##      8K KSH9P  
 DK K9:::HXX #      CK K9PSH: #  
 iK KOKHWH ##      bK K"H9P#  
 IK XHOK      lK KaHX#  
 mK KSHa ##      )K K"SWH9#  
 
Ex.8 Lri%e %Ce 8ollo7i)D s%a%eme)%s usi)D ma%Cema%ical sym+ols a)? %Ce) e<alua%e %Cem3 Remem+er 
a+ou% placi)D pare)%Ceses 7Ce) appropria%e3 
 aK 9S ?i<i?e? +y P#     

+K TCe Uuo%ie)% o8 PW#  a)? W#  
 cK "Q#  ?i<i?e? +y Q    

?K TCe Uuo%ie)% o8 S:#  a)? O 
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Ex.9  =er8orm %Ce i)?ica%e? opera%io)s i8 possi+leJ i8 )o% possi+le 7ri%e E)o% ?e8i)e?G3 =leaseJ use EFG 
siD) correc%ly 7Ce) 7ri%i)D your a)s7er3 

 aK KWH"W #&      +K 
P
S

#
#  

 cK 
X
Q"#      ?K KOHQS #&#  

 eK XSP&#      8K K9:H9:: #&#  
 DK "S: &      CK :"S &  

 iK 
W

9W
#

      bK 
O

WQ
#
#  

 IK 
X
PO#      lK 

S
"Q
#

 

 

Ex.10 Lri%e %Ce 8ollo7i)D s%a%eme)%s usi)D ma%Cema%ical sym+ols a)? %Ce) e<alua%e %Cem3 Remem+er 
a+ou% placi)D pare)%Ceses 7Ce) appropria%e3 
 aK TCe pro?uc% o8 OJ W a)? 9:#  
 +K TCe pro?uc% o8 9::J9 ##  a)? "#  
 cK TCe pro?uc% o8 X# J " a)? P#  
 
Ex.11 =er8orm %Ce i)?ica%e? opera%io)s3 =leaseJ use EFG siD) correc%ly 7Ce) 7ri%i)D your a)s7er3 
 aK aK"HP ##      +K K"KH"H" ##  
 cK aK9H" ##      ?K K"SKHPHW:#  
 eK K"KHPHO #      8K KQKHaH9::: #  
 DK SKWH" #      CK :KP:HP: ##  
 iK K9KH9KH9KH9H ####     bK K9:::KHOKHPH" #  
 IK KPKHPKHPKHPHP ###     lK K9KHPKH9KHPH9 ###  
 
Ex.12 De%ermi)e %Ce siD) o8 %Ce a)s7er3 Do )o% e<alua%e! 
 aK XKWKHQKHSH9P ###     

+K KP"KHXHQK9SKHWHS ###  
 cK KWKHSKH"KHPKH9H ####    

?K KXKHWKHQHOKPKH"HW #####  
 

Ex.13 =er8orm %Ce i)?ica%e? opera%io)sJ i8 possi+le3 ^8 )o% possi+leJ 7ri%e E)o% ?e8i)e?G3 =leaseJ use 
EFG siD) correc%ly 7Ce) 7ri%i)D your a)s7er3 
 aK KOHQ ##      +K KOKH9HW ##  
 cK K"H" #&#      ?K K9::KH9::HS ##  
 eK aQ"&#      8K KXKH"HP #  

 DK 
O
SO
#
#      CK 

:
PS#  

 iK KWH": #&                    bK KXKH9KHPH9 ####  
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Ex.14  usi)D %Ce 8ac% %Ca% 8ac%ors o8 a)y pro?uc% ca) +e rearra)De?J 7ri%e %Ce 8ollo7i)D expressio) i) 
%7o ?i88ere)% 7ays3 ^)?ica%e %Ca% all o8 %Ce resul%i)D expressio)s are eUual %o eacC o%Cer +y placi)D EFG 
siD) +e%7ee) %Cem3 
 aK KaKHOHX ##      

+K KOKH9SKH"HP ###  
 
Ex.15 Lri%e %Ce 8ollo7i)D expressio)s as a pro?uc% o8 s[9#  a)? a )a%ural )um+er3 E<alua%e %Cem3 
 aK KSH##                            
 +K KK9"HH ###  
 cK KKXHH ###    
 ?K KKKWHHH ####   
 
Ex.16 Fi)? %Ce opposi%e o8 opposi%e o8 opposi%e o8  
 aK PQ     
 +K SW#            
 
Ex.17 >mo)D %Ce 8ollo7i)D )um+ers ma%cC all pairs o8 %Ce opposi%e )um+ers3 
         :J9PKKJXHHJ:KJ9PHKKKJaHHHKJaHJX ############  
 
Ex.18 Compare %Ce 8ollo7i)D %7o expressio)s a)? 7ri%e rr!  +e%7ee) %CemJ i8 %Cey are eUualJ or rr'  
i8 %Ce expressio)s are )o% eUual3 

aK XWddddddddXW "##                                 
+K 9PXddddddddX9P "##  
cK  WSPddddddSPW $$$$      
?K  KKWHHdddddddKWH #####      
eK KOKHXH"dddddKOKHXKH"H ####      
8K  XP"dddddP"X ###"#  
DK WSPddddddKWHKSHP #"#"##  
           

Ex.19 Replace %Ce %ria)Dle 0  7i%C a )um+er %o maIe %Ce s%a%eme)% %rue3 
 aK O"PO"PSXa #0!##     +K 0"#!# W9PW9PS"a   
 cK W9Q9Q "##!##0     ?K OP""P #"!"0#  
 eK WQ:9: #!0$#      8K 0$#!#$ XOSKXOSHWS"   
 DK SW #!&0       CK POX #!$0    
 iK 0"!## 9:KPHX      bK 0$#!### 9999  
 
Ex.20 ^8 9WWX:SW"SQ #!$# J apply %Ce pri)ciple EEUuals ca) +e su+s%i%u%e? 8or eUualsG %o e<alua%e 
 aK KSWH"SQ #$#      +K "SQSW$#  
 cK 9:SW"SQ $$      ?K KSWHK9H"SQ #$#$#  
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Lesson 4 
__________________________________________________________________________________ 
 
Topics:  Exponentiation of integers; Order of operations; All operations combined. 
__________________________________________________________________________________ 
 

Exponentiation of integers 
 

Just as in the case of natural numbers, exponentiation of integers is a shorthand for repeated 
multiplication. For example,  
    
   2)2( 1 !"!  
   )2)(2()2( 2 !!"!  
    ... 
   )2)(2)(2)(2)(2)(2()2( 6 !!!!!!"!  
    … 
 
and so on. The number that is multiplied by itself is called the base. The exponent (a number slightly 
up to the right of a base) indicates how many times the base should be multiplied by itself. So, in the 
expression 6)2(! , 2!  is the base, 6 is called the exponent (or power). An exponent pertains only to 
the symbol that is closest to it. This is why, if we wish to raise 2!  to a given power, we need to 
place parentheses around it. If we do not, and instead we write, let us say, 42! , the resulting 
expression would mean that only 2 is raised to the fourth power. 
 
   16)2)(2)(2(2)2( 4 "!!!!"!          2!  is raised to the 4th power 
    16222224 !"###!"!             only 2 is raised to the 4th power 
 
Any time you wish to raise a negative number to a given power, you must place parentheses 
around it.  
 
Example 4.1 Write using exponential notation. 

a) Number 9!  raised to the tenth power. 
b) Number 13 cubed. 
c) Exponential expression with the exponent 7 and base 3!  
 

Solution: 
        a) 10)9(!    
   b) 313     
   c) 7)3(!  
 

Example 4.2 Expand. 
   a) 56!       b) 3)6(!  
 

Solution: 
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  a)  6666665 ####!"!    
  b) )6)(6)(6()6( 3 !!!"!  
 

Example 4.3 Whenever possible, use exponential notation. Do not evaluate. 
   a) )2)(2(2 !!!     
   b) 222 !!!  
   c) )3)(3)(3)(3(333 !!!!$$$                  
   d) 5555)7()7(7 ####!#!#!  
 
  Solution: 

  a) Since 2!  is multiplied by itself 3 times: 3)2()2)(2(2 !"!!! . We need 
to place the parentheses around 2! , to  make sure that 2!  is cubed, not just 2. 
 b) 222 !!!                We cannot apply the exponential notation. This is a 
repeated subtraction not repeated multiplication. 
 c)  4)3(333)3)(3)(3)(3(333 !$$$"!!!!$$$  
 d) 43 5)7(5555)7()7(7 #!"####!#!#!      We need to have the same 
base to apply the exponential notation, thus we ‘treat’ 7! ’s and 5’s separately. 
 

Exponentiation is a repeated multiplication and thus what we learned about determining the sign of the 
product of two or more integers can be applied to exponentiation. If the base (the number we multiply 
by itself) is a negative integer and the exponent is even, that means we multiply a negative integer an 
even number of times, and thus the result is positive.  If the exponent is odd, we multiply a negative 
integer an odd number of times and the result is negative. 
 
 When a negative number is raised to an even power, the result is positive. 
 When a negative number is raised to an odd power, the result is negative. 
 
Example 4.4 Determine the sign of the result. Please, do not evaluate.  
   a) 4)234(!          b) % &521!   c) 7)35(!!  
 

 Solution: 
  a) 4)234(!  is positive, since the exponent is even. 
  b) % &521!  is negative, since the exponent, 5,  is odd and the base, 21! ,  is 
negative. 
  c) 77 )35(1)35( !!"!! , 7)35(!  is negative, since the power is odd, but 
the product of two negative numbers is positive, so 7)35(!!  is positive. 

 
Example 4.5 Evaluate the following expressions. 
   a) 4)10(!   b) 410!     
   c) 24)1(!                                d) 33)1(!  
 

 Solution: 
  a) 10000)10)(10)(10(10)10( 4 "!!!!"!  
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  b)  1000010101010104 !"###!"!  
   c) 1)1( 24 "!    since the power 24 is even 
   d) 1)1( 33 !"!   since the power 33 is odd 
 
 

Performing more than one operation on integers 
 
 
If more than one operation is to be performed on integers we follow the order of operations. 
 
Now, we know all we need to be able to add, subtract, multiply (thus exponentiate) or divide integers. 
But before we start practicing performing those operations, let us go over the following two examples. 
They illustrate two traps many students fall in.  
 

! Consider )45(3 $!! .  
Do NOT be tempted to begin by replacing adjacent minuses by a plus. According to the order of 
operations, we should first perform all operations in parentheses. 

413)1(3)45(3 "$"!!"$!! . 
Notice, that we can replace two adjacent minuses by plus in )1(3 !! , because inside parentheses there 
is no operation to perform (there is only 1!  inside) . 
 

! Consider 2)5(!! . 
Do NOT be tempted to begin by replacing adjacent minuses by a plus. If you write    

22 )5(1)5( !#!"!! , you can see that exponentiation should be performed before multiplication, thus 
25251)5(1)5( 22 !"#!"!#!"!!  

In other words, we raise 5!  to the second power first and then take the opposite of the result. 
 
 

Example 4.6 Perform the indicated operations one step at a time. Please, use equal signs in a proper 
way. 

   a) )2(32 !'!!                     b) )42)(16( !!!                c) 223#!  
 

 Solution: 
a) 462)6(2)2(32 "$!"!!!"!'!!        (multiplication should be performed 

first). 
b) 14)2(7)42)(16( "!!"!!!   (operations in parentheses should be performed 

first). 
c)   124323 2 !"#!"#!    (exponentiation should be performed first). 
 

Example 4.7 Write each of the following as a single numerical expression, and then evaluate them. 
a) The product of 1!  and 3 and then add 5. 
b) Subtract 3 from 1 and then multiply by the result by 2! . 
 

Solution: 
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 a) 2535)3)(1( "$!"$!  
 b) 4)2(2)2)(31( "!!"!!  
 
 

Exercises with Answers    (For answers see Appendix A) 
 

Ex.1  Write using exponential notation. 
    a)   Number 5!  raised to the sixth power 
    b)   Number 8 raised to the seventh power 

                c)   Number 4!  squared. 
                d)   Exponential expression with power 8 and base 7!   
 
Ex.2 Identify the base of the following expressions. 
 a) 4532!     b) 5)71(!  
 
Ex.3   Whenever possible, use exponential notation. Do not evaluate. 
 a) 8888 ###!    b) )8)(8)(8( !!!  
 c) 88)8)(8)(8( !!!!!   d) 8888888 ###!##!  
 e) 777755 #####   f) )8)(8)(8)(8)(8)(8)(8( !!!!  
 g) )8)(8(8)2)(2(2 !   h) 22323 ####  
 
Ex.4   Expand. 
 a) 311!       b) 4)11(!  
 
Ex.5   Evaluate the following expressions. 
 a) 2)1000(!    b) 42!    
 c) 1)123(!    d) 14)1(!    
 e)  3)4(!     f) 25)1(!     
 g) 2)7(!!    h) 3)3(!!  
    
Ex.6   Determine the sign of the result. Please, do not evaluate. 
 a) 4)25(!    b) 432!    
 c) 7)18(!    d) 388!  
 e) 4723     f) 49)9(!  
 
Ex.7 Name the first mathematical operation that should be performed according to the order of 
operation and then evaluate the expression starting with this operation. 
 a) 435 !#!      b) )43(5 !!  
 c) 2)32( #!      d) 232#!  
 e) )52(4 $!      f) 524 $!  
 g) 2312 !(!      h) )23(12 !(!  
 
Ex.8    Evaluate, when possible. Please, perform operations one step at a time and use the equal signs 
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properly. If an expression cannot be evaluated, write “cannot be evaluated”. 
 a) )29(8 $!!      b) 18)23( $!  

 c) 44 )2(2 !!!     d) 
44
73

$!
!!  

 e)  % &242#!      f)  )2(32 !'!!  

 g)  )92)(16( !!!     h) 
6
364 !

$  

 i) 622 $!      j) )1()4(12 !#!(  
 k) )42( !!!      l) )4(44 !!!  
 m) )53(4 $!!     n) 432 #!  

 o) 
56
54

!
!      p) 4)1212( ($!  

 q) 2
3
6
!

!
!      r) 23 )3(2 !#!  

 s) 8)2(8 !!!      t) )231(4 !$!(  
 u) 27)7( !!!      v) 2625 )1()1( !!  
 w) 3)]7(3[ !$!     x) )54(2 !!  
 y) )3)(1(2 !!!     z) )2()7(4 !$!!!  
                                
Ex.9  Write each of the following as a single numerical expression, and then evaluate it.    

a) The product of 2,3 !! , and 4 
b) Subtract 7 from 2 and then add 5 
c) Divide 4! by 2 and then subtract 9 from the result 
d) The sum of 5 and the product of 7 and 3!  
e) Subtract 6 from 4 and then raise the result to the third power 
f) Add 8 to 5!  and divide the result by 3!  
g) Multiply 3! by 2 and then raise the result to the second power 
h) Raise 3! to the third power and then subtract it from 30 
i) Add 5 and 7 and subtract the result from 11!  
j) Raise 1!  to the twenty second power and subtract the result from 1 
k) Subtract 2  from 5!  and then multiply the result by 1000 

 
Ex.10 Replace the triangle )  with a number to make the statement true. Use parentheses if needed. 
 a) 83 !")        b) 127 ")  
 c) 56756724 $)"$#!      d) )#"$! 67)38(67  
 
Ex.11 Replace x  with a number to make the statement true. Use parentheses if needed. 
 a) x$!"!$! 7)2(7 4      b) 77)2105( x"!$!  
 c) 114 !"x        d) x$!"(!$! 3415)25(341  
 
Ex.12 Knowing that 2240)34525(7 !"$!!  evaluate the following expressions 
 a) )7)(34525( !$!   b) )10)(34525(7 !$!!  c) )34525(72240 $!!  
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Lesson 5  
__________________________________________________________________________________ 
 
Topics:  Fractions; Rational numbers; Equivalent fractions; Reducing  fractions; Converting fractions 
to an equivalent form with a given denominator. 
__________________________________________________________________________________ 
 
If you cut a cake into several equal parts and eat one of them. How much of the cake did you eat? To 
answer this question, we need a new type of numbers. These numbers are called fractions. 

 
Fractions 

 
A cake is cut into several equal parts. Each such part can be represented as a fraction. One out of four 

equal parts is 
4
1  (we read it “one-fourth”). 

                                                                 
              

One out of five equal parts is 
5
1  (read “one-fifth). 

       

Two out of five equal parts is 
5
2  (two-fifths).  

                                                         

Each fraction consists of a numerator (the top number) and denominator (the bottom number). 

                      
rdenominato

numerator  

The denominator names the number of equal parts into which a unit has been divided and the 
numerator names how many of those parts we take. The numerator and denominator are separated 
by a fraction bar. 
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                                                                                   Numerator counts number of parts 
                                                                                    

                           fraction bar          4
1          

                                              Denominator indicates into how many 
                                                                                    equal parts a unit is divided                   
 
 
Example 5.1 Select all figures that have 

8
3  of them shaded. 

 
 
 
  Solution: 

Figures a, b, and d since each of the figures is divided into 8 equal parts and exactly 3 of 
them are shaded. Notice, that in figure (c), 3 parts out of 8 are shaded, however, the 
parts are not equal, and the shaded area is definitely more than 

8
3 . 

 

Example 5.2 Shade 
4
1  of the figure below in three distinct ways (assume the figure represents one 

  whole and parts are equal). 
 

                             
 
  Solution: 

  The figure is divided into 8 equal parts, so 2 such parts are 
4
1  of it.  

   
   
  We have to shade any 2 parts. The following are three distinct ways (other ways are 
  possible, for example the one above). 
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Example 5.3 The marks on the line segment AB (AB begins at point A and ends at point B) are 

evenly spaced. 
 

                              
 

a) What fraction of the segment AB is the segment AC?  
b) What fraction of the segment AB is the segment DG?  
c) What fraction of the segment CH is the segment EG?  
 

Solution: 
a) Segment AB is divided into 7 equal parts and AC is one of them,  

7
1 . 

b) Segment AB is divided into 7 equal parts and DG consists of 3 of them. Thus, 
the fraction is 

7
3 . 

c) Segment CH is divided into 5 equal parts and EG consists of 2 of them.  Thus, 
the fraction is 

5
2 . 

 
Fractions as part of collection 

We often hear statements like   “Five sixths of cars …”,  “ One third of  students …”. We have a 
collection of objects.  We treat the collection as one unit, and take “a fraction” of it.  The numerator 
represents the number of objects we have and the denominator the total number of parts in the 
collection. For example, if we have 40 students in a class and on a given day 3 of these students are 
absent, we could say “

40
3 of students are absent”. Or, if there are 10 cars in a parking lot and exactly 7 

of them are red, we could say 
10
7  of cars in the parking lot are red. On the other hand, if somebody 

says one-sixth of students in a class is sick, and we know that the class consists of 12 students, we can 
find the number of students that are sick. We split (divide) the collection (in this case, collection of 
students) equally into 6 parts. Since 2612 "( , each such part consists of 2 students.  We take one 
such part, so  

6
1  of 12 students is 2 students.  
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What would be 
3
2  of the class with 12 students? This time, we split the collection into 3 equal parts (as 

indicated by the denominator). 4312 "( , thus each part consists of 4 students. We take two such 
parts, as indicated by the numerator. If we take 2 such parts, we have 842 "# , 8 students. 

3
2  of   12 

students  is 8 students. 

 

Example 5.4 There are 20 pairs of shoes in a closet. 6 pairs are men’s shoes and the remaining are 
women’s shoes. What fraction of shoes in the closet are women’s shoes? 

 
  Solution: 
  There are 14 remaining pairs of shoes ( )14620 "! , so the fraction of women’s pairs
  of shoes in the closet is 

20
14 . 

 
Example 5.5  Lisa grabbed a handful of M&M's. She got 3 brown, 2 blue, 4 red, and 2 yellow. What 

fraction of M&M’s are blue? 
   

Solution: 
Lisa grabbed 112423 "$$$  M&M's. 2 out of them are blue. The fraction of the  
M&M's that are blue is 

11
2 . 

 
Example 5.6 There are 9 apples in a basket. 

3
1  of them are red. How many red apples are in the 

basket? 
 

Solution: 
  The denominator 3 indicates that we need to divide all apples into 3 equal groups. 

                                   
 

Each such group consists of 3 apples. ( 339 "( ). If we take one such group (1, since 
the numerator is equal to 1), we will have 3 apples. Thus, there are 3 red apples.    

                        
Fractions as division; Rational Numbers 

In the previous sections, a fraction was identified with a part of a whole or a part of a collection. But a 
fraction is not simply a part of any whole or any collection. A fraction is a number that is a part of the 
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unit of measure, which is 1. A fraction bar represents division. Recall, that 
4
141 "( .  We can interpret 

the fraction  
4
1  as a number that is the result of division of 1 by 4. When we use only integers, the 

operation of division of 1 by 4 cannot be performed (there is no integer that is equal to 1 divided by 4). 
To fix this problem we extend integers to, so called, rational numbers. 

All numbers that can be written in the form of a fraction, where the numerator and denominator 
are integers (as long as the denominator is different from zero), are called rational numbers.  

Numbers like  
4
1 , 

3
2 , 

7
5!  or 

9
8
!

 are examples of rational numbers. With rational numbers we can 

perform all the divisions 
4
141 "( , 

3
232 "( ,  

7
575 !

"(!  and 
9

8)9(8
!

"!( .  Notice also, that any 

integer can be written in the form of a fraction. For example, 
1
22 "  (indeed, 2 divided by 1 is 2), 

1
44 "  and 

1
55 !

"! . This means that any integer is also a rational number (but not all rational 

numbers are integers). Just like integers are an extension of natural numbers, rational numbers are an 
extension of integers. We can represent this fact as follows.    
 
                                                                   
 
                                         rational numbers 
                 
                                                          integers 
                                                                                            natural numbers 
      
 
 
 
Rational numbers are an extension of integers (and as such they are an extension of natural numbers). 
All rules that we established for integers are preserved for rational numbers. Multiplication and 
addition are commutative, division by zero is not defined, addition is the opposite operation of 
subtraction, and multiplication is the opposite of division.  

Example 5.7  Write the following integers as a fraction.      
                           a) 3     b)  23!     c)  0 

  Solution:                                                                                                                   

                         a)  
1
33 " .         

                         b)  
1
2323 !

"!          

                         c)  
1
00 "  
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Example 5.8  Among the following rational numbers, select all that are integers. 

3
1

7
4

4
20

11
12

4
5

3
9

4
16

1
5

!
!

!
 

 Solution:                 
If the numerator can be divided evenly by the denominator, the fraction represents an 

integer. 515
1
5

"(" , ,4416
4

16
"("   ,3)3(9

3
9

!"!("
!

 5420
4
20

!"(!"
! . Thus  

4
20,

3
9,

4
16,

1
5 !

!
    represent integers. 

Fractions less or greater  than 1; Proper and improper  fractions 
 
 
Consider a fraction  

6
7 . Let us represent it as a part of the unit below. 

 
 
We divide the unit into 6 equal parts and take 7 parts of that size. 
 

                                  
 

Since one unit consists of 6 parts, and we take 7 of them, we have more than one unit,  1
6
7
* . In 

general, any time a positive fraction has the numerator greater than the denominator, the value 
of the fraction is more than 1. Also, any time a fraction’s numerator is less than its denominator 
the fraction is less than 1 (there are not enough pieces to “have” one unit). 

For example,   1
5
3
+   since 3 < 5 

  1
5
9
*   since 9 > 5. 
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What happens if the numerator is equal to the denominator, for example 
2
2 ?  Since 122

2
2

"(" , we 

have  1
2
2
" . When the numerator is equal to the denominator, the fraction is equal to 1. 

   111
1
1

"(" ,  122
2
2

"(" ,  133
3
3

"(" , … 

 
 
 
   Number 1 can be written as a fraction whose denominator is equal to its numerator. 

                                     """"
3
3

2
2

1
11   …    """

252
252

251
251 … 

 
 
Example 5.9  This following represents one unit. 

          
  What fraction shows how much is shaded? 

           
   

Solution: 
The unit is divided into 4 equal parts, and we take 13 of such parts. The fraction 

4
13  

shows how much is shaded. 
 
 

Example 5.10  Determine which of those fractions is greater than, less than or equal to 1.  
   a) 

17
19    b) 

11
6    c)  

23
23  

   
Solution: 

a) The numerator 19 is more than the denominator 17, thus 1
17
19

* . 

b) The numerator 6 is less than the denominator 11,  thus 1
11
6
+ . 

c) The numerator 23 is equal to the denominator 23, thus  1
23
23

" . 
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We will use the following definitions: A proper fraction is a fraction in which the numerator is less 
than the denominator. If the numerator is greater than or equal to the denominator, then the 
fraction is called an improper fraction. 
 
Fractions 

61
60,

3
2,

13
5

!  are examples of proper fractions. Their numerators are less than their 

denominators.   Fractions 
12
12,

15
16,

3
7

!!  are examples of improper fractions. Their numerators are 

greater than or equal to their denominators. 
 
 
Example 5.11 Determine which fractions are proper and which are improper fractions. 
  

7
6

1
25

25
1

11
12

39
39

5
2  

 
Solution: 

  The following fractions are proper (their numerator is less than the denominator). 

7
6,

25
1,

5
2 . 

  The remaining are improper: 
1

25,
11
12,

39
39 . 

 

The place of the minus sign in fractions                    

Suppose that we divide 3!  by 4. We know that it is equal to 3 divided by 4! , and that the result is a 

negative number. Thus 
4
3

4
3

4
3

!"
!

"
! . 

                                                                                                                                                                      
A minus sign can be placed in the numerator, in the denominator or in front of a fraction and 

all resulting expressions are equal.  For example,         
4
3

4
3

4
3

!"
!

"
!     

  

Let us also take this opportunity to notice that since any time we divide two negative integers, the 
result is positive,  

4
3

4
3
"

!
! .  The expression 

4
3

!
!  represents a division of 3!  by 4! , and the result of 

this division is a rational number 
4
3 . 

Example 5.12  Determine if the two given fractions are equal or not equal to each other. Write your 
  answer using “=” or “, " sign. 

   a) 
7
5

!  and  
7

5
!

                   b) 
9
7

!   and 
9
7

!
!           c) 

3
2!  and 

3
2
!
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  Solution: 

   a) 
7

5
7
5

!
"!  

 b) 
9
7

9
7

!
!

,!   Because, when we divide two negative numbers (like 7!  and 

9! ) the result is positive, not negative. 

   c)  
3

2
3
2

!
"

!  

Equivalent fractions 
 
What would you rather have, two slices of pizza cut into 8 pieces or, one piece of an identical pizza, 
which was cut into 4 equal parts? 
 

                
 
Unless the size of a pizza is not the only consideration, it does not matter. So, although 

4
1  and 

8
2  look 

different, they both represent the same value 
8
2

4
1
" . We would say that 

4
1  and 

8
2  are equivalent (or 

equal). 
Two fractions are equivalent if they represent the same number. 

Slices of a pizza that is cut into 8 equal parts are twice as small as those of an identical pizza cut into 4 
equal parts. Therefore we need two times as many of the smaller slices for the same amount. 

 
8
2

24
21

4
1

"
#
#

"  

 
Or, we can look at it this way:  Slices of a pizza cut into 4 are twice as large as slices of a pizza cut into 
8 parts. Thus, we only need to eat half as many, which causes us to divide by 2.  
      

4
1

28
22

8
2

"
(
(

"  

 
 
   We can always multiply or divide a numerator and denominator by the same number    

different from zero, and the value of the fraction will stay the same (the resulting fraction is 
equivalent to the original one). 
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Example 5.13  The following pairs of fractions are equal (equivalent). Show that, indeed, they are 
  equivalent by finding a number by which the numerator and denominator of the first 
  fraction was multiplied or divided in order to get the second fraction. 
   a) 

700
400

7
4
"                             b) 

5
2

35
14

"   

 
Solution: 

   a) Both numerator and denominator were multiplied by 100. 
       

700
400

1007
1004

7
4

"
#
#

"  

   b) Both numerator and denominator were divided by 7. 
      

5
2

735
714

35
14

"
(
(

"  

 
 

Expanding a  fraction by multiplying its numerator and denominator by the same number 

 

Suppose that we have a fraction 
3
2  and we would like to find the equivalent fraction with the 

denominator 15,   
15
?

3
2
" .  We will use the fact that if we multiply both numerator and denominator 

by the same nonzero number, we get an equivalent fraction. We will expand the fraction. We ask 
ourselves the question “By what number do we multiply 3 to get 15?”. Since the answer is 5, we 
multiply the numerator and denominator by 5.                                        

                                                                                Multiply the numerator by 5 
                        

                     
15
10

53
52

3
2

"
#
#

"  
                                                                                                                                                      

                                Multiply the denominator by 5                                                                         

Example 5.14    Find the fraction with the denominator 27, equivalent to 
9
7 .    

                           
     Solution:          
     We need to find the numerator such that  

27
?

9
7
" . Since 9 in the denominator was 

     multiplied by 3 to get 27, the same operation must be performed in the numerator.
                                

27
21

39
37

9
7

"
#
#

"           

               The fraction we are looking for is  
27
21 .      
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  Reducing a  fraction by dividing its numerator and denominator by the same number 

We often want to write fractions using the smallest numbers possible. The process is called 
simplifying or reducing a fraction. We do that because it gives a better sense of the fraction value, 
and it also makes for simpler operations.  While reducing a fraction, we use the fact that if we divide 
both numerator and denominator by the same nonzero number we get an equivalent fraction. 

Reduce  
12
9 .                            

We look for a number that both 9 and 12 could be divided by without any remainder. We will refer to 
such a number as a common factor (*). Since a common factor of 9 and 12 is 3, we divide the 
numerator and denominator by 3.  

                                                                Divide the numerator by 3  
  

            
4
3

312
39

12
9

"
(
(

"  

                                                                                                                                                      
                      Divide the denominator by 3                                                                       

Since, there is no other number, different from 1, by which we can divide both 3 and 4 (or, 
equivalently, the only common factor of 3 and 4 is 1), the fraction is in its reduced form or, we can say, 
it is reduced to its lowest terms.           

We will now present the previous simplification in a slightly different way.                            

"
12
9  

"
#
#

34
33  

  

4
3        or, simply,  

Find a common factor of the numerator and denominator. Common factor of 9 
and 12 is 3. Replace 9 with the product of 3, and 12 with the product of 4 and 3. 

Divide the numerator by the common factor 3. Cross out each 3 in the numerator 
and denominator and place 1’s above them. 

                                                                                                                          
Multiply 3 and 1 in the numerator and 4 and 1 in the denominator. 

 

4
3

34
33

12
9

"
#
#

"  

 

_____________________________                
(*)  Recall that numbers that are multiply together are called factors. Since 9"3#3 and 12"3#4, we call 3 a common 
factor of 9 and 12. For example, 7 and 14 have a common factor 7. We can write 7"7#1 and 14"7#2. Or, 24 and 32 
have a common factor 8, 24"8#3, 32"8 #4 
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Reduce  
10
30 .                             

Like in the previous example, we look for a common factor. 10 is a common factor of both 30 and 10. 
We write,               

          

Equivalently, we could have noticed right from the beginning that 31030
10
30

"(" .     

 
To reduce a negative fraction, keep the minus and follow the algorithm for reducing positive fractions.   

                    
Notice, that we only cancel factors, so for example in the expression 

7
72 $ we cannot cancel 7, 

because, in the numerator, 7 is not a factor but a term (operand of addition). 
7
9

7
72
"

$  not 2 (the result 

we would have gotten  if we had cancelled). 
 
 
Example 5.15  Reduce the following fractions.    

a) 
35
20   b)  

144
32  c) 

24
20

!  d) 
5

10   e) 
18
6  

  
Solution: 

                                                
 b) Let us simplify 

144
32 . Since both are even numbers, we known that 2 is a 

common factor of  32 and 144. Thus,  

                                        
Since the numerator and denominator still have a common factor (for example 2, but 
also 8), we keep dividing both terms by a common factor. We could have divided by 2 
again, but it takes fewer steps if we use the larger factor. 
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We cannot divide 2 and 9 any further.  Thus 

9
2

144
32

"  We did this simplification   in 

two steps. If we had noticed from the very beginning that 32 and 144 have a common 
factor of 16, we could have done it in just one step. 

 c)  We keep the minus sign and simplify the fraction as usual. 

                                        

                                     
     Remember that 2

1
2
"  and thus 2  (not 

1
2 ) should be the final answer.  

  e)  
3
1

63
6

18
6

"
#

"   We did not go through the process of crossing out 6’s. If 

you choose to present your work this way, please remember that when you cancel 6 
(divide the numerator and denominator by 6) the number in the numerator that “stays” 
is 1 (since )166 "( . 

 
 
Example 5.16    Which of the following expressions can be simplified by canceling the number 3? 

   a) 
3

43$    b) 
43

3
#

  c) 
43
53

!
#                  

     
Solution:   

Only (b), 
4
1

43
3

"
#

 Remember, only factors (operands of multiplication) can be         

canceled.  In (c) 3 is a factor in the numerator, but not in the denominator. 
 
 
 

Exercises with Answers    (For answers see Appendix A) 
                                                     
Ex.1 Identify the denominator and the numerator in  

3
2 .  

 
Ex.2 Write a fraction whose denominator is 354 and numerator is 29. 
 
Ex.3 Fill in blanks with words “denominator” or  “numerator” as appropriate.  
The top number of a fraction is called ____________ , the bottom number is called ____________ .  
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The _____________names the number of equal parts the unit has been divided and the ____________ 
names how many of those parts we take.  
                                                         
Ex.4 Write a fraction represented by the shaded regions. Assume each figure represents one whole. 
 

       
 
 
Ex.5 All marks are equally spaced. Please, answer the following questions. 

 
a) What fraction of the segment AB is the segment AC?  
b) What fraction of the segment AB is the segment DE?  
c) What fraction of the segment CB is the segment EB?  
d) What fraction of the segment DB is the segment CB?  
e) What fraction of the segment DE is the segment DC? 

 
Ex.6 Which figure shows 

5
2  shaded? Assume each figure represents one whole. 

         
 
 

Ex.7 Which figure is 
4
3  shaded? Assume each figure represents one whole. 

           
 
 



 61

Ex.8 Write fraction which represents the NOT shaded regions. Assume each figure represents one 
whole and parts are equal. 

          
 

Ex.9 To find  
8
1  of the segment below 

                            
one has to divide it into _________ equal parts and take ______ of them. To find 

8
2  one has to divide 

it into _________ equal parts and take ______ of them. 
 
Ex.10 Which fraction shows the part of the set of balls that has stripes? In your answer identify the 
denominator and numerator. 
 

              
 
Ex.11 What fraction of balls is NOT white? 
          

            
   
Ex.12 This is Ann’s flower garden. 
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a) What fraction of the tulips is white? 
b) What fraction of the tulips is red? 
c) What fraction of the tulips is NOT white? 

 

Ex.13 Which picture correctly shows 
8
7 ? 

 

 
Ex.14 Shade the area corresponding to the following fraction. Assume each figure represents one 
whole and parts are equal.  

            
 

Ex.15  a) Which fractional part of a circle below is equal to 
8
1 ? 

 b) Which fractional part of a circle below is equal to 
8
3 ? 

 c)  Which fractional part of a circle below is equal to 
2
1 ? 

 d) Which fractional part of a circle below is equal to 
4
1 ? 

  
 

Ex.16  a)  Shade 
32
5  of the figure below in three distinct ways. 

  

 b)  Shade 
8
1  of the figure below in three distinct ways. 
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 c)  Shade 
4
3  of the figure below in three distinct ways. 

  

 d)  Shade 
16
1  of the figure below in three distinct ways. 

  

 e)  Shade 
16
3  of the figure below in three distinct ways. 

  
 
Ex.17 Select the fraction which shows the part of the largest square that is shaded. 

  a) 
4
1     b) 

7
1    c) 

16
1    d) 

8
1  

         
 
Ex.18 I ate 

3
1  of my 24 M&M’s and I gave the rest to my sister. She ate 

8
5  of her M&M’s. How 

many M&M’s did my sister eat? 
 
Ex.19 This is a chest of drawers.  

   

2
1 of all drawers is to be used by John and 

6
1  by Tom. Assign appropriate number of drawers to Tom 

and John by labeling the drawers. What fraction of all drawers is still not  used?      
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Ex.20  Austin plans to spend 
10
3 of all days in October studying math, 

30
7  studying biology, 

5
1  

studying French, and 
15
2  studying chemistry. Plan the month of October for Austin by assigning each 

subject of study on appropriate number of days. Does Austin have any days when he does not have to 
study? What fraction of all days in October he does not have to study? 
 

 
 
Ex.21  This is Ann.  

She is 4 feet tall. Her son Oliver is 
4
3  of Ann’s height. Draw Oliver to the right of Ann (of appropriate 

height, of course). Ann’s daughter, Lauren, is 
2
1 of Ann’s height. Draw Lauren to the right of Oliver. 

The family dog is 
4
1  of Ann’s height. Draw the dog to the right of Lauren. 

     
                          Ann              Oliver               Lauren                dog 
Answer the following questions:             
 a) What fraction of Oliver’s height is the dog? 
 b) What fraction of Oliver’s height is Lauren? 
 c) What fraction of Laurens’s height is the dog? 
 d) Their neighbor’s cat is 

2
1  of height of Oliver’s height. Is it   taller than the family dog?  

 
Ex.22  This is a chocolate bar divided into 24 equal parts. 
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 a) You are supposed to give  
2
1  of it to your teacher and 

4
1  of it to your best friend.  Draw 

pieces of chocolate (of appropriate size) for both of them.  The rest of the chocolate bar is for you. 
What fraction of the chocolate bar do you get? 

 b) You are supposed to give  
2
1  of it to your teacher and 

4
1  of the remaining bar to your best 

friend.  Draw pieces of chocolate (of appropriate size) for both of them.  The rest of the chocolate bar 
is for you. What fraction of the chocolate bar do you get? 
 

Ex.23 I took 
4
1  of a pizza, cut it into two equal parts, and ate one such part. What fraction of the 

whole pizza did I eat?  
 
Ex.24 Mr. X divided a cake into 5 equal pieces and then he divided each of those pieces again into 6 
even smaller parts. What fraction of the whole cake is such one small part? 
 
Ex.25 There are 100 students who eat lunch. Of these, 80 students drink milk. What fraction of 
students drink milk at lunch? 
 
Ex.26 Sean collects posters. He has 3 animal posters, 4 posters of sports teams, and 2 posters of 
musical bands. What fraction of his posters are of sports teams? 
 
Ex.27 There are 5 red, 7 blue, and 3 green marbles in a jar. What fraction of all marbles in the jar is 
green? 
 
Ex.28 Three-fiftieths of all states in the United States of America has names starting with the letter A. 
How many states have names starting with the letter A?    
 
Ex.29 A class consists of 16 children.  

a)  How many children are 
2
1  of the class? 

b) How many children are 
4
1  of the class? 

Ex.30 Alice worked on her homework 60 minutes. Toby worked 
2
1  of what Alice worked. How many 

minutes did Toby worked? 
 
Ex.31 To get to place A from place B, Mr. Smith has to walk 25 yards. If Mr. Smith walked 

5
1  of the 

way, how many yards did Mr. Smith walk? 
 
Ex.32 Jane read 

4
3 of a 100 page book. How many pages did Jane read? 

Ex 33 There are 30 miles between town A and town B. The distance between the town C and D is 
3
2  

of what is between A and B. What is the distance in miles between C and D? 
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Ex.34 How many halves are equal to one whole? How many thirds are equal to one whole?  
 
Ex.35 Write the following fraction 

89
67  as a division problem using ''(  sign. 

Ex.36 If number 1 is divided into 5 equal parts, and we count 4 of them, what fraction is that?   

Ex.37 a) If we divide 1 by 2, the result is equal to  ___________ . 
 b) If we divide 1 by 3, the result is equal to  ___________ . 
 c) If we divide 19 by 782, the result is equal to  ____________ . 
 
Ex.38 Rewrite in fraction form and express as either a positive or negative fraction. 
 a) 143 (   b) )17(4 !(!     c) 267 (!                       d) )7(5 !(
                 
Ex.39 Write the following integers as fractions 3, 1, 0,7,23! .  
 
Ex.40 Among the following fractions circle all that are integers. 
 

12
15,

5
3,

12
60,

15
30,

1235
1235,

8
4,

103
103

!!  

 
Ex.41 This is one unit 

          
 what fraction represents the shaded area? 

           
 
Ex.42 If this is one unit,      

          
what fraction represents shaded area? 

           
 
Ex.43 All marks are equally spaced. Assume that the length of the segment AF represents one unit.  

           
a) What fraction represents the length of AG?  
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b) What fraction represents the length of AH?  
c) What fraction represents the length of AI?  

 

Ex.44 I have 4 shrubs in my garden: rhododendron 3 feet high, boxwood that is 
3
5  of rhododendron’s 

height, azalea that is 
3
4  of rhododendron’s height, and juniper that is 

2
1  of the height of azalea. Draw 

boxwood, azalea, and juniper next to rhododendron (of appropriate height, of course).  

  
                 rhododendron         boxwood         azalea        juniper 
Answer the following questions: 

a) What fraction of rhododendron’s height is juniper? 
b) What fraction of boxwood’s height is rhododendron? 
c) What fraction of azalea’s height is rhododendron? 
d) If I am 

6
7  of  azalea’s height, am I shorter or taller than azalea?  

 
Ex.45 List three fractions that are greater than 1. 
 
Ex.46 For each fraction determine if it is more than, less than or equal to 1. Write your answer using 
“<”, “>”, or “=”. 

a) 
5
7     b)  

85
86     c) 

5
4     

 d)   
5

13     e) 
14
14     f)   

89
4  

 
Ex.47 Replace X with an integer to make a true statement. 

 a) 
8
X is greater than 1.    b) 

X
7  is greater than 1. 

c) 
123
X  is less than 1.    d) 

123
X  is equal to 1 

 
Ex.48 Determine which fractions are proper and which are improper fractions. 

  
33
34

8
8

51
19

3
3

5
8

17
7  

 
Ex.49 Replace ______ with either “=” or “, ” sign to make a true statement. 

a) 
4
7_____

4
7

!
!     b) 

2
1_____

2
1

!
!  
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c) 
6
5_____

6
5

!
!

!
    d) 

8
3_____

8
3

!
!  

e) 
9
4_____

9
4

!
!

!     f) -
.
/

0
1
2 !!

5
3_____

5
3  

 
Ex.50 Write the following division problem     47835 (!    using fraction notation. Write it in three 
equivalent forms by placing the minus sign differently. 
 

Ex.51  Find the opposite of 
11
9  and write it in three different ways by placing minus sign differently. 

 
Ex.52 A fraction of the group of marbles below are black. 
 

          
 
Which figure below is shaded to represent a fraction with the same value as the fraction that represents 
the black marbles? 

    
 
Ex.53 Write two equivalent fractions corresponding to the shaded area. 

           
 
Ex.54 The following pairs of fractions are equal (equivalent). Show that, indeed, they are equivalent 
by finding a number by which the numerator and denominator of the first fraction was multiplied or 
divided in order to get the second fraction. 
 a) 

35
15

7
3
"                               b) 

6
5

60
50

"   

 c) 
9
7

36
28

"       d) 
12
18

2
3
"  

Ex.55 Name three equivalent fractions to  
7
4 .     

Ex.56  Is it true that 
4
3   and  

8
6   are equal? Why? Write  

4
3   in two different equivalent forms. 
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Ex.57 Among the following find all fractions that are equivalent (equal) to 
5
3 .   

  
10
6,

40
24,

25
21,

5
3,

3
5,

50
30,

15
9

!
!

!
!  

Ex.58 Find a fraction with the denominator 32 that is equivalent to  
8
5 .  

 

Ex.59 Find a fraction with the denominator 16   that is equivalent to  
4
3

! . 

 

Ex.60 Find a fraction with the denominator 64 that is equivalent to  
8
3 . 

 
Ex.61 Find the missing numerator.  

a) 
32
?

16
3
"    b) 

900
?

9
5
"     c) 

6
?5 "   

 d) 
27
?

9
5
"    e) 

90
?

9
3
"                     f)  

8
?7 !"!             

      
 
Ex. 62 Reduce the following fractions. 

a) 
100
25       b) 

2000
100  

c)  
36
27       d)  

30
9    

e)  
49
14

!      f) 
4

12  

g) 
36
24       h) 

15
50

!  

  
Ex. 63 Which of the following expressions can be simplified by cancelling number 7? Any time 7 can 
be cancelled, cancel it. 

 a) 
72

7
#

    b) 
7

72 (     c) 
79

7
$

   

           d) 
73
73

!
#     e) 

47
74

#
$     f) 

7
)8(7!  
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Lesson 6  
__________________________________________________________________________________ 
 
Topics:  Addition and subtraction of rational numbers. 
__________________________________________________________________________________ 

                    
Addition of fractions with the same denominator 

We will now learn how to add fractions whose denominators are the same. Suppose that we wish to 

add 
8
3  and 

8
2 . The quantity 

8
3  represents 3 parts of a unit divided into 8 equal parts. So, for example, 

if we cut a pizza into 8 equal pieces, then 3 such pieces are 
8
3  of the pizza: 

 
Similarly, 2 such pieces represent  

8
2  of the pizza 

     
                                                                                                                                 

Since pieces are of the same size, to find what the sum  
8
2

8
3
!   is, we must add the number of pieces:  

3 pieces and 2  pieces are 5 pieces; 5 pieces of pizza cut into 8 equal parts. Thus, 
 

                                          
8
3               +               

8
2                =               

8
5          

                  
 
This above gives us the following rule. 
 
 To add two fractions with the same denominator, we add their numerators and keep the 
denominator unchanged. 

                    

!

8
5

8
23

8
2

8
3

"
!

"!

NUMERATORSADD
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Example 6.1  Illustrate the operation 
4
2

4
1
!   using a graphical representation of fractions of your           

             choice  and then  perform the addition. 
                          

Solution:            
    

   

  
4
3

4
21

4
2

4
1

"
!

"!  

 
 
 

Example 6.2   Add the following fractions. 

a)  
9
1

9
4
!        b) 

7
8

7
4

7
2

!!  

 
Solution:   

a) 
9
5

9
14

9
1

9
4

"
!

"!                                

             b) 2714
7

14
7

842
7
8

7
4

7
2

"#""
!!

"!! .    If the answer can be expressed 

as an integer, you must write the integer for the final answer    (do not leave it as a 
fraction).   

 
Subtracting fractions with the same denominator 

The principle behind subtraction of fractions with the same denominator is the same as in the case of 
addition. Consider the following.  

Suppose that we had 7 pieces of pizza cut into 8 equal pieces, that is 
8
7  of the pizza and we ate 2 such 

pieces, 
8
2 . To find how much of the pizza is left, we must perform the subtraction 

8
2

8
7
$  .  

                                                          
       Seven eighths        !   two eighths   =      five eighths                                                                  

             
8
7                   !        

8
2                =               

8
5                                                                           
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We have the following rule.  
 
To subtract fractions with the same denominator, we subtract their numerators and keep the 
denominator unchanged. 
 

                    
8
5

8
27

8
2

8
7

NUMERATORS SUBTRACT

"
$

"$

"#$

     

Example 6.3   Illustrate the operation 
4
2

4
3
$    using a graphical representation of fractions of your  

              choice and then perform the subtraction. 
 
                           Solution:            

   
   

4
1

4
23

4
2

4
3

"
$

"$  

Example 6.4    Perform the following operation 
13
2

13
9
$ . 

  Solution: 

Fractions have the same denominators. Therefore, we keep the denominator and 
perform the subtraction on numerators:     

13
7

13
29

13
2

13
9

"
$

"$   

 

Adding fractions with different denominators 
 
We can only add objects of the same type. Fractions with the same denominators are objects of the 
same type: if denominators are the same, we divide units into the same number of pieces and thus   
“pieces” are of the same size. But if the denominators are different, the size of “pieces” is not the same 

Consider, for example, 
5
1  and 

2
1

. 

                             
 
           The size of “pieces” is different and thus we cannot simply add number of pieces. It is 
    like in the old saying, one cannot add apples and bananas. 
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The main rule of addition of fractions is that we cannot do anything until the denominators are 
the same. Thus, to add fractions, we need the same (common) denominator. To find a common 
denominator means to find a number that can be evenly divided by the denominators of both 
fractions.  The choice of a common denominator that will always work is the product of 
denominators of the fractions. In this case 1025 "% .    

"!
2
1

5
1  

"
%
%

!
%
%

52
51

25
21

"!
10
5

10
2

"
!

10
52          

10
7  

Find a common denominator 1025 "%  and expand both fractions to their equivalent 
form with the new denominator 10. To this end, multiply the numerator and 
denominator of the fraction 

5
1  by 2, and the numerator and denominator of 

2
1  by 5.  

Perform the indicated multiplications .                

Once we have a common denominator, we add numerators and keep the denominator 
unchanged.                                                                                                             
Perform the indicated addition. 

   

Let us consider another example.

"!
6
5

3
1  

                         
        
  

                                                                            
    

"!
%
%

6
5

23
21

"!
6
5

6
2      

"
!
6

52      

6
7  

As we have discussed, we can always use the product of denominators as a 
common denominator (in this case it would be 1863 "% ), but it will not 
necessarily be the least common denominator. For instance, in this example, the 
better choice for a common denominator is 6.  If we can quickly find a common 
denominator that is less than the product of denominators, we should use it 
because smaller numbers make calculations easier (if we do not use it, we will 
still get the right answer). Let us choose a common denominator of 6  (number 6 
can be divided by both 6 and 3 without a remainder). The next step is to rewrite 
the fractions in their equivalent form with the denominator 6. Notice, that the 
fraction  

6
5  is already written in the desired form.                

Perform the indicated multiplications. 

Add numerators and keep the denominator the same. 

Perform the indicated addition.        

                                                                                     

Example 6.5  Add the following fractions.               

   a) 
4
3

5
2
! .        b) 

6
1

8
3
!                           c)  

10
1

5
2

7
3

!!

        



 74

Solution:          
 a) We find a common denominator. It is 2045 "% .  

20
23

20
158

20
15

20
8

54
53

45
42

4
3

5
2

"
!

"!"
%
%

!
%
%

"!          

 b) We choose the common denominator to be 24. You could have chosen 
)68(48 % , but 24 is simpler to use. 

 
24
13

24
49

24
4

24
9

46
41

38
33

6
1

8
3

"
!

"!"
%
%

!
%
%

"!     

 c)  When adding three or more fractions, we find a common denominator for all 
of them. Multiplying all three denominators will always give us a common denominator 
(but not necessarily the least common denominator). In this case, we can use 70 instead 
of 3501057 "%% . 

14
13

514
513

70
65

70
72830

70
7

70
28

70
30

710
71

145
142

107
103

10
1

5
2

7
3

"
%
%

""
!!

"!!"
%
%

!
%
%

!
%
%

"!!  

Notice, that the last step was reducing the fraction. Any final answer should be given in 
its reduced form; thus, we should get into the habit of always reducing the final 
answer.    

 

Adding/subtracting rational numbers 
 
 
To add/subtract rational numbers, all of them must have a common denominator.  
 

Consider     
3
5

4
3
$ . 

"$
3
5

4
3  

 

Find a common denominator. In this case a common denominator is 
1234 "% . Rewrite both fractions in their equivalent form with the 

new denominator 12. 

"
%
%

$
%
%

43
45

34
33        Perform the indicated multiplications. 

"$
12
20

12
9         Subtract numerators and keep the denominator the same. 

"
$
12

209          Perform the indicated operations. 

"
$
12
11                     We usually place the minus sign in front of a fraction. 

12
11

$  

 

Consider      &
'
(

)
*
+$$$

2
1

5
1 . 
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"&
'
(

)
*
+$$$

2
1

5
1  

"!$
2
1

5
1  

First, remove all “double signs”. Minus followed by a minus changes 
to plus. 
 
Find a common denominator, 1025 "% , rewrite fractions in their 
equivalent form with the denominator 10.

"
%
%

!
%
%

$
52
51

25
21        Perform the indicated multiplications. 

"!$
10
5

10
2         Use the fact that 

10
2

10
2 $
"$ . 

"!
$

10
5

10
2         Write the expression as one fraction. 

"
!$

10
52                    Perform the indicated operations. 

 
10
3  

 

Add the following 
5
2

7
3 $
! . 

"
$

!
5
2

7
3                   Use the fact  

5
2

5
2

$"
$  to rewrite the expression.

"&
'
(

)
*
+$!

5
2

7
3    

Replace the “double signs”. Plus followed by a minus changes to 
minus. 

"$
5
2

7
3                  Find a common denominator: 3557 "% . 

"
%
%

$
%
%

75
72

57
53                 Perform the indicated multiplications. 

"$
35
14

35
15                  Write the expression as one fraction.  

"
$
35

1415                   Perform the indicated operations. 

35
1  

 
 
Example 6.6 Perform the indicated operations.   

   a) 
8
3

2
1
!$   b) &

'
(

)
*
+ $!

5
2

6
1   c) &

'
(

)
*
+$&

'
(

)
*
+$$$

6
1

4
3

3
2  

 
Solution: 

   a) 
8
1

8
1

8
34

8
3

8
4

8
3

8
4

8
3

42
41

8
3

2
1

$"
$

"
!$

"!
$

"!$"!
%
%

$"!$  

   b) "$"
%
%

$
%
%

"$"&
'
(

)
*
+$!"&

'
(

)
*
+ $!

30
12

30
5

65
62

56
51

5
2

6
1

5
2

6
1

5
2

6
1  
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30
7

30
7

30
125

$"
$

"
$  

c)  "
%
%

$
%
%

!
%
%

$"$!$"&
'
(

)
*
+$&

'
(

)
*
+$$$

46
41

64
63

83
82

6
1

4
3

3
2

6
1

4
3

3
2  

                       
12
1

12
1

212
21

24
2

24
41816

24
4

24
18

24
16

$"
$

"
%
%$

"
$

"
$!$

"$!$                     Always reduce! 

 
 
A summary is presented in the following table. 
 

HOW TO ADD/SUBTRACT RATIONAL NUMBERS 
 
    Step 1. If there are any ‘double signs’ in the expression, replace them  with one sign according to 
                the  rules:                  (+)(+)  ! (+)                    (")(+)  ! (") 
                                                  (!)(!)  " (+)                    (+)(!)  " (!) 
 
    Step 2. If the fractions do not have the same denominator, find a common denominator (a number 
                that can be evenly divided by the denominators of all fractions). The product of 
                denominators can always be used as a common denominator. If you can quickly find a 
                smaller one, use the smaller one. 
 
    Step 3. Rewrite the fractions in their equivalent form using a common denominator (multiply 
                each denominator by a number such that the product is equal to the desired common 
                denominator; you must also multiply the corresponding numerator by the same number as 
                in the denominator). 
 
    Step 4. Put all numerators (together with signs in front of them) over one fraction bar, keep the 
                denominator unchanged. 
 
    Step 5. Perform operations indicated in the numerator. 
 
    Step 6. Reduce the fraction, if possible. 
 

    For example,        
30
13

30
185

30
18

30
5

30
18

30
5

65
63

56
51

5
3

6
1

5
3

6
1

"
!$

"!
$

"!$"
%
%

!
%
%

$"!$"&
'
(

)
*
+$$$   

 
 
 

Common mistakes and misconceptions 
 
Mistake 6.1 

Do not confuse the rules for multiplication with those for addition and subtraction. When 

adding, it is NOT correct to simply add both the numerators and denominators:  
72
31

7
3

2
1

!
!

,! .  
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Remember that if the denominators are the same, you keep the denominator and if the 
denominators are not the same, you must find a common denominator.  NEVER ADD the 
DENOMINATORS. 
 
 

Exercises with Answers    (For answers see Appendix A) 
 
 Ex.1  Rational numbers preserve the commutative property of multiplication.  Illustrate the  

commutative property of addition using the fractions
7
3   and 

5
4 .  Is subtraction of rational numbers 

commutative?  
 
Ex.2  Make an appropriate drawing, write the corresponding numerical statement and perform the 
operation to answer the following questions. 

 a) I ate 
9
2  of a cake in the morning and 

9
5  of the cake in the afternoon. How much cake did I 

eat altogether? 

 b)  Michael and Charles were paining a fence. On Monday Michael painted 
3
1  of the fence and 

Charles also painted 
3
1  of it. What fraction of the fence was painted on Monday? 

 c)  Clarissa drank 
5
2  glass of milk from a glass with 

5
3  glass of milk in it. How much milk is 

still in the glass? 

 d)  
10
4  of a pizza was left after the party.  I ate additional 

10
1 of a pizza. How much pizza is still 

left?      
 
Ex.3 Add or subtract the following fractions. Show all your steps and use “=” correctly. Always 
reduce if possible. 

 a) 
5
7

5
1
!     b) 

27
7

27
2
!     c) 

10
5

10
3
!  

 d) 
6
7

6
5

6
11

!!     e) 
9
2

9
5

9
2

!!     f) 
4
7

4
9

4
5

4
1

!!!  

 g) 
5
1

5
4
$     h) 

8
3

8
11
$     i) 

12
1

12
7
$  

 
Ex.4 Add the following fractions. Show all your steps and use “=” correctly. Always reduce if 
possible. 

 a) 
6
1

5
4
!       b) 

8
3

9
2
!  

 c) 
6
1

15
4
!       d)  

10
5

20
13

!  
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e) 
12
7

6
5
!       f)  

9
7

4
3
!  

g) 
4
3

3
1

8
5

!!       h)  
7
2

14
5

7
3

!!  

 
Ex.5 Perform the following operations. As a first step, write each expression as a single fraction, for 

example:  
5

)2(1
5
2

5
1 $!$

"
$

!$ . Pay attention to signs and parentheses.  Use “=” correctly. Always 

reduce if possible. 

 a) 
6
5

6
1
!$       b) 

8
3

8
2
$  

 c) 
25
1

25
4
$$       d)  

7
13

7
13

!$  

e) 
7
1

7
5
!

$       f)  
4
1

4
3 $
!$  

g) 
3
2

3
1

3
5

$!$       h)  
14
3

14
5

14
3

$
$

$
$  

i) 
9
1

9
4

9
2 $

$!
$

$      j)  
2
3

2
1

2
3 $

!
$

$  

 
Ex.6 Perform the following operations. Show all your steps and use “=” correctly. Always reduce if 
possible. 

 a) 
7
5

14
3
!$       b) 

11
3

3
2
$$  

 c) 
5
4

3
2
$       d)  

7
3

9
2
$$  

e) 
15
13

5
4
$

$       f)  
20
3

5
2

10
7

$!$  

g) 
18
11

2
1

9
4

$!       h) 
2
5

4
1

8
3

$$
$  

 
 
Ex.7 Perform the following operations. Show all your steps and use “=” correctly. Always reduce if 
possible. 

 a) &
'
(

)
*
+$!$

4
1

3
2      b) &

'
(

)
*
+$$

8
3

7
3  

 c) 
18

5
12
7 $
$$                  d)  &

'
(

)
*
+!!

$
12
5

8
3  

e) &
'
(

)
*
+!$$

9
5

7
2      f)  &

'
(

)
*
+$$&

'
(

)
*
+$$

49
3

7
4  

g)  &
'
(

)
*
+$$!$

25
3

2
7

5
2      h) &

'
(

)
*
+ $!&

'
(

)
*
+ $$

5
6

4
3  
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i) &
'
(

)
*
+$$&

'
(

)
*
+!$$

3
2

9
7

6
1     j)  &

'
(

)
*
+
$

$
$

10
3

15
2  

 
Ex.8 Perform the following operations. Show all your steps and use “=” correctly. Always reduce if 
possible. 

 a) 
5
3

4
5
$$       b) &

'
(

)
*
+$!

7
3

3
2  

 c) 
12

5
9
4 $
!$       d)  

8
3

6
5

$&
'
(

)
*
+$$  

e) 
2
9

14
3
$

$       f)  &
'
(

)
*
+$!$

23
15

23
7  

            g) &
'
(

)
*
+$!&

'
(

)
*
+$$

9
2

7
4      h)  

9
10

4
3
$$  

i) &
'
(

)
*
+ $$

9
4

18
7       j)  &

'
(

)
*
+ $!&

'
(

)
*
+$$

7
5

4
3  

k) 
7
1

21
15

7
4

$$$      l) 
22

3
11

2 $
!&
'
(

)
*
+ $$  

m) 
5
1

9
4 $
!

$
           n) 

3
1

9
5

6
3

!$&
'
(

)
*
+ $$  

o) &
'
(

)
*
+ $$$

7
3

7
3      p) &

'
(

)
*
+$$&

'
(

)
*
+
$

$
6
5

8
3  

q)  &
'
(

)
*
+$$&

'
(

)
*
+!$&

'
(

)
*
+$

20
6

30
9

10
3     r)  &

'
(

)
*
+$$!$

8
1

12
7

6
5  

 s)  &
'
(

)
*
+$!$$

2
3

10
7

5
1      t) 

121
77

121
77

66
5

66
5

$!!$  

 
Ex.9 Replace x  with a number to make the statement true. 

 a) 
8
3

8
2

"
! x    b) 

13
9

1313
3

"!
x   c) 

13
9

13
3

"! x  

 d) 
5
3

5
1

5
"$

x    e) 
9
4

99
2

$"$$
x   f) 0

11
7

"!$ x  

 g) 
x
5

7
3

7
2

$"$$   h) 
10
3

1010
3

5
1

!"!
x   i) 

15
3

155
1

3
2

$"$
x  

 j) 1
3
1

"! x    k) 1
5
2
"!x    l) 1

8
11

"$ x  
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Lesson 7   
__________________________________________________________________________________ 
 
Topics:  Multiplication of rational numbers; Exponentiation; Reciprocals; Division of rational 
numbers. 
__________________________________________________________________________________ 
 

Multiplication of fractions and integers 
 
Recall that multiplication of integers is a shortcut for addition.                              

       %&%'(
times4

222224 !!!"% .  

 
Similarly, the multiplication of a fraction by 4 is equivalent to adding the fraction 4 times.  

            
%% &%% '(

times4

5
2

5
2

5
2

5
2

5
24 !!!"%  

And so,       

                                    
5

24
5

2222
5
2

5
2

5
2

5
2

5
24 %

"
!!!

"!!!"%  

 
The above gives us the following rule. 
 
To multiply a fraction by an integer multiply the numerator of the fraction by the integer and 

keep the denominator unchanged.        
7

18
7

29
7
29 "

%
"%       

Notice that since multiplication is commutative (i.e. order of factors can be changed) we also have  

                                                                  
7

18
7

29
7
299

7
2

"
%

"%"%  

Example 7.1   Write the multiplication 
11
53%  as an addition and then perform the operation.                 

                                                                                                           
   Solution:          

   
11
15

11
53

11
555

11
5

11
5

11
5

11
53 "

%
"

!!
"!!"%  

Example 7.2  Perform the following multiplications. 

a)  
3
24%      b) 100

7
2
%  

  
Solution: 
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 a)  
3
8

3
24

3
24 "

%
"%  

                                    b) 
7

200
7

2100
7
2100100

7
2

"
%

"%"%  .   

 
Multiplication of fractions without canceling 

 
To multiply fractions we multiply the numerators to get the new numerator and multiply the 
denominators to get the new denominator. We determine the sign of the result according to the 
same rules we use for the product of integers. 

          (+)(+)  ! (+)              (")(+)  ! (") 
         (")(")  ! (+)              (+)(")  ! (") 

                             
For example,  

                

!

) 15
2

53
21

5
2

3
1

MULTIPLY

MULTIPLY

"
%
%

"%

RSDENOMINATO

NUMERATORS

 

 

Multiply &
'
(

)
*
+$%

7
5

6
1 . 

"&
'
(

)
*
+$%

7
5

6
1   

 

"%$
7
5

6
1  

"
%
%

$
76
51  

42
5

$  

 

Since we are multiplying fractions with opposite signs, the product is negative. 
Put the minus sign in front, and drop all other minus signs. Rewrite the minus 
sign in each consecutive step. 
 
Multiply the numerator by the numerator and the denominator by the 
denominator. 
 
Perform the indicated multiplications.

Example 7.3 Perform the indicated operation  &
'
(

)
*
+$%$

5
4

3
2 . 

 
  Solution: 

15
8

53
42

5
4

3
2

5
4

3
2

"
%
%

"%"&
'
(

)
*
+$%$    

The result is positive because we are multiplying two negative numbers. 
 
 

Multiplication of fractions with canceling 
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Often, after performing multiplication, we must reduce the resulting fraction. We could shorten the 
procedure if, before multiplying numerators and denominators, we “cancel” fractions. Canceling 
means to divide one factor of the numerator and one factor of the denominator by the same 
number (like in case of reducing). 
 

Multiply 
5
7

7
4
% .  

"%
5
7

7
4   

"
%
%

57
74  

 

5
4

51
14
"

%
%  

We first determine the sign. Both fractions are positive, the product is also 
positive. Multiply the numerators. Multiply the denominators.  
 
A common factor 7 in the denominator and numerator can be cancelled. 
 
 
We cancel 7 by dividing the numerator and denominator by 7. We replace 7’s  
with 1’s. Multiply 4 and 1 in the numerator and 1 and 5 in the denominator. 

 

Multiply &
'
(

)
*
+$%

9
14

7
6 .  

 

"&
'
(

)
*
+$%

9
14

7
6

 
 
 

"%$
9

14
7
6  

"
%
%

$
97

146  

 

"
%%%
%%%

$
3371
7232

Multiplication of one positive and one negative number results in a negative 
answer. Write a minus sign in front of the expression (and omit the minus in front 
of the second fraction). Other than making sure to rewrite the minus sign in every 
consecutive step of the calculations, we no longer have to worry about the sign of 
the final answer.          
                           
Multiply numerators and multiply denominators. 
 
Look for common factors of the numerator and denominator. 3 is a common 
factor of  6 and 9, 7 is a common factor of 7 and 14.   
 
Cancel fraction by dividing the numerator and denominator by 3 and 7. 
 
 
                                                                                                                      
Multiply all numbers in the numerator and denominator

 

3
4

1311
1212

$"
%%%
%%%

$  

 
 

Example 7.4 Perform the indicated operations. 
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   a) 
3
1

2
3
%    b) &

'
(

)
*
+$%$

5
3

9
4    c) 

5
8

4
25
%$  

   
Solution: 

                      

    

 
                          10

1
10

$"$  

 
     Multiplication of fractions and integers revisited 

 
We learned that to multiply an integer by a fraction we multiply the integer by the numerator. For 

example,  
7

10
7

25
7
25 "

%
"% .  Notice, that if instead we decide to write the integer as a fraction and 

apply the rules for multiplication of fractions, then, as expected, we get the same result. 

       
7

10
71
25

7
2

1
5

7
25 "

%
%

"%"%  

 

Example 7.5 Perform the multiplication 
5
23%  by representing the integer as a faction. 

 
  Solution: 

  Write 3 as a fraction 
1
3  and perform multiplication       

5
6

51
23

5
2

1
3

5
23 "

%
%

"%"%  .   

 
 
When multiplying integers and fractions, canceling should be done whenever possible. For example,  

                        
Notice, that equivalently, we can cancel 15 with 10 before bringing 15 to the numerator. 
. 
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Example 7.6 Perform the multiplication 
8
34%    by canceling the integer with the denominator before 

  performing the multiplication. 
            

Solution: 

                        
 

   Multiplication of more than two fractions or integers 
 

Multiply  &
'
(

)
*
+$&
'
(

)
*
+$

25
9

7
2

3
10 . 

 

"&
'
(

)
*
+$&
'
(

)
*
+$

25
9

7
2

3
10   

 

"%%
25
9

7
2

3
10  

 

"
%%
%%
2573
9210  

 

"
%%%
%%%%
5573

33225

 

Recall that an even number of negative numbers in the product makes the 
result positive. The product above contains two negative numbers, so the result 
is positive. 
 
Multiply numerators and denominators. 
 
  
Notice that 3 and 9 have a common factor. Also, 25 and 10 have a common 
factor. 
 
Cancel common factors. Notice that numbers that are cancelled do not have 
to be adjacent to each other. Also, there is no specific order that must be 
used in cancellation as long as both a numerator and a denominator are 
divided by the same number.     
                            
Multiply all numbers in the numerator and denominator.

 

"
%%%
%%%%
1571

31221
35
12

It is worth mentioning that if we perform all possible cancellations, the answer will already be in a 
reduced form. If we “miss” some cancellations, we will have to reduce the answer at the end. Always 
give your final answer in a reduced form. 
 
Example 7.7 Perform the indicated operations.  

   a) &
'
(

)
*
+$%&

'
(

)
*
+$%&

'
(

)
*
+$

5
12

7
1

8
15          b) &

'
(

)
*
+$%%

8
75

15
24   

 
  Solution: 
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   a) "
%%%
%%%%

$"
%%
%%

$"%%$"&
'
(

)
*
+$%&

'
(

)
*
+$%&

'
(

)
*
+$

5742
34153

578
12115

5
12

7
1

8
15

5
12

7
1

8
15  

  
The result of the multiplication is negative because the product consists of an odd 
number of negative factors. 

                b) 
8153
7583

8115
7524

8
7

1
5

15
24

8
7

1
5

15
24

8
75

15
24

%%%
%%%

"
%%
%%

"%%"&
'
(

)
*
+$%%$"&

'
(

)
*
+$%%$             

   
This time the result of the multiplication is positive. It is because there are an even 
number of negative factors in the product. 

 
     Multiplication of rational numbers 

 
The table below summarizes the necessary steps. 
 
                                      HOW TO MULTIPLY RATIONAL NUMBERS   
 
Step 1.    Determine the sign  of the result using:            (+)(+)  ! (+)  (")(+)  ! (") 
                                                                                         (")(")  ! (+)         (+)(")  ! (") 
Step 2     Find all common factors of the numerator and denominator and cancel them. 
Step 3.    Multiply all numerators and put them over the product of all denominators. 

 
  
 
If one of the numbers is an integer, multiply the integer by a numerator or equivalently write it as a 
fraction with the denominator 1, and proceed with steps 1–3 from above. 

For example,      
3
8

3
42

3
42 $"

%
$"%$    or equivalently  

3
8

31
42

3
4

1
2

3
42 $"

%
%

$"%$"%$  

 
 
If a product consists of more than two numbers, count the number of negative numbers. If the number 
of negative numbers is even, the result is positive; if odd, the result is negative. Before multiplying all 
numerators together and all denominators together, cancel common factors if possible. 
 

For example,   &
'
(

)
*
+
&
'
(

)
*
+$$

5
22

2
3

11
2 =  "&

'
(

)
*
+
&
'
(

)
*
+

5
22

2
3

11
2

5
6

511
231
"

%%
%%  or    

35
6

75
132

7
1

5
32 $"

%
%%

$"&
'
(

)
*
+$&
'
(

)
*
+$$  
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Equivalent fractions revisited 
 

 
Multiplication rules give us a different look at the procedure of reducing and expanding fractions. 
Below we are expanding the fraction 

7
2  to an equivalent fraction whose denominator is 21, using the 

properties of multiplication. 
 

        "
7
2  

        "%1
7
2  

        "%
3
3

7
2  

        "
%
%

37
32  

Multiply the fraction by 1. We can do that, since this multiplication does not 
change the value of fraction. 

Since 
3
31 "  and “equals can be substituted for equals”, we can replace 1 with 

3
3 . 

. 
Apply the rules of multiplication. 
  
Multiply the numerator by numerator and the denominator by denominator.

        
21
6  

         

Similarly, we can apply the rules of multiplication to reducing of fractions.  Let us reduce 
21
6 . 

       "
21
6              

        

       "%
3
3

7
2  

       "%1
7
2  

       
7
2  

  
 Notice that 6 and 21 have a common factor 3.  Apply the rules of multiplication     
  (“backwards”).   

 But 1
3
3
"  and “equals can be    substituted for equals” so, we replace 

3
3  with 1.     

 
 And, since the multiplication by 1 does not change the result, we get

Notice, that simplifying 
21
6 to 

7
2   is a reverse process to expanding of  

7
2  to 

21
6 . 

 
Finding a fraction of a given quantity 

 
What is  

3
1  of 12?  To answer, we treat 12 as one unit, divide it into 3 equal parts and take one such 

part. Thus  
3
1  of 12 is 4. We have learned a lot since we first encountered this type of problem. At this 

point we can explicitly name the operation that we need to perform to get the answer. To find what is 

3
1  of 12, we multiply the numbers: 
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Example 7.8 A recipe calls for 
4
1  pound of sugar. If I want to prepare only 

2
1 of the portion that is in 

the recipe, how much sugar do I have to use? 
 
  Solution:   
  We must perform the multiplication. 

                                       
8
1

42
11

4
1

2
1

"
%
%

"%  

  I need to use 
8
1 pounds of sugar.  

 

Example 7.9 What is  
6
5  of 7? 

 
  Solution:   
  We must perform the following multiplication. 

                                       
6

35
6

757
6
5

"
%

"%  

  
6
5  of  7 is equal to  

6
35 .  

 
 

Exponentiation of fractions 
 

Exponential expressions, such as  
4

2
3
&
'
(

)
*
+  have the same meaning as in the case of integers. The 

exponent 4 indicates how many times the base  
2
3 , is multiplied by itself. Hence,       

 

                       
%%&%%'(

times4

4

2
3

2
3

2
3

2
3

2
3

%%%"&
'
(

)
*
+

 

 
One important fact to remember is that if we wish to raise a fraction to any power, the  fraction must 
be enclosed by parentheses to have the exponent apply to the entire fraction.  

If we wrote  

4

2
3

, instead of 
4

2
3
&
'
(

)
*
+ , it would mean that only 3 is raised to the fourth power.  

 
 
Example 7.10 Expand, that is write without exponential notation. Do not evaluate. 

   a) 
3

5
2
&
'
(

)
*
+    b) 

5
23

   c) 
3

5
2
&
'
(

)
*
+ $  

 
  Solution: 
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   a)  &
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+"&

'
(

)
*
+

5
2

5
2

5
2

5
2 3

 

   b)   
5

222
5
23 %%

"  

   c)  &
'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+$"&

'
(

)
*
+$

5
2

5
2

5
2

5
2 3

. 

 
 
Example 7.11 Whenever possible, rewrite the expression using exponential notation. 

   a) &
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+

8
7

8
7

8
7

8
7     b) &

'
(

)
*
+
&
'
(

)
*
+!&

'
(

)
*
+$&
'
(

)
*
+$

8
7

8
7

8
7

8
7   c) &

'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+$

5
4

5
4

9
1

9
1

9
1  

 
  Solution: 

   a) 
4

8
7

8
7

8
7

8
7

8
7

&
'
(

)
*
+"&

'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+  

   b) 
22

8
7

8
7

8
7

8
7

8
7

8
7

&
'
(

)
*
+!&

'
(

)
*
+$"&

'
(

)
*
+
&
'
(

)
*
+!&

'
(

)
*
+$&
'
(

)
*
+$  

   c) 
23

5
4

9
1

5
4

5
4

9
1

9
1

9
1

&
'
(

)
*
+$&

'
(

)
*
+$"&

'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+$  

 
To evaluate an exponential expression, we may first expand and then apply the rules for multiplication 
in order to arrive at a value. For example, 
 

49
9

7
3

77
33

7
3

7
3

7
3

2

22

""
%
%

"&
'
(

)
*
+
&
'
(

)
*
+"&

'
(

)
*
+  

or 

32
1

2
1

22222
11111

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

5

55

$"$"
%%%%
%%%%

$"%%%%$"&
'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+$&
'
(

)
*
+$"&

'
(

)
*
+$  

 
(in the last evaluation, we used the rule that if an odd number of negative numbers is multiplied, the 
result of the multiplication is negative) 
Equivalently, instead of expanding (which might sometimes be tedious), to raise a fraction to a given 
power determine the sign of the result and raise the numerator and denominator to the indicated  
power. For example,  

                                                             
81
16

9
4

9
4

2

22

""&
'
(

)
*
+$  

 
(in this evaluation, we used the rule that if an even number of negative numbers is multiplied, the result 
of the multiplication is positive). 
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Example 7.12 Perform the indicated operations. 

   a) 
2

4
5
&
'
(

)
*
+$     b) 

2

4
5
&
'
(

)
*
+$  

 
  Solution: 

a)  Recall that since the minus sign is in parentheses, 
4
5

$  is raised to the second 

power  and this means that a negative number is multiplied twice. The result is positive. 

           
16
25

4
5

4
5

2

22

""&
'
(

)
*
+$  

b) Since the minus sign is outside the parentheses it is NOT “involved” in the 
exponentiation as occurred in the previous example. We rewrite the minus sign and 

square 
4
5  by squaring the numerator and denominator.  

           
16
25

4
5

4
5

2

22

$"$"&
'
(

)
*
+$  

 
Reciprocals 

 
The number 0  ”plays” a special role in addition. If you add 0 to any number, the result will be the 
same number. The number that “plays” an analogous role in multiplication is the number 1. If you 
multiply any number by 1, the result will be the same number.  We will now introduce the concept of 
reciprocals. The reciprocals in multiplication are like opposites in addition. 
 
If the product of two numbers is equal to 1, we say that the numbers are reciprocals.  
(Compare to:    If the sum of any two numbers is equal to 0, we say that the numbers are opposites) 
For example,  
 

              
4
3  is the reciprocal of 

3
4 . This is because           1

11
11

34
43

3
4

4
3

"
%
%

"
%
%

"%  

           
7
2

$  is the reciprocal of  
2
7

$ . This is because     1
11
11

27
72

2
7

7
2

"
%
%

"
%
%

"&
'
(

)
*
+$%$                

         
Notice that the reciprocal of any fraction is obtained by “flipping” (inverting) the fraction 
(changing its numerator with its denominator). If the number is not written as a fraction, rewrite it as a 

fraction and then flip if. For example, 
1
44 " , so after flipping we get 

4
1 . Thus  

4
1  is the reciprocal of 

4. Indeed, 14
4
1

"% . 

Zero is the only number that does not have a reciprocal. 
 
                                                                       
Example 7.13   Find the reciprocal of the following numbers.                      
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                                    a)  
8
7  b) 3 

                        
                       Solution: 

                                    a) Flip the fraction to get the reciprocal 
7
8 . 

                                    b) Write 3 as a fraction and then flip it. 
1
33 " , so the reciprocal is 

3
1 . 

 
 

Division of fractions 
 
 
To divide fractions determine the sign of the result following the same rules that we have for 
division of integers:  
                          (+)(+)  " (+)   (")(+)  " (") 
         (")(")  " (+)              (+)(")  " (") 
The result is obtained by replacing the divisor by its reciprocal and then performing 
multiplication instead of division. 
 

For example, let us divide 
11
4

5
3
#$ .  

First, we determine the sign of the division. Since one fraction is positive and the other negative, the 

answer is negative. We find the reciprocal of 
11
4  by “flipping” it, 

4
11 .  We replace operation of 

division with operation of multiplication. 
 
 
                                            Divisor is replaced by its reciprocal 

                 

                                               
20
33

45
113

4
11

5
3

11
4

5
3

$"
%
%

$"%$"#$    

                                                                             
                                                                    Division is changed to multiplication 
 

Divide &
'
(

)
*
+$#$

7
15

3
10 . 

"&
'
(

)
*
+$#$

7
15

3
10

"#
7

15
3

10

"%
15
7

3
10  

 
Determine the sign. It is positive, since we are dividing negative numbers. 

“Flip”  
7

15  to get  
15
7 .  Change division to multiplication. 

 
Multiply numerators and denominators 
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"
%
%
153

710  

"
%%
%%

533
752  

 
 

9
14

133
712
"

%%
%%

 

 
Notice that 10 and 15 have a common factor 5. 
 
Cancel 5 in the numerator and denominator. 
 
 
Multiply all numbers in the numerator and denominator.

Example 7.14 Perform the indicated division.   &
'
(

)
*
+$#

15
8

5
2 .     

             
   Solution: 

    
4
3

411
131

425
532

85
152

8
15

5
2

15
8

5
2

$"
%%
%%

$"
%%
%%

$"
%
%

$"%$"&
'
(

)
*
+$# . 

 

Division of fractions and integers 
 

Divide  
2
13# . 

Replace the second fraction with its reciprocal and division with multiplication.           

                     623
1
23

2
13 "%"%"#  

Divide 2
2
1
#                      

Replace the second fraction with its reciprocal and division with multiplication.   

           
4
1

22
11

2
1

2
1

1
2

2
12

2
1

"
%
%

"%"#"#     

                            

Division  denoted by a  fraction bar 

Perform the following operation 

4
21
8
3

$
.  
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Fraction bar means division. Rewrite the expression using “#” sign and proceed as usual.  

"
$

4
21
8
3

"&
'
(

)
*
+$#

4
21

8
3  

"#$
4
21

8
3  

"%$
21
4

8
3  

"
%
%

$
218
43  

"
%%%

%
$

3724
43  

 

14
1

1721
11

$"
%%%

%
$  

 

Division of two opposite sign numbers gives a negative result. 

 

Flip the second fraction and change division to multiplication. 

 
Multiply numerator by numerator and denominator by denominator. 
 
 
Notice that 3 and 21 have a common factor 3,.while 4 and 8 have a 
common factor 4. 
 
Cancel 3’s and 4’s 
 
 
Multiply all numbers in the numerator and denominator. 
 
 
 

Divide  
6
2
1

                               

The long fraction bar indicates that we divide 6
2
1
#  (not 

6
21# ). We get,

 
12
1

62
11

6
1

2
1

1
6

2
16

2
1

6
2
1

"
%
%

"%"#"#"  

Example 7.15 Perform the following division    

5
2
4$ .  

     
  Solution: 
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                        10
1

10
2

522
2

54
2
54

5
24

5
2
4

$"$"
%%

$"
%

$"%$"#$"
$ . 

 
Division of rational numbers 

 
 
We present a summary in the following table. 
 
                                       HOW TO DIVIDE RATIONAL NUMBERS  
 
Step 1.    Determine the sign of the result using           (+)(+)  ! (+)        (")(+)  ! (") 
                                                                                      (")(")  ! (+)        (+)(")  ! (") 
Step 2.    Replace the divisor (the second fraction) with its reciprocal (“flip it”) and change the 
               division to multiplication.  
Step 3.    Follow the rules for multiplication, i.e. cancel as much as possible, multiply all numerators 
                and put them over the product of all denominators. 

For example,              "&
'
(

)
*
+$#

3
8

5
7

40
21

85
37

8
3

5
7

$"
%
%

$"%$  

  
 
If one of the numbers is an integer not written as a fraction, write it as a fraction with the 
denominator 1, and proceed with steps 1–3 above. 

For example,            "#$
5
33 "#$

5
3

1
3 5

1
5

3
5

1
3

3
5

1
3

$"$"%$"%$  

 
 
If instead of  “#” sign, the operation of division is indicated by a fraction bar, rewrite it using “#” 
sign and follow the rules for division of fractions. 
Longest fraction bar indicates the place where the sign “#”should be used. 

For example,    
20
21

45
73

4
7

5
3

7
4

5
3

7
4
5
3

"
%
%

"%"#"     or      
14
5

27
15

2
1

7
52

7
5

2
7
5

"
%
%

"%"#"  

                                  
 

 
Exercises with Answers    (For answers see Appendix A) 
 
 

Ex.1 Rational numbers preserve the commutative property of multiplication.  Illustrate the 

commutative property of multiplication using the fractions
7
3   and 

5
4 . Is division of rational numbers 

commutative?  
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Ex.2   Write the multiplication  as an addition and then perform the following operations. 

 a) 
5
14%    b) 5

13
3
%     c) 

107
232%  

 
Ex.3 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) 
3
2

5
1
%    b) 

5
8

7
9
%$     c)  &

'
(

)
*
+$%

3
2

3
7   

 d) &
'
(

)
*
+
&
'
(

)
*
+$

2
9

4
5    e)  &

'
(

)
*
+ $
&
'
(

)
*
+$

8
1

3
19    f)  

9
10

7
8
%  

  
Ex.4 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) 
3
4

7
9 x       b) 

15
8

2
5
%$  

 c)  &
'
(

)
*
+$&
'
(

)
*
+$

5
22

11
10      d) &

'
(

)
*
+
&
'
(

)
*
+$

10
6

4
5  

 e)  &
'
(

)
*
+$

21
4

2
7 x       f)  &

'
(

)
*
+$&
'
(

)
*
+$

8
19

3
24  

  
Ex.5 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

a) 
3
12%       b) 7

5
3
%  

 c) 
27
23100%       d) 

7
47%$   

 e) )18(
9
8

$%
$       f) &

'
(

)
*
+$

15
212   

 
Ex.6 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

a)   
11
1

3
4

7
11

%%      b) &
'
(

)
*
+$%%

$
35
4

6
4

2
5  

 c)  &
'
(

)
*
+$%&

'
(

)
*
+$%$

8
4

10
3

12
5     d) &

'
(

)
*
+
&
'
(

)
*
+$&
'
(

)
*
+$

32
4

6
1

7
24  

 e)  &
'
(

)
*
+%&

'
(

)
*
+ $%

6
321

14
9

321
7     f)  

5
18

31
4

6
10

3
31

%&
'
(

)
*
+$%%  

 
Ex.7 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a)  &
'
(

)
*
+$%$

13
24      b)  &

'
(

)
*
+$&
'
(

)
*
+$

5
2

11
6  
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c)  
9

10
7

15
%       d)  70

35
4

%&
'
(

)
*
+
$

 

 e) &
'
(

)
*
+%$
15
26       f) &

'
(

)
*
+$%

5
4

9
2  

g) 
8

14
7
4
%$                  h) &

'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+$

20
3

2
5

2
1   

 i) &
'
(

)
*
+$

5
12

18
5       j) &

'
(

)
*
+$%&

'
(

)
*
+$%&

'
(

)
*
+$%

13
12

31
1

8
13

3
1  

 

Ex.8 Austin has  
8
5   pizza left in the fridge. At lunch he ate 

10
1  of it. What fraction of the original 

pizza did he eat? 
 

Ex.9 Charles gave 
8
1  of a chocolate bar to Noah. What fraction of the chocolate bar did Noah eat, if 

he ate 
5
2  of what he got from Charles? 

 

Ex.10 There are 48 marbles in a jar. 
16
5  of them are blue. How many blue marbles are in the jar? 

 

Ex.11  Jon studied for 
2
1  of an hour. If 

3
1  of  the time he studied biology, how much time did he study 

biology? 
 

Ex.12  What is  
6
5  of 7? 

 
Ex.13 Expand, that is write without exponential notation. Do not evaluate. 

 a) 
4

9
1
&
'
(

)
*
+   b) 

3

8
9
&
'
(

)
*
+$   c) 

3

8
9
&
'
(

)
*
+$   d) 

8
93

 

 
Ex.14 Whenever possible, rewrite using exponential notation. 

 a)  
9
2

9
2

9
2

9
2

9
2

9
2

9
2

%%%%%%     b) &
'
(

)
*
+
&
'
(

)
*
+$&

'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+$

4
3

4
3

12
5

12
5

12
5  

 c)  &
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+
&
'
(

)
*
+$&
'
(

)
*
+ $

5
3

5
3

5
3

8
7

8
7     d) 

666
55
%%

%
$    

    
Ex.15 Perform the indicated operations. 

 a) 
2

8
9
&
'
(

)
*
+$     b) 

4

2
1
&
'
(

)
*
+$     c) 

9
43
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 d) 
6
52$     e) 

4

2
1
&
'
(

)
*
+$     f) 

3

3
2
&
'
(

)
*
+ $$  

     
Ex.16 Find the reciprocal of the following numbers. 

 a) 
7
2      b) 

5
9$      c) 4  

 d) 
15
14

$     e) 6$      f) 
3

1
$

 

 
Ex.17 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) 
3
5

5
2
#       b) 

14
8

7
9
#$  

 c)  &
'
(

)
*
+$#

3
2

3
5       d) &

'
(

)
*
+$#&

'
(

)
*
+$

8
19

4
19  

 e) &
'
(

)
*
+#&

'
(

)
*
+$

6
10

4
15      f)  &

'
(

)
*
+$#&

'
(

)
*
+$

5
2

13
9  

 g)  &
'
(

)
*
+$#

6
1

9
16       h) 

49
10

7
8
#   

 
Ex.18 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) 
3
52 #       b) 

3
2814 #$  

 c)  - .5
3
5

$#       d) 4
4
1

#&
'
(

)
*
+$  

 e)  - . &
'
(

)
*
+$#$

8
191      f)  )3(

7
3

$#  

 g)  )8(
9

16
$#       h)  &

'
(

)
*
+$#$

5
220  

 
Ex.19 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) 

5
1
2       b) 

5
1
10
3

$
 

 c) 

14
1
21
2

$

$
      d) 

9
7
3

14
$
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 e) 
6

15
2

$
      f) 

10
11
4

$
 

 g) 

13
12
9

$
$        h) 

6
5
9
8

$
 

 
Ex.20 Perform the following operations, if possible. Otherwise, write “undefined”. Show all your 
steps and use “=” sign correctly. 

 a) &
'
(

)
*
+$#$

3
22       b) &

'
(

)
*
+$%$

21
428  

 c) 
6
9
2

$

$
      d) 

28
1

7
4

$
 

 e)  - . &
'
(

)
*
+$#$

7
3050      f)  

2

9
7
&
'
(

)
*
+  

 g)  )8(
11
64

$#       h)  

20
3
2  

 i)  
7
42

       j)  
5
3

7
6
%   

 k)  
5
210%$       l)  &

'
(

)
*
+ $
&
'
(

)
*
+$

35
2

8
27  

m) )7(
3
2

$#       n)  
3

100
1
&
'
(

)
*
+$  

 o) 
18
512%       p) &

'
(

)
*
+$#

7
20   

 q)  &
'
(

)
*
+$%

16
4

4
18      r)  

31
18

36
49

3
31

%&
'
(

)
*
+$%%  

 s) &
'
(

)
*
+
&
'
(

)
*
+$&
'
(

)
*
+$

100
7

6
1

7
50      t)  

3

4
3
&
'
(

)
*
+$$  

 u)  
0
5
1

$
      v) &

'
(

)
*
+$%&

'
(

)
*
+ $$

14
3

15
355  

 w)  &
'
(

)
*
+$&
'
(

)
*
+$

18
1

3
27      x) )5(

5
1

$%  
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 y) 

25
1
5
4

$
      z) &

'
(

)
*
+ $%&

'
(

)
*
+ $%&

'
(

)
*
+ $%

15
1

3
14

8
25

7
1  

 
Ex.21 Write the following statement using the correct mathematical language and then evaluate them.
  

a) The product of .14and
7
2

$     b) 
10
9  to the second power. 

c) The product of .
7

10and
5
3

$$     d) The quotient of 
8
7   and 3$ . 

e) The quotient of 
27
1   and  

9
2

$$ .    f) The quotient of 4  and  
11
3

$ . 

g) The product of .
8
21and,2,

7
1

$$    h) The quotient of 
2
9   and  

16
3

$ .  

i) 
5
2

$  raised to the third power.     j) The product of .
33
28and,

21
12,

8
33

$$$  

 
Ex.22 Replace x  with a number to make the statement true. 

 a) 
2
3

2
1

"/ x    b) x/"#
5
3

8
7

5
3    c) 

21
16

73
8

"%
x   

 d) 
9
4

3

2

"&
'
(

)
*
+ x    e) 

25
8

5
2

$"/$ x    f) 
2

123
7

123
7

&
'
(

)
*
+"/ x  

 g) 
6
5

6
5

"# x    h) 1
6
5

"# x     i) 84 "# x  

j) 6
2
1
"#x    k) x#" 3

7
5
3     l) x/" 3

7
5
3  
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Lesson 8    
__________________________________________________________________________________ 
  
Topics:  All operations combined on rational numbers; Comparing rational numbers. 
__________________________________________________________________________________ 

 
   

Performing more than one operation on  rational numbers 

When the expression involves more than one operation, as always, we follow the order of operations. 
Recall that the rules for operations on fractions are 

Fraction addition/subtraction.  Check to see if the fractions have the same denominator. If 
not, find a common denominator. Convert all fractions to have this common denominator. 
Add/subtract the numerators, and use the same denominator.    

Fraction multiplication.  Multiply the numerators, and the denominators.  

Fraction division. Find the reciprocal of the divisor, and multiply by it. 

Remember, a common denominator is required only when performing addition or subtractions. 

Example 8.1  Perform the following operations.                         

 a) 
7
6

10
1

5
3

!"
#
$

%
&
' ((    b) "

#
$

%
&
'()*

2
1

5
2

4
3    c) 

9
5

3
1

3
2 2

("
#
$

%
&
')   

 Solution:         

 a) +!"
#
$

%
&
' ((

+!"
#
$

%
&
' ((+!"

#
$

%
&
' (

*
*

(+!"
#
$

%
&
' ((

7
6

10
16

7
6

10
1

10
6

7
6

10
1

25
23

7
6

10
1

5
3                      

60
49

610
77

6
7

10
7

7
6

10
7

(+
*
*

(+*
(

+!"
#
$

%
&
' (  .          

 b) +"
#
$

%
&
'()

*
*

+"
#
$

%
&
'()

**
*

+"
#
$

%
&
'()

*
*

+"
#
$

%
&
'()*

2
1

52
13

2
1

522
23

2
1

54
23

2
1

5
2

4
3                                

5
1

5
1

25
21

10
2

10
53

10
5

10
3

52
51

10
3

2
1

10
3

2
1

10
3

(+
(

+
*
*(

+
(

+
(

+(+
*
*

(+(+"
#
$

%
&
'()                    

 c) +()+(
*
*

)+()+("
#
$

%
&
')

9
5

9
1

3
2

9
5

33
11

3
2

9
5

3
1

3
2

9
5

3
1

3
2

2

22

9
2

9
516

9
5

9
1

9
6

9
5

9
1

33
32

+
()

+()+()
*
*  

Comparing rational numbers 
 

Suppose we have two fractions and we need to know which one is bigger. How do we do it?  Well,   
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sometimes it is easy and we can tell just by looking and sometimes we need to do some additional 
operations.  
 

! Let us look at the “easy” case.  Which one is greater   
9
2   or 

7
8 ? 

Since the numerator is less than the denominator, fraction 
9
2   is less than 1.  But  

7
8  is more then 1. 

So,    
7
8

9
2
, .          

 
! Fractions with the same numerators.  Which one is greater 

4
1  or 

10
1 ?    

Remember that the denominator tells us how many pieces the unit is cut into. Suppose that we can 
have 1 piece of one of these pizzas.   
 

                                   
   4 pieces                                                        10 pieces 

If we are very hungry which should we choose?  
4
1   of a pizza is much bigger than  

10
1  of a pizza.  So,  

10
1

4
1
- .   If numerators are the same, the fraction with lower denominator is bigger. 

! Fractions with the same denominator.  Which one is greater 
8
3  or 

8
7 ?                                    

The denominators are both 8, so let us look at a pizza cut into 8 pieces.   

                                     

If we are very hungry ... Do we want 3 pieces or 7 pieces? Of course, 7 is much more, so   
8
7

8
3
, .       

If denominators are the same, the fraction with bigger numerator is bigger. 
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! Fractions with different denominators and numerators.  Which is greater 
4
3 or 

10
7 ?                             

  

                            3 out of 4 pieces                                            7 out of 10 pieces 

In the example above, we can see that  
4
3  is greater 

10
7  than, but in general we cannot rely on the 

drawing. But, if we could rename the fractions in such a way that both have the same denominator, 
then we would be able to compare them easily. To do that, we find a common denominator (a number 
that can be evenly divided by the denominators of both fractions). A common denominator for 4 and 
10 is 20. Once we have a common denominator, we rewrite the fractions in their equivalent form with 
the common denominator.                                                           ,                        

               
20
15

54
53

4
3

+
*
*

+                      
20
14

210
27

10
7

+
*
*

+                                                   

Since 
20
14

20
15

-  we conclude that    
10
7

4
3
- .                                                      

! Comparing negative fractions. Which is greater 
6
5

(  or 
3
2

( ?                         

First, compare fractions without minus signs, 
6
5  and 

3
2 .  Find a common denominator, 6. Name 

equivalent fractions with the new denominator. 
6
5  is already in a desired form and 

6
4

23
22

3
2

+
*
*

+ . 

Since,
6
4

6
5
- , we  conclude that  

3
2

6
5
- .  To obtain the comparison of the negative fractions, “reverse’ 

the inequality sign to get   
3
2

6
5

(,( . 

 

Let us summarize all of the above. 
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                                     HOW TO COMPARE RATIONAL NUMBERS  
                                                                                                                                                                  

Any positive rational number is greater than zero or any negative rational number.                            

For example,   
2
9

5
3,0

3
2

(--                                                                                                            

                                                                                                  
                                                                                                                                                                  

If both rational numbers are positive and have the same numerator, the one with the smaller 
denominator is bigger.                                                                                                                        

For example,   
7
3

5
3
-  (since 5 is less than 7).                                                                                      

                                                                                            
                                                                                                                                                              
If both rational numbers are positive and have the same denominator, the one with the bigger 
numerator is bigger.                                                                                                                            

For example,   
9
5

9
7
-  (since 7 is more than 5).                                                                                    

                                           
                                                                                                                                                              
If both rational numbers are positive but have different numerators and denominators, find 
equivalent fractions with a common denominator and compare them.                                               

For example, compare 
7
3  and 

2
1 .              Find  a common denominator: 14  ( 1427 +* )                 

           Rewrite fractions:     
14
7

72
71

2
1

14
6

27
23

7
3

+
*
*

++
*
*

+    

                                                               Since 
14
7

14
6
,  we conclude that   

2
1

7
3
,                          

 
                                                                                                                                                              
If both rational numbers are negative, “drop” their minus signs and compare the resulting positive 
rational numbers. To get the comparison of the original (negative) numbers, reverse the inequality 
sign (“<” becomes “>”; “>” becomes “<”).                                                                                        

For example, compare 
7
3

(  and 
2
1

( .      Compare 
7
3  and 

2
1 following the rules for comparison of  

                                                             positive numbers to get 
2
1

7
3
, .                                     

            Reverse the inequality sign.   
2
1

7
3

(-(                              

                                                
                                                                                                                                                             

Any negative rational number is less than zero.                                                                                   

For example,  0
3
2
,(                                                                                                                            
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Example 8.2 Compare the following fractions. Replace “and” with  <    or   > symbol. 

   a) 
7
4  and 

7
2     b) 

3
5  and 

2
5    

c)  
3
1  and  

5
7     d) 

7
3  and 

5
2      

 e) 
3
7  and 

9
2

(     f)  
6
5

(  and 
9
7

(  

 
  Solution: 

a) The denominators are equal (i.e. “size of pieces” are the same). We compare 

the number of pieces, i.e. numerators. Since 4 > 2, we conclude 
7
4  > 

7
2 . 

b)  The numerators are equal, so we have “the same number of pieces”. If we 
divide a unit into more pieces, the pieces are going to be smaller. It means the smaller 

the denominator, the bigger the fraction.   Thus  
3
5  < 

2
5 . 

`  c) Notice, that 
3
1  is less than 1 (since the numerator is less than the 

denominator).  At the same time, 
5
7

 is greater than 1 (the numerator is greater than the 

numerator). Thus   
3
1  <  

5
7 . 

  d)  Both numerators and denominators are different. We need to find a common 
denominator. We choose 3557 +*  as a common denominator. We name the equivalent 
fractions with the denominator 35. 

                           
35
15

57
53

7
3

+
*
*

+ , 
35
14

75
72

5
2

+
*
*

+  

 Now, both fractions have the same denominator, we compare their numerators and 

conclude 
7
3  > 

5
2 . 

  e) 
3
7  is a positive number, while 

9
2

( is a negative one. A positive number is 

always greater than a negative one, so 
3
7  > 

9
2

( . 

f)  We first compare fractions without negative signs 
6
5  and 

9
7 . We can use 18 

as a common denominator. Since 
18
15

36
35

6
5

+
*
*

+  and 
18
10

29
25

9
7

+
*
*

+ , we get  
6
5  > 

9
7  

(by comparing the numerators of 
18
15  and  

18
10 ). To compare the original fractions, we 

reverse the inequality sign  
6
5

(  < 
9
7

( . 
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Exercises with Answers    (For answers see Appendix A) 
 

Ex.1 Perform the indicated operations, if possible. If not possible, write “undefined”. Perform one 
operation at a time. Show all your steps.  Use correctly “=” sign. Always reduce the answer. 

 a) 
2
1

4
1

3
2

)"
#
$

%
&
'
"
#
$

%
&
'(    b)  

3

3
13 "
#
$

%
&
'*(    c) "

#
$

%
&
'(*"

#
$

%
&
' )

13
10

4
1

5
2  

 d) 
5
2

2
3

8
7

*"
#
$

%
&
'(!    e)  

2

2
1

8
5

8
3

"
#
$

%
&
' ()   f)  

50
3

8
159 (!  

 
Ex.2 Name the operation that has to be performed first according to the order of operations. Then 
evaluate the expressions performing one operation at a time. Please, make sure that you display your 
answer in a correct way, using the ‘=’ sign. 

a) "
#
$

%
&
' (!

5
3

2
1

5
3

     b) 
3
28

5
2

(*
(     

 c) 
8
3

4
1

7
8

!(       d) 2
4
3

6
5

!!(  

e) 
2

5
14

7
2

"
#
$

%
&
' *(       f)  

5
17

17
4

20
3

*(                                                          

 g) ""
#

$
%%
&

'
"
#
$

%
&
'(((!(

7
2

7
22     h) 5

4
5
4

5
4

5
4

(("
#
$

%
&
'("
#
$

%
&
'(  

i) 2
5

10
1

5
3

!"
#
$

%
&
' )(      j) 

14
3

4
5

4
1

4
3

(

)(
 

k) "
#
$

%
&
'("

#
$

%
&
'(

4
3

2
1

3
8 3

     l) 3
4

20
3

5
3

*"
#
$

%
&
' (

(
(

 

m)  "
#
$

%
&
' ))(

5
2

2
1

3
2

4
3

     n)  "
#
$

%
&
'(*("

#
$

%
&
'(

4
5

3
1

3
2 2

 

o) 2
5

14
1

7
2

)"
#
$

%
&
'(((      p) 8

3
2
1

2
1 2

("
#
$

%
&
')(  

q) 
25

4
1

4
3

"
#
$

%
&
' )

(
((      r) "

#
$

%
&
' ()"

#
$

%
&
' (

4
7

3
2

4
5 2

 

s) "
#
$

%
&
'("
#
$

%
&
'("

#
$

%
&
'((

2
1

4
1

5
14     t)  

20
7

3
5
1

(

!
 

 u) 
33
4

2
13

4

*"
#
$

%
&
'(*(      v) 2

6
5

3
4

!"
#
$

%
&
' )((  

 
Ex.3 Write each of the following as a single numerical expression, and then evaluate them.    
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a) First find the sum of 
9
4  and 

9
5 , and then multiply the result by 

13
4

( . 

b) First find the quotient of 8(  and 
4
3 , and then multiply the result by 

16
1

(  

c) Find the product of 
7
5 and 

5
2

( , and then add it to 
21
4 . 

d) Subtract 
5
3  from 

9
4 , and then divide 7 by the result. 

e) Multiply 
13
12(  and 

12
13 , then raise the result to the seventh power. 

f) Cube 
3
1

( , and then multiply the result by 10. 

g) Divide 
6
5  by 

12
25

( , and then subtract the result from 
20

3( . 

 
Ex.4 Replace x  with a number to make the statement true. 

a) 
3
2

3
2

5
14

7
2

)+)*( x  b) 5
5

14
1

7
2 x+"

#
$

%
&
' (     c) 

5
2

5
2

5
13 .+.!( x  

d) x(+"
#
$

%
&
'(

7
3

9
1

7
3 2

   e) 22
8
7

4
1

!+!"
#
$

%
&
' ( x        f) x)((+()(

2
11

2
1

2
11

16
5

2
1  

 
Ex.5 Compare the following fractions. 

 a) 
11
3   and 

11
8    b) 

2
3   and 

5
1    c) 

9
8   and 

3
8    

 d) 
5
7   and 

5
2    e) 

4
3   and 

4
1    f) 

2
5   and 

11
5  

 

Ex.6  List all fractions that are greater than 
5
4 ? 

a) 
5
4(   b) 0  c) 

5
9   d) 

5
3   e) 

7
4   f) 

6
5  

 
 
Ex.7 Compare the following fractions. 

 a) 
5
2   and 

3
1    b) 

8
11   and 

7
9    c) 

7
3   and 

21
10    

 d) 
9
2   and 

6
1    e) 

10
3   and 

5
1    f) 

4
5   and 

7
8  

 
Ex.8 Compare the following fractions. 

 a) 
9
2

(   and 
3
1

(     b) 
9
7

(   and 
4
3

(  
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 c) 
8
3

(   and 
5
2(     d)   

4
1(   and 

5
2

(  

e) 
8

3
(

  and 
6
1

(     f) 
10
3

(   and 
100
29

(  

 
Ex.9 Compare the following fractions. 

 a) 
4
5

(   and 
8
9

(     b) 
11
2   and 

22
3  

 c) 
8
2

(   and 
5
2(     d)   

7
9(   and 

5
2

(  

e) 
123

5
(   and 

5
123

(     f) 
6
8   and 

9
10  

g) 
4

13
(  and  

7
13

(     h)  
2
1

(  and 0 

 

Ex.10 Which girl hit the ball more than 
2
1  of her times at bat? 

 a) Suzanne hit the ball 5 times out of 8 times at bat. 
 b) Samantha hit the ball 2 times out of 5 times at bat. 
 c)  Jan hit the ball 2 times out of 6 times at bat. 
 d) Karen hit the ball 7 times out of 15 times at bat. 
 
Ex.11 The recipe requires 
 
Spice Amount 
 nutmeg 

4
1  tsp 

 ginger 
4
3  tsp 

 cinnamon 
2
1  tsp 

 mace 
8
3  tsp 

 
Which spice does the recipe require the greatest amount?  
 
 
Ex.12 Write the following rational numbers in order from lowest to greatest.    

 
6
5,

7
8,1,

7
9,

5
4,

15
14,

5
4

((  

 
Ex.13 Replace each x with a digit such that the inequality is true (more than one answer is possible). 

 a) 
4
5

4
,

x
  b) 

x
7

6
7
,   c)

83
7 x
-   d) 

1212
5 x

(-(  
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Lesson 9           
__________________________________________________________________________________ 
 
Topics:  Mixed numbers; Converting mixed numbers to fractions and fractions to mixed numbers; 
Plotting fractions and mixed numbers on a number line; Arithmetic operations on mixed numbers. 
__________________________________________________________________________________ 
 

Plotting proper fractions  on a number line 

Just as for each integer there is a unique point on a number line corresponding to it, there is also a 

unique point corresponding to each fraction. Consider a fraction 
3
2 . It is a positive number, so the 

point representing it is to the right of 0.  Since it is less than 1, the point must be to the left of 1, and so, 
must be between 0 and 1. The denominator is equal to 3, thus the unit between 0 and 1 should be 
divided into 3 equal parts. 

                                  
!! "!! #$  PARTS EQUAL 3 INTO 

IS  1 AND0 BETWEEN  INTERVAL THE
DIVIDED

                  

            

The numerator 2 indicates how many parts should be taken. We count them from the number 0 to the 
right.     

 
                                                                      COUNT TWO PARTS FROM 0 TO THE RIGHT 

 

Plot  
5
3

!  on a number line.                     

The fraction is negative, so the point is to the left of 0. It is to the right of 1! , since 
5
3

!  is greater than 

1! . Thus we divide the unit between 1!  and 0  into 5 equal parts (5 because the denominator is 5) . 
We count 3 parts from 0 to the left.    

 

Example 9.1 Below is the line with equally spaced marks on it.  
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                        Choose the point corresponding to 0 and 1 in a such way that it is convenient for you to 

plot the fraction 
7
4 . Then, plot it.  

Solution:                          
The points corresponding to 0 and 1 should be such  that the unit between 0 and 1  is 
divided into 7 equal parts (since the denominator is 7).                 

  

Starting from 0, we count 4 such parts to the right.     

 

Example 9.2  Plot (as precisely as you can) 
4
3  on the following number line.  

 

                       
                        Describe the procedure you use to plot it. 
 
  Solution: 

Since  
4
3  is between 0 and 1, we divide the unit into 4 equal parts and count, starting 

from 0, to the right 3 such parts.       
            

                        
                
 
Example 9.3  What fraction corresponds to point A and B on the following number line. Assume that 

all marks on the line are equally spaced.    
 

               
 
 

Solution: 
To find the fraction representing point B, we count the spaces between 0 and 1. There 
are 7 of them. This means that the unit was divided into 7 equal parts and thus the 
denominator is 7.  Now, we count the number of spaces between 0 and point B. There 

are 3 spaces so the numerator is 3. The fraction corresponding to the point B is 
7
3 . 

Since point A is to the left of 0, the fraction representing it is negative. To find the 
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denominator, we count the number of spaces between 0 and 1! .  To find the numerator, 
we count the number of spaces between 0 and A. The fraction corresponding to the 

point A is 
7
6

! .  

 
Mixed numbers 

 
 
Let the following represent one unit. 

 
Then the fraction representing the area below is 

6
11 . 

 

 
 

We can also look at this as one unit plus an additional five sixths parts 
6
51" . This is written as  

6
51 . 

    
6
51

6
51

6
11

#"#  

 
What fraction represents the area below?   
 

                                                
 

The fraction is 
6

13 .  But since we have two units and one-sixth   2
6
1

" , we can write it as  
6
12 . 
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The numbers that have both, integer and a fraction with its numerator less than its denominator 

(proper fraction) are called mixed numbers. Both   
6
51  and  

6
12  are examples of mixed numbers. 

          
                                                              mixed             integer              proper 
                                                             number                                    fraction 
 

The mixed numbers can be also negative. For example, 
3
18,

7
52 !! . The meaning of a negative 

mixed number is    
7
52

7
52 !!#! , 

                                     
3
18

3
18 !!#! .               (Compare it to 

7
23

7
23 "# ).  

 
Converting  a mixed number to a  fraction  

 

Suppose that we have 2 one-dollar bills and 1 quarter, 
4
12  (a quarter is one fourth of a dollar) and we 

wish to change it to quarters. Since each dollar bill is worth 4 quarters, 2 dollar bills are equivalent to 
842 #$  quarters. With the additional quarter we had, we now have 9142 #"$  quarters. Thus 

4
9

4
12 # . 

 
 
The above example explains how to convert a mixed number to a fraction.  
 
To convert a positive mixed number to a fraction: 

1. Multiply the denominator of the fraction by the integer part. 
2. Add the numerator of the fraction to the product found in step 1.  
3. Write the sum found in step 2 over the denominator of the fraction. 

 

For example, to convert  
4
12  to a fraction, multiply 842 #$ . Add 1 to the result 918 #" . We have 9 

parts. 
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To convert a negative mixed number to a fraction, keep the minus, and follow the algorithm 

described above.         
5
38

5
357

5
37 !#

"$
!#!  

 
 
Example 9.4  Convert the following mixed numbers to fractions. 

a) 
8
54      b) 

3
12!  

 
   Solution:    

  a)    
8

37
8

532
8

584
8
54 #

"
#

"$
# . 

  b)    
3
7

3
16

3
132

3
12 !

"
!#

"$
!#!   

 
 

Converting fractions to mixed numbers 
 
Any time we have a fraction greater than one (that is, such that its numerator is greater than its 

denominator), we can write it as a mixed number. Consider 
10
23 . We will illustrate the process using an 

example with dimes and dollar bills. The fraction
10
23 represents 23 dimes and we would like to change 

it to dollars bills. To find how many dollar bills we can have for 23 dimes, we divide 23 by 10 (by 10,  
because one dollar is equivalent to 10 dimes). 1023%  is equal 2 and the reminder is 3. We have 2 one-
dollar bills and 3 dimes. 
 

 
 

This means  
10
32

10
32

10
23

#"# . 

 

% %

4
9

4
18

4
142

4
12 #

"
#

"$
#

THEPRODUCTTO
NUMERATORTHEADD

RDENOMINATOTHEBYNUMBER
WHOLETHEMULTIPLY
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To convert a positive improper fraction to a mixed number: 
1. Divide the numerator by the denominator to get the integer part. 
2. The remainder will be the numerator of the fractional part. The denominator remains 

unchanged.       

For example, to convert 
7
34  to a mixed number, divide the numerator 34 by the denominator 7.  The 

quotient is 4, the remainder is 6. Thus  
7
64

7
34

# . 

 
To convert a negative fraction to a mixed number, keep the minus, and follow the algorithm 
described above. 

                       
5
24

5
22

!#!  since 22 divided by 5 is 4, and the remainder 2. 

 

Example 9.5 Convert 
4

27  to a mixed number. 

 
  Solution: 

Divide the numerator by the denominator 427 % . The result is 6 and the   remainder is 

3. Thus  
4
36

4
27

# . 

 
Plotting  fractions and mixed numbers 

 
 
We know how to plot a proper fraction. To plot an improper fraction, we convert it to a mixed 
number. This allows us to find between what consecutive integers the point corresponding to the 

fraction is located. For example, 
2
14

2
9
# , thus we know that 

2
9  is between 4 and 5. To find its exact 

location divide the unit between 4 and 5 into 2 equal parts (2, since the denominator is equal to 2), and 
count one part starting from 4 to the right (1, since the numerator is equal to 1). 
 

 
 
 Example 9.6 Plot the following fraction on a number line. 

   a) 
3
4    b) 

5
8

!  

 
  Solution: 

a)  Convert the fraction to a mixed number  
3
11

3
4
# . The number 

3
11  is between 

1 and 2. Divide the unit between 1 and 2 into 3 equal parts and, starting from 1, count 1 
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part to the right. 

 
b) 

5
31

5
8

!#! . Thus 
5
8

!  is between 1!  and 2! . Divide the unit between 1!  

and 2!  into 5 equal parts and, starting from 1!  count 3 such parts to the left. 
 

                       
 
 
Example 9.7 Which mixed number best describes the location of point A and B on the number line 

shown below? 
        

                         
 
  Solution: 

The point A is between 3!   and 2!  The unit between 3!   and 2!  is divided into 3 
equal parts (to find it out count the number of spaces between 3!   and 2! ) and we 

take 2 of them. So the mixed number representing A is 
3
22! . The point B is between 1 

and 2. The unit is divided into 3 equal parts and we take 2 of such parts. The point B is 

represented by 
3
21 . 

 
Adding  positive mixed numbers 

 
 
If in the morning you ate 1 whole chocolate bar and 4 out of  9 equal pieces of the second one 

     
              one and four-ninths of a chocolate bar 
 
and in the evening you ate 2 whole chocolate bars and  1 out of 9 equal pieces of the third one 

                                      
    two and one-ninth of a chocolate bar 
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How much of a chocolate bar did you eat? You ate 3 whole chocolate bars and 5 pieces each being 
one-ninth of the chocolate bar.                  

9
53

9
12

9
41 #"  

 
                . 
To add mixed numbers we add the whole numbers together and then the fractions together. 
    

9
53

9
53

9
1

9
421

9
12

9
41 #"#"""#"  

 
In the above example both fractions had the same denominator. If denominators happen to be different, 
one has to rewrite them with a common denominator. We will demonstrate this procedure with the 
help of the following example   

4
18

12
53 " . 

 

4
18

12
53 " = 

12
38

12
53 " = 

#
"

""
12

3583  

12
811 =   

3
211     

       In order to add fractions 
12
5  and 

4
1  rewrite them using a common denominator 

 
       Add the whole numbers together and then the fractions together. 
 
       Write the result as a mixed number. 
 
       Reduce the fraction. Always reduce!!! 
 
 
 

  
When adding mixed numbers, it might happen that the sum of the fractions is an improper 
fraction. In this case we convert it to a mixed number and add the whole numbers together.  
We will illustrate this procedure with the following example. 
 

#"
5
37

4
32   Rewrite the fractions using a common denominator 20 

#"
20
127

20
152   Add the whole numbers and then the fractions 

#
"

""
20

121572  Perform the indicated operations 

#"
20
279   Since the fraction is improper, convert it to a mixed number  

#"
20
719   Add 9 and 1  to get the final answer as a mixed number

20
710  
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When adding a fraction to a mixed number, there are no whole numbers to add, but the rest of the 
procedure is the same. For example,  

 
26
93

26
543

26
5

26
43

26
5

13
23 #

"
"#"#"  

Things become even easier when we add an integer to a mixed number. 

 
4
17

4
17

4
125

4
125 #"#""#"  

(Just like if you have 5 dollars in one pocket and 2 dollars and 1 quarter in the other pocket, all 
together you have 725 #"  dollars and 1 quarter.) 
 
Example 9.8  Perform the indicated operations. 

   a) 
7
26

5
210 "   b)  

4
32

8
73 "   c) 

7
33

7
42 "  

   d) 6
11
24 "   e) 

6
1

3
28 "   f) 

9
42 "  

   
Solution: 

 a) 
35
2416

35
2416

35
10

35
14610

57
526

75
7210

7
26

5
210 #"#"""#

$
$

"
$
$

#"  

 b) 
8
56

8
515

8
135

8
6

8
723

24
232

8
73

4
32

8
73 #"#"#"""#

$
$

"#"  

 c) 615
7
75

7
3432

7
33

7
42 #"#"#

"
""#"  

 d) 
11
210

11
2646

11
24 #""#"   (only the whole numbers must be added) 

 e) 
6
58

6
1

6
48

6
1

23
228

6
1

3
28 #""#"

$
$

#"  (only fractions need the addition) 

 f) 
9
42

9
42 #"       

 
 

Subtracting positive mixed numbers (”borrowing”) 
 
 
Suppose that in your refrigerator you have 2 whole pizzas and, in addition, 4 slices of pizza  that 
remain from a pizza that originally was cut into 12 equal parts (slices).  
 

  
 



 116

Now, suppose that you want to give somebody 1 whole pizza and 3 slices of pizza (each slice of the 
size you obtain by cutting a pizza into 12 equal parts). What would you do? Most likely you would 
take out 1 whole pizza together with 3 out of those 4 already cut slices of pizza.  
 

  
 

The above operation can be written as  
12
31

12
42 !  and can be done emulating what we did with pizzas: 

we subtract whole numbers and then fractions to combine the results in the form of a mixed number. 
 

 
12
11

12
11

12
341

12
3

12
412

12
31

12
42 #"#

!
"#!"!#!  

 
Sometimes, however, subtraction requires an additional step. Suppose, for example, that you had 5 
one-dollar bills and 1 quarter and you bought a candy bar for 2 quarters. To find out how much money 
you will have left after paying for the candy bar, you need to perform the following operation. 

    
4
2

4
15 !  

The cashier asked you for the exact change. What do you do? You are 1 quarter short. You take 1 out 
of your 5 one-dollar bills and change it to quarters.     
 
                         5 one-dollar bills and 1 quarter are equivalent to 
                       4 one-dollar bills and 5 quarters 

 
                   
Just like you would not change all of your 5 one-dollar bills into quarters in order to pay 2 quarters for 
the candy bar but only 1 bill, we do not have to convert the entire 5 into an improper fraction. Instead, 
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we can take 1 unit out of 5 (leaving 4) and convert only this 1 to a fraction. The operation would look 
like this: 

  
4
34

4
2144

4
2

4
1

4
44

4
2

4
1

1
14

4
2

4
114

4
2

4
15 #

!"
"#!""#!""#!""#!  

 
(we wrote 5 as a sum of 4 and 1, and then converted 1 to a fraction with the denominator 4) 
               
This method is called “borrowing” and is needed when the first fraction is smaller than the one 
we wish to subtract. 
 
If the fractions do not have a common denominator, we need to find one and rewrite the mixed 
numbers so their fractional parts have a common denominator. For example, 
 

#!
3
28

5
112      Find the common denominator  of fraction parts, 15 

#
$
$

!
$
$

53
528

35
3112   Perform the indicated operations. 

#!
15
108

15
312    “Borrow” 1 unit from 12 (since 

15
10  is bigger than 

15
3 ). 

#!""
15
108

15
3111   Convert 1 to a fraction with the denominator 15. 

#!""
15
108

15
3

15
1511   Group the whole numbers and fractions separately. 

#
!"

"!
15

10315811   Perform the indicated operations. 

15
83"     Write as a mixed number.  

15
83   

 
 
The procedure of “borrowing” is also used when subtracting a fraction (or a mixed number) 
from an integer. For example,  
 

 
7
230

7
530

7
2730

7
2

7
730

7
2130

7
231 #"#

!
"#!"#!"#!  

(we “borrowed” 1 from 31 and  converted it to a fraction with the denominator 7). 
 
When subtracting a fraction from a mixed number, there are no whole numbers to subtract, the 
remaining steps are the same. For example,  
 

 
24
72

24
72

24
214242

24
21

24
4

24
242

24
21

24
412

24
21

24
43

8
7

6
13 #"#

!"
"#!""#!""#!#!  

(we “borrowed” 1 from 3 and  converted it to a fraction with the denominator 24). 
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To subtract an integer from a mixed number we simply subtract it from the integer part of the mixed 
number (just like if you have 13 one-dollar bills and 7 dimes and you are to pay 2 dollars, you use your 
13 one-dollar bills to pay the 2 dollars). 

     
10
711

10
711

10
72132

10
713 #"#"!#!  

 
Example 9.9  Perform the indicated operations. 

   a)  
9
45

3
212 !      b) 

6
51

4
1102 !    

   c)  
13
5187 !      d)  

14
13

7
427 !    

   e) 
8
33062 !      f) 3

9
523 !  

 
  Solution: 

   a)  
9
27

9
46512

9
45

9
612

9
45

3
212 #

!
"!#!#!  

   b) #!""#!""#!#!
12
101

12
3

12
12101

12
101

12
31101

12
101

12
3102

6
51

4
1102  

  
12
5100

12
103121101 #

!"
"!  

c)   
13
8186

13
5

13
13186

13
51186

13
5187 #!"#!"#! . 

   d) #!""#!""#!#!
14
13

14
8

14
1426

14
13

14
8126

14
13

14
827

14
13

7
427  

  
14
926

14
1381426 #

!"
"  

   e) 
8
531

8
3831

8
3

8
83061

8
330161

8
33062 #

!
"#!"!#!"#!  

    f) 
9
520

9
53233

9
523 #"!#!   

  
 

 Addition/subtraction of mixed numbers 
 
We will combine the previously learned rules for adding/subtracting signed numbers with what we 
learned about adding/subtracting positive mixed numbers. We illustrate the resulting procedure with 
two examples.  

#&
'
(

)
*
+!"!

4
325

3
2125                 Change the double signs “+” and “!” to “!” 

#!!
4
325

3
2125  

          

         According to the rule that if both numbers have “!” sign in front, then   
         the numbers must be added and the sign of the final answer becomes 
          “!”. Place the “!”sign in front of parentheses, while inside indicate 
         the operation of addition that must be performed. 
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#&
'
(

)
*
+ "!

4
325

3
2125                Find a common denominator, 12. 

#&
'
(

)
*
+

$
$

"
$
$

!
34
3325

43
42125    Perform the indicated operations 

#&
'
(

)
*
+ "!

12
925

12
8125                 Add whole numbers and fractions separately. 

#&
'
(

)
*
+ "

""!
12

9825125               Perform the indicated addition. 

#&
'
(

)
*
+ "!

12
17150                Convert the fraction 

12
17  to a mixed number. 

#&
'
(

)
*
+ "!

12
51150               Add whole numbers.     

#&
'
(

)
*
+ ""!

12
51150               Write it as a mixed number. 

12
5151!       

 
. The second example, 
 

#&
'
(

)
*
+!!!

7
310

14
544               Change the double signs “!” and “!” to “+”    

#"!
7
310

14
544       

           
  
    

              According to the rule that if both numbers have opposite signs in front 
              of them, then the sign of the final answer is the same as the sign of the         
              bigger. The smaller number must be subtracted from the larger one.  
              Place the “!”sign in front of parentheses, while inside indicate the  
              operation of subtraction that must be performed. 

#&
'
(

)
*
+ !!

7
310

14
544                    Find a common denominator 14. 

#&
'
(

)
*
+

$
$

!!
27
2310

14
544    Perform the indicated operations. 

#&
'
(

)
*
+ !!

14
610

14
544                 Since 

14
5  is less than 

14
6  we have to “borrow” 1 from 44. 

#&
'
(

)
*
+ !""!

14
610

14
5143         Change 1 to a fraction with the denominator 14. 

#&
'
(

)
*
+ !""!

14
610

14
5

14
1443      Perform the operations on whole numbers and fractions separately. 

#&
'
(

)
*
+ !"

"!!
14

65141043        Write the answer as a mixed number

14
1333!  
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We can summarize the above in a table.  
 
 

  HOW TO ADD/SUBTRACT MIXED NUMBERS 
 
 Step 1.   Replace any adjacent (“double”) signs according to the rule:  
                                                      (+)(+)  ! (+)              (")(+)  ! (") 
                                              (")(")  ! (+)              (+)(")  ! (") 
                    
 Step 2.   After replacing “double” signs, determine the sign of the final answer and the operation  
               that has to be perform on the numbers as follows: 
                
               If in front of both of the numbers  the sign is the same, the final answer will be  
               that sign (+ or !) and the numbers must be added. In order to perform the addition: 

- change fractions to equivalent fractions with a common denominator, if needed 
- add whole numbers and fractions separately 
- if improper fraction occur, change to the mixed number and add once again add 

whole numbers together. 

               For example,    #&
'
(

)
*
+ "!#&

'
(

)
*
+ "!#!!#&

'
(

)
*
+!"!

21
77

21
152

3
17

7
52

3
17

7
52

3
17

7
52  

               
21
110

21
119

21
119

21
229

21
71572 !#&

'
(

)
*
+ ""!#&

'
(

)
*
+ "!#&

'
(

)
*
+ "!#&

'
(

)
*
+ "

""!  

 
             If the signs in front of  the numbers are opposite, the final answer will be the sign of the  
 larger number the and the smaller number must be subtracted from the bigger one. In order 
 to perform the subtraction: 

- change fractions to equivalent fractions with a common denominator, if needed 
- if necessary, “borrow” from whole number to subtract fraction 
- subtract whole numbers and fractions separately 

             For example,     #&
'
(

)
*
+ !!#&

'
(

)
*
+ !!#!#!&

'
(

)
*
+!!

21
152

21
77

7
52

3
17

3
17

7
52

3
17

7
52  

            
21
134

21
134

21
1572126

21
152

21
7

21
216

21
152

21
716 !#&

'
(

)
*
+ "!#&

'
(

)
*
+ !"

"!!#&
'
(

)
*
+ !""!#&

'
(

)
*
+ !""!       

 
 
Example 9.10  Perform the indicated operations. 

   a) &
'
(

)
*
+!"!

15
27    b) &

'
(

)
*
+!!!

3
299

15
111   c) &

'
(

)
*
+!!!

9
7

6
1125  

  
Solution: 

   a)  
15
27

15
27

15
27

15
27 !#&

'
(

)
*
+ "!#!!#&

'
(

)
*
+!"!  
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b)  #!#!#"!#&
'
(

)
*
+!!!

15
111

15
1099

15
111

3
299

3
299

15
111

3
299

15
111  

                       
15
1497

15
1497

15
111015198

15
111

15
10

15
1598

15
111

15
10198 #"#

!"
"!#!""#!"" . 

   c)  #&
'
(

)
*
+ !!#&

'
(

)
*
+ !!#"!#&

'
(

)
*
+!!!

18
2

18
15125

9
1

6
5125

9
1

6
5125

9
1

6
5125  

                        
18
13125

18
215125 !#&
'
(

)
*
+ !

"!  

 
 

Addition/subtraction of mixed numbers by converting them to fractions 
 
An alternative method for adding/subtracting mixed numbers is to convert them to fractions and 
then perform the operations according to the rules for fraction. For example,   
 

#"
5
21

4
13   

 
Convert both mixed numbers to fractions (to do this, keep the 
denominators, the numerators are equal to the product of a whole 
number and the denominator plus the numerator) 

#
"$

"
"$

5
251

4
143          Perform the indicated operations in the numerator. 

#"
5
7

4
13                                   Look for a common denominator, in this case it is 2054 #$ .  

                                 Rewrite fractions using the new denominator 20.

#"
20
28

20
65                                  Write as a single fraction. 

#
"
20

2865           Add the numbers in the numerator. 

20
93  (*) 

 
This method will always work but is computationally more difficult, especially when integer parts 
are large (in such cases converting a mixed number to a fraction requires multiplication of large 
numbers). 
 
 

Multiplication and division of mixed numbers and fractions 
 
In the case of multiplication and division of mixed numbers and fractions, we must convert the 
mixed numbers to improper fractions first, and then perform the operations as usual. 
_________________________________________ 
(*)   If we perform the same operation by adding whole numbers and fractions separately, we would get 

20
134

20
8513

20
81

20
53

5
21

4
13 #

"
""#"#"   It is important to realize that both answers, the one written as a 

fraction and the one in the form of a mixed number, are equal    
20
134

20
93

# . This is because 
20
93

20
13204

20
134 #

"$
# . 
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For example,  
5
13

7
41 $ . 

 

#$
5
13

7
41   Convert all mixed numbers to improper fractions. 

 

#
"$

$
"$

5
153

7
471   Perform the indicated operations in the numerators. 

 

#$
5

16
7

11    Multiply the numerators and denominators. 

 

#
$
$

57
1611    Perform the indicated multiplications. 

 

35
176  

 

Or, perform the following  
3
24

4
32 %! . 

#%!
3
24

4
32   Convert all mixed numbers to improper fractions. 

 

#
"$

%
"$

!
3

234
4

342  Perform the indicated operations in the numerators. 

 

#%!
3

14
4

11     Flip the divisor  
3

14  and replace division with multiplication. 

 

#$!
14
3

4
11  Multiply the numerators and denominators, keeping the minus sign,  

 

#
$
$

!
144
311    Perform the indicated multiplications. 

 

56
33

!  

 
 
Example 9.11 Perform the indicated operations.    

   a) 

8
11

4
33!

      b) &
'
(

)
*
+!&
'
(

)
*
+

5
42

7
31   c) &

'
(

)
*
+!&
'
(

)
*
+!!

4
1

5
21

2
14  
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   Solution: 

a)  #
$
$

!#$!#%!#&
'
(

)
*
+%&

'
(

)
*
+!#

!

94
815

9
8

4
15

8
9

4
15

8
11

4
33

8
11

4
33

 

                                    

 b)   #
$
$

!#$!#&
'
(

)
*
+!&
'
(

)
*
+#&

'
(

)
*
+!&
'
(

)
*
+

57
1410

5
14

7
10

5
14

7
10

5
42

7
31

57
2725

$
$$$

!  

                         
 

       c) #&
'
(

)
*
+!&
'
(

)
*
+!!#&

'
(

)
*
+!&
'
(

)
*
+!!

4
1

5
7

2
9

4
1

5
21

2
14

40
63

452
179

!#
$$
$$

!#  

 
 

Exponentation of mixed numbers 
 
 
Since exponentiation is a shortcut for multiplication, the same rules apply to exponentiation as to 
multiplication. This means that  before we raise any mixed number to a given power, we must 
convert it to an improper fraction. 
For example, 
 

16
81

4
9

4
9

4
142

4
12 2

2222

##&
'
(

)
*
+#&

'
(

)
*
+ "$

#&
'
(

)
*
+  

 

Example 9.12 Perform the indicated operations  
3

3
21 &
'
(

)
*
+! . 

 
  Solution: 

  
27

125
3
5

3
5

3
231

3
21 3

3333

!#!#&
'
(

)
*
+!#&

'
(

)
*
+ "$
!#&

'
(

)
*
+! . 

  The sign of the final result is negative, because the exponent is odd. 
 
 

All operations combined on mixed numbers and fractions 
 
 

As always, if more than one operation is involved, we follow the order of operations.
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#$!!
26
1

3
14

3
21    

According to the order of operations we perform the multiplication 
first. To this end, we change the mixed number to an improper 
fraction.

 

#$
"$

!!
26
1

3
134

3
21    Perform the operations indicated in the numerator. 

#$!!
26
1

3
13

3
21     Cancel 13 and 26    

#$!!
2
1

3
1

3
21     Multiply numerators and denominators of 

3
1  and 

2
1 . 

#!!
6
1

3
21  

                   Since both signs are negative, place minus in front of parentheses 
and set 

                   up the addition. 

  #&
'
(

)
*
+ "!

6
1

3
21                            Rewrite the fractions with a common denominator 6.    

#&
'
(

)
*
+ "!

6
1

6
41                             Add fractions together 

 

#&
'
(

)
*
+ "
"!

6
141     Write the final answer as a mixed number. 

#!
6
51   

 
 
Example 9.13     Perform the indicated operations. 

    a) 
2

3
1210 &
'
(

)
*
+!$!               b) &

'
(

)
*
+ "!&
'
(

)
*
+ !

4
12

4
3

9
41                       c) 

4
1

2
13

3
211

$

"
 

 
     Solution: 

a) We first exponentiate and then multiply the result by .10!  To this end we 
                           convert the mixed number to an improper fraction. 

                           &
'
(

)
*
+!$&

'
(

)
*
+!$!#&

'
(

)
*
+!$!#&

'
(

)
*
+!$!

3
7

3
710

3
710

3
1210

22

#$!#$!#
9
4910

3
710 2

2

 

                            
9

490
9

4910
!#

$
!  

                                    b) We first  perform  the operations in parentheses. Since the integer parts are   
                           small and  to perform the multiplication we will need to convert all mixed numbers  
                           to fractions anyway, we will do it right from the beginning. 

                           #
"!

$#&
'
(

)
*
+ "!&
'
(

)
*
+#&

'
(

)
*
+ "$

"!&
'
(

)
*
+ !

#&
'
(

)
*
+ "!&
'
(

)
*
+ !

4
93

9
5

4
9

4
3

9
5

4
142

4
3

9
49

4
12

4
3

9
41  
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            c)  We perform the indicated operations in the numerator and denominator 
separately, and then divide the results. To perform multiplication, we convert mixed 
numbers to improper fractions. 
 

   #
$
$

#$#%#%##

$
$

#
$

"
#

$

""
#

$

"

73
88

7
8

3
8

8
7

3
8

8
7

3
22

8
7
3
22

42
17

3
22

4
1

2
7

3
22

4
1

2
7

3
211

4
1

2
13

3
211

21
64     

    
 

Common mistakes and misconceptions 
 
Mistake 1.1 
 When multiplying mixed numbers, always remember about converting them into improper   

 fractions first.         
3
215

3
253 ,$ . 

 
Mistake 1.2 

 
7
6

7
32 #$  but 

7
24

7
32 # . Be careful not to interpret 

7
32$  as 

7
32  (

7
32  means 

7
32 "  or 

7
24 ). 

 
                  Exercises with Answers    (For answers see Appendix A) 
 

Ex.1  If somebody asks you to count by 2 starting from 0 up to 10, you start with 0 and in each 
consecutive step you add 2 to the previous number. Once you reach number 10, you are done: 0, 2, 
4, 6, 8, 10. 
 a) Count by 

2
1  starting from 1 up to 6. Express the answer as mixed numbers or integers: 1, 

,2,
2
11  etc. 

 b) Count by 
5
1  starting from 1 up to 4. Express the answer as mixed numbers or integers 

 
Ex.2  If this is one unit,    

                                                     
which mixed number shows how much is shaded? 
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Ex.3  If this is one unit, 

                
which mixed number shows how much is shaded? 

   
 

Ex.4  All marks are equally spaced. Assume that the length of the segment AE represents one unit. 

 
a)  Which mixed number represents the length of the segment AL?  
b)  Which mixed number represents the length of the segment AH?  
c) Which mixed number represents the length of the segment AF?  

 
Ex.5  All marks are equally spaced. Assume that the length of the segment AC represents one unit. 

 
a) Which mixed number represents the length of the segment AL?  
b) Which mixed number represents the length of the segment AD?  
c) Which mixed number represents the length of the segment AJ?  

 

Ex.6 Explain the difference between 
5
17  and &

'
(

)
*
+

5
17 . 

 
Ex.7  Convert the following mixed numbers to fractions. 

a) 
6
53     b) 

3
2100!     c) 

5
24  

 d) 
100

72!    e) 
3
27!     f) 

345
91   

   
Ex.8 Find the missing numerator. 

a) 
8
?

8
32 #    b)  

9
?

9
58 #     c) 

10
?

10
72 !#!  
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Ex.9  Convert the following improper fractions to a mixed number. 

 a) 
7
46     b) 

10
106

!     c) 
5
27

!  

 d) 
9
33     e) 

6
19      f) 

4
23

!  

 
Ex.10  If this is one unit, 

         
what fraction represents the shaded area. Convert the fraction to a mixed number. 

           
 

Ex.11  For a party, all the pies were cut into sixths. After the party, 26 pieces were left. Which 
mixed number represents the total number of pies left? 
 
Ex.12  A baker sells whole loaves of bread and half loaves of bread. If at the end of the week 9 
halves of bread are left, which mixed number represents the total number of breads left? 
  
Ex.13  For each of the following fractions determine between which two integers on the number 
line the fraction is located. 

 a)  
9
4     b) 

5
12

!     c) 
5

39
!  

 d) 
7

52
!    e) 

8
17      d) 

100
99

!  

 
Ex.14 Plot (as precisely as you can) the following numbers. Describe the procedure you used 
plotting. 

           a)  
2
3

!            b) 
4

11      c) 
3

11
!  

 

                    

Ex.15     Below is the line with equally spaced marks on it.  

              

Choose the point corresponding to 0 and 1 in such way that it is convenient for you to plot the 
following fraction (for each point use different number line).     

 a)  
8
5      b) 

7
6

!     c) 
2
5

!  
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Ex.16  What fraction corresponds to point A, B, C, D, and E on the following number lines. Assume 
that all marks on the line are equally spaced.  If a fraction is an improper fraction, write it also as a 
mixed number.   

 

 

 

 

 

 
Ex.17  Perform the indicated operations.    

             a) 
7
212

7
132 "   b) 

15
17

15
4101 "   c) 

9
2122

9
42 "   d) 

5
1

5
33245 "   

             e)  1
5
1271 "   f) 

17
2121

17
14

"    g) 6
3
244 "    h) 

27
1412 "   

Ex.18  Perform the indicated operations.          

 a) 
3
142

8
322 "          b) 

21
34

7
42000 "    c)

2
1767

5
2
"        

 d) 
8
37

6
113 "     e) 

18
7

9
245 "     f) 

10
725

5
125 "  

Ex.19  Perform the indicated operations.          

 a) 
5
41

7
638 "     b) 

6
5

8
7349 "     c)

2
1100

4
399 "      

 d) 
12
145

12
11

"     e) 
5
411

4
39 "     f) 

9
542

18
1715 "  

Ex.20  Perform the indicated operations.          

 a) 
9
48

9
788 !     b) 4

20
172004 !    c) 

12
1

12
7199 !      
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   d) 
3
25

3
225 !     e) 

24
170

24
378 !    f) 

11
239

11
439 !  

Ex.21  Replace x  with a number to make the following statement true.    

 a) 
7
233 #" x   b) 

3
17

3
15 #"x      c) 

7
45

7
25 #" x   d) 2

9
52 #! x  

 e) 
9
8

9
83 #! x   f) 1

7
23 #!x                  g) 5

2
14 #" x   h) 

3
11 #! x  

Ex.22  Perform the indicated operations.          

  a) 
26
15

13
645 !    b) 

5
2

7
4562 !     c) 

3
15

8
567 !  

  d) 
4
33

8
7203 !    e) 

9
2100

7
3400 !    f) 

11
31

3
267 !  

Ex.23  Perform the indicated operations.          

 a) 
6
54

7
115 !        b) 

7
5

8
379 !   c) 

9
458 !   d)

9
2637 !   

 e) 
29
466 !    f) 

15
719

10
329 !  g) 

8
5

2
143 !   h) 

27
7612 !  

Ex.24  Perform the indicated operations.          

 a) 20
25
1410 !!    b) 

7
212

3
134 "!    c)

2
15

3
222 !!  

 d) 
5
4

15
4222 !     e) 

5
3203

7
62 !      f) 

112
11"!  

 g) 
2
12

5
41 "!     h) 

100
1186

50
4514 !!    i) 44

7
33 "!  

Ex.25  Perform the indicated operations.          

 a) &
'
(

)
*
+!!!

14
123

7
42    b)

3
27

5
241 !&
'
(

)
*
+!!    c) &

'
(

)
*
+!!!

11
88

 d) &
'
(

)
*
+!"!

4
337

7
32    e) &

'
(

)
*
+!!!

3
21

7
325    f) )15(

19
54 !!!  

Ex.26 Perform the indicated operations.           

 a) 

2
12

4
31

!
    b) 

5
21

7
43 $!     c) 

7
21

3
24 $  

 d)  
28
31

4
23 %     e) &

'
(

)
*
+!$

5
12

17
31    f) &

'
(

)
*
+!!

5
41

3
22  
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 g)  &
'
(

)
*
+!%

5
42

10
31   h)  

13
71

4
13 $!   i)  &

'
(

)
*
+!%

3
24

9
71   j) 

2
14

4
32!

 

Ex.27  Perform the indicated operation. 

a) 
3

4
11 &
'
(

)
*
+!              b) 

4

2
11 &
'
(

)
*
+!    c) 

4

2
11 &
'
(

)
*
+!   d) 

2

4
32 &
'
(

)
*
+!!  

 
Ex.28  Perform the indicated operations.   
 

a) 
9
41

6
12

7
44 %"      b) 

5
24

11
718

22
320 $&

'
(

)
*
+ !  

c) &
'
(

)
*
+!$%

8
52

12
51

3
25      d) 

8
13

7
51

7
298 !!

 

e) &
'
(

)
*
+ "!%&

'
(

)
*
+ !

12
72

6
54

9
52

3
11    f) &

'
(

)
*
+!&

'
(

)
*
+!

13
31

4
13

2

 

g) 
8
32

11
12

8
31 "$!              h)  

2

6
51

3
21 &

'
(

)
*
+ "!               

i)  &
'
(

)
*
+!%&

'
(

)
*
+!!

8
72

7
23

2
12                  j) 

7
45

3
22

8
12 "&

'
(

)
*
+$!                      

k) &
'
(

)
*
+ !%

2
15

5
42

8
33      l) 

3
22

2
14

1
3
22

$!

"
 

m) 1
38
11

5
43 !$      n) 5)1(

11
82

7
24 !!%  

o)  
20
11)26(

5
32 !!%      p) 

9
74

2
12

2
11

!

"!
 

q)  &
'
(

)
*
+!$"!

12
186

6
52     r)  

4
110

5
413 !&
'
(

)
*
+!!  

 s) 
2

10
11

100
35 &

'
(

)
*
+!!!      t) &

'
(

)
*
+!!!&

'
(

)
*
+!"!

3
116

3
243  
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Lesson 10 
__________________________________________________________________________________ 
 
Topics:  Decimal notation; Converting decimals to fractions and fractions to decimals; Multiplication 
and division of decimals by powers of 10; Comparing decimals. 
__________________________________________________________________________________ 
 
Among all fractions there is a set of special fractions called decimal fractions.  Decimal fractions are 
fractions where the denominator is a power of ten. There is an alternative way of writing a decimal 
fraction that does not use a fraction bar, nor is a denominator shown. This notation is called decimal 
notation.  
 

   Decimal notation 
 
The following figure is divided into 10 equal parts.  
 

 
 
One tenth of the figure is shaded. We can use the fraction notation to describe the amount of the figure, 

10
1  or the decimal notation, 0.1      

 1.0
10
1
!      

 
We read it as “one tenth”.  Notice that we use the same name regardless of notation. 
 
The figure below is cut into 100 equal parts. 
 

      
One hundredth of the figure is shaded. 01.0

100
1

!                            

We read it as “one hundredth”. 
 
If this is one unit,  
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then the area shaded below is represented by the mixed number 
10
72  or, in the decimal notation,  2.7 

Both are read “two and seven tenths”. 
 

  
 
Any number written in decimal notation consists of the row of digits (possibly with the minus in front, 
if the number is negative) separated by the decimal point into two parts, an integer part and a fractional 
part.  For example, the integer part of 2.7 is 2, and its fractional part is .7  
 
                                      The part to the left of                                 The part to the right of 
                              the decimal point is called        6 7 . 2 3         the decimal point is called  
                                              integer part                               fractional part 
                                                       67                                                .23 
                                                                       decimal point 
 
Example 10.1 Identify the integer part and the fractional part of each of the following decimals.  

a) 7.35    b) 0346.81"    c) 0.8 
  

Solution: 
  a) The integer part: 7;  fractional part: .35 
  b) The integer part: 81" ;  fractional part: .0346 
  c) The integer part: 0;  fractional part:   .8 

The value of each digit in a decimal depends on its place in the decimal. The first digit to the left of the 
decimal point represents units, the next, more to the left, tens, then hundreds, thousands and so on. The 
first digit after the decimal point represents tenths and tells how many tenths are in the number. The 
second to the right represents hundredths and tells how many hundredths there are in the number. The 
third digit is the thousandths place, ten thousandths and so on. 

Decimal Place Value Chart      

              
         . . .   10000        1000      100      10      1           

10
1       

100
1     

1000
1       

10000
1    . . . 

                                                                     decimal point 
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For example, in the decimal 0.7 the digit 7 represents tenths and tells us that there are seven tenths in 

0.7. All other digits are zeros, so 0.7!  
10
7 . The digit 7 in the decimal 0.07 is in the hundredths place, 

thus representing seven hundredths, 0.07 !  
100

7 . The value of any digit depends on its place value. In 

the number 43.629 there are 4 tens, 3 ones, 6 tenths, 2 hundredths and 9 thousandths (*). 
 
Example 10.2 For each of the following decimals count the number of decimal places to the right of 

the decimal point and then name the last digit (most to the right column) in the 
fractional part and its place value. 

  a) 25.8    b)  0036.4"   
 
  Solution: 

a) There is one decimal place after the decimal point. The last digit is 8 and its 
place value is tenths. 

b) There are four decimal places after the decimal point. The last digit is 6 and 
its place value is ten thousandths. 

 
 

Reading and writing decimals 
 
 
To read a decimal (**):   

1. Look to the left of the decimal point and say the name of the integer. 
2. The decimal point is read as “and” 
3. Say a fractional part of the decimal as a whole number followed by the name of the place value 

of the digit that is farthest to the right. 
 
For example, we read 
                3.46 as “three and forty six hundredths 

                5.7 as  “ five and seven tenths” 
         005.0"  as  “minus five thousandths”. 

 
Example 10.3  Write each decimal in words. 
   a) 456.0003   b) 76.4"  
 
  Solution: 
   a) four hundred fifty-six and three ten thousandths. 
   b) minus four and seventy six hundredths. 

 
_________________________ 
 
(*) The number 43.629 (as any other decimal) is the sum of its place values.  
        

1000
19

100
12

10
1613104629.43 #$#$#$#$#!   

(**) Decimals are often read in a more “straightforward” way. The decimal 0.46 can be read  as “zero point forty six”, 5.7 
as  “five point seven”. Although this pronunciation is commonly used and seems easier than the one presented, in order to 
be able to communicate with somebody who uses the other notation, you must know both pronunciations. 
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Example 10.4   Write the following numbers in decimal notation. 
   a) two and twenty seven hundredths  
   b) minus five and two thousandths   
   c) twenty-three hundredths  
 
  Solution: 
   a) 2.27 
   b) 002.5"     Notice the position of 2. 
   c) 0.23  

 
 

Equivalent forms of decimals 
 
 
If  the integer part of a fraction is zero, if desired, we might not write the zero (*). 

6.6.0 !     
                   762.762.0 !  
                                       or            02.02.0 "!"   
 
Any integer can be written as a decimal by placing a decimal point directly after the integer, and 
entering a zero, or zeros, to the right of it. Every integer has an unwritten decimal point to the 
right.                                          

 0.99 !        
            00.873873 !                                                                                  

or              0.9696 "!"  
 
Writing additional zeros to the right of the decimal point following the last digit does not change the 
value of the number (**).                      

  300.030.03.0 !!  …  
    71200.47120.4712.4 "!"!"  …                                                                         
or           000.9200.920.92 !!  …  

 
To have a complete picture, writing additional zeros to the left of the decimal point preceding the first 
digit does not change the value of the number. 
                                 7.0037.037.3 !!        
                4.00564.0564.56 "!"!"       
                 or        0.007610.07610.761 !!  
 
Although placing extra zeros before the first digit to the left of the decimal point or extra zeros after 
the last digit to the right of the decimal point does not change the value of the decimal, when giving the 
final answer, we should remove all unnecessary zeros. 
 
___________________________________ 
(*)   In these materials, we will always use the notation with 0 in front of the decimal point, since it is less likely to cause 
misreading the decimal. 

(**) This is true because  30.0
100
30

1010
103

10
33.0 !!

#
#

!! . Similarly, 300.0
1000
300

10010
1003

10
33.0 !!

#
#

!!  
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Example 10.5    Fill in the blanks with the proper symbol “% ” or  “=”. 
a)  07.0___7.0       b) 0000.45____45  c) 6._____60000.0 ""   

 
    Solution:      

   a)  07.07.0 %  
   b)  0000.4545 !  
   c) 6.60000.0 "!"  
 
Example 10.6 Rewrite the fraction 0.27 in its equivalent form, in such a way that there are five 

digits after the decimal point. 
 
 Solution: 

 0.27000  
 
Example 10.7    Write 8 as a decimal. 
 
      Solution: 
      0.88 !  
 

Writing  decimals as a fraction or a mixed number 
 
Since the name of a fraction is the same regardless of notation, we read the name of the decimal and 
write it as a fraction. 

For example,   0.7  is read “seven tenths” and this means 
10
7 . 

     2. 65 is read “two and sixty five hundredths”,  so 
100
65265.2 ! .  

It is a good practice to always reduce the final answer, so
20
132

205
1352

100
65265.2 !

#
#

!! . Also, if you 

wish to have your answer written as an improper fraction, convert the mixed number 
20
132  to a fraction  

20
53

20
13202

20
132 !

$#
! . Thus, 

20
5365.2 ! . 

 
Multiplication of decimals by powers of ten 

 
As you might recall from Lesson 1, the numbers 10, 100, 1000, … are called powers of 10. By now, it 
should be clear, where this name comes from. They are called powers of 10, because 

 
11010 !  

210100 !  
3101000 !  

 
One of the advantages of using decimal notation is that multiplication and division of decimals by any 
power of 10 can be performed almost instantaneously. To develop the rule for such multiplication, let 
us multiply 0.345 by three different powers of 10. 
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  45.3
100
453

100
345

10100
10345

1000
1034510

1000
34510345.0 !!!

#
#

!
#

!#!#  

            5.34
10
534

10
345

10010
100345

1000
100345100

1000
345100345.0 !!!

#
#

!
#

!#!#   

345
1

345
10001

10003451000
1000
3451000345.0 !!

#
#

!#!#  

 
Notice that each time we multiply 0.345 by a given power of 10, we move the decimal point to the 
right by the number of places equal to the number of zeros following the number 1 (which is also equal 
to the power of 10).              
 
 
To multiply a decimal by the power of 10, such as 10, 100, 1000, …   
 

  1. Count the number of zeros:                                       ! #
zeros2

001   3 . 4 7 2 

  2. Move the decimal point that many places to the right:     #001   3 . 4   7   2  =   3 4 7 . 2   

                                                                                                                     
                                                                                                              decimal point  moved 
                                                                                                                                      2 places to the right 
                  

  
Sometimes, in order to be able to place the decimal point in the answer, it is necessarily to add 
extra zeros to the right of the last digit.  This idea is illustrated in the next two examples. 
 
Multiply  100057.0 # .                
Since the number 1000 has three zeros, we must move the decimal point three places to the right. The   
number 0.57 displays only two decimal places, so the extra zero is needed. We use the fact that   

570.057.0 ! . 

                                     0 .  5   7 0          !     0  5  7  0 . =   5  7  0 

                                         
                                            3 places to the right   

570100057.0 !#  
 
Multiply  36100#  (*).           
The number 100 has two zeros, we must move the decimal point two places to the right.  We use the 
 
______________________________ 
(*) Recall that to multiply an integer by a power of 10, we can simply rewrite the integer and add the number of zeros equal 
to the power of ten at the end of the number. Notice that adding a given number of zeros at the end of a number is 
equivalent to moving the decimal point to the right the same number of places. The procedure of multiplying by the power 
of 10 by moving a decimal point can be viewed as an extension of the procedure of adding zeros at the end.  Simply 
rewriting the integer and adding the appropriate number of zeros only applies to integers.  The new rule of moving the 
decimal point the appropriate number of places applies to all decimals, including integers, since any integer can be written 
as a decimal. 
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fact that 00.3636 !    
                                            3  6  . 0   0         !      3  6  0   0 .    =    3 6 0 0  
                                                     
                                                       2 places to the right 

360036100 !#  
 
Example 10.8   Perform the following multiplications. 
   a) 46.910#      b) 10007.0 #  
 

  Solution: 
 a)  We move the decimal point one place to the right 6.9446.910 !#  
 b)  We move the decimal point three places to the right and we use the fact that 

                           700.07.0 ! :   
                                     700.70010007.0 !!#    (It is not necessary to write the decimal point after the                    

integer part; it is understood). 
 
Example 10.9    What is the smallest power of 10 we can use to multiply by 0.03  in order to get an     

integer? 
     
                           Solution: 

               We count the number of decimal places (or, equivalently, number of digits) after the 
decimal point. There are 2 places (2 digits: 0 and 3), thus we have to multiply 0.03 by 
100 (second power of 10; two zeros after 1)  

 310003.0 !# . 
 

  
Division of decimals by powers of ten 

 
Division is the opposite operation to multiplication which means that we can “undo” the operation of 
multiplication by a given number by performing division by the same number. Hence, if the 
multiplication of a decimal by a power of 10 means moving the decimal point to the right a given 
number of places, the division must be moving the decimal point to the left the same number of places. 
 
 
To divide a decimal by the power of 10, such as 10, 100, 1000, …   
 
         1. Count the number of zeros:                                             3 4 7 . 2 & !

zeros2

001  

         2. Move the decimal point that many places to the right:    3 4 7 . 2 &  001  =  3 . 4    7   2 

                                                                                                                                       
                                                                                                                      decimal point moved        
                                                                                                                                                2 places to the left 
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In the multiplication by power of 10 we often need to place additional zeros to the right of the last digit 
after the decimal point. In division, we often need to place additional zeros to the left of the first digit 
before the decimal point. 
 
Divide 1006.0 & .         
The number 100 has two zeros, so we must move the decimal point two places to the left. We use the 
fact that   6.0006.0 !                               

                                                0    0   0 . 6   !   0 . 0  0  6 

                                                 
                                             2 places to the left 

006.01006.0 !&  
 
Divide  100007 &         
The number 10000 has four zeros, so we must move the decimal point four places to the left. We use 
the fact that 0.000077 !   
                                   
                                 0   0   0   0   7 . 0   !  0 . 0  0  0  7 
                                                   
                                           4 places to the left                                                      

0007.0100007 !&  
 
 

Example 10.10           Perform the following divisions. 
    a) 10034.296 &    b)  10003.0 &  
 
              Solution: 

a)  Since the number 100 has two zeros, we move the decimal point two  
places to  the left.    9634.210034.296 !&  

b)  Since the number 1000  has three zeros, we move the decimal point 
three  places to  the left and use the fact that  3.00003.0 !  

                                                0003.010003.0 !&   
 
 

Writing  fractions and mixed numbers as decimals 
 

Suppose that we would like to write 
4

11  as a decimal. To this end, we will interpret a fraction as 

implied division:  411
4

11
&! . We use the algorithm to perform this division that is very similar to the 

long division algorithm. 
 
Set up the division as you set up long division.       
             

114   
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The first step is exactly the same as it would be in long division.  Divide 11 4& . Place the whole 
number result, 2, at the top. Do not worry about the remainder at this moment. Instead, proceed to 
multiply the 2 by the devisor 4.   

                                                
2

114   
 
Multiply 824 !# . Place the result, 8, under the number that was divided, 11. Subtract the bottom 
number from the top one to get the remainder: 3811 !" .  
 

2
114  

                                     
remainder'

"

3

8
 

 
We no longer can use the algorithm for long division, because there are no more digits to bring down. 
We are going to extend the algorithm.  
Place the decimal point on the top (in this example, next to 2). Remembering that 11 0.11! , bring 
down a zero from 11.0   and continue.                            
 
       Decimal point was placed here  " 

                        
.2

114 .0           #  This zero was brought down.               

  8"  !  
_______                           

                3 0           #  The zero that was brought down. It changes 3 to 30.              
 
Again, follow the steps of  long division. Divide 30 by 4. Place the whole number result, 7, at the top, 
to the right of the decimal point. 

             
7.2
0.114                         

  8"       
$$$$                          

               30            
 
Multiply 2874 !# . Place the result, 28, under the number that was divided, 30. Subtract the bottom 
number from the top one to get the remainder, 22830 !" . 

             
7.2
0.114                      

  8"                     
                30           
                   28"  
                $$$$$ 
                                                        2                     !  remainder 
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Once again bring down a zero  ( )00.110.11 ! . 

             
7.2
0.114 0                  #  Bring down this zero.  

   
28
30

8"

 

                                                          2 0                #  This is the zero that was brought down. 
 
Divide 20 54 !& . Place the whole number result, 5, at the top, next to 7. 

              

   
7.2
0.114 0                    

     

20

28
30

8"

 

Multiply 2054 !# . Place the result, 20, under the number that was divided, 20. Subtract the bottom 
number from the top one to get the remainder, 02020 !" . 

             
75.2
0.114 0                    

    

0

20
20

28
30

8

"

"

 

Since the remainder is equal to 0, we are done with the division. As a result we have  75.2
4

11
!  

The above algorithm, called the extended long division algorithm, will always work, but in certain 
cases we can avoid using it and, instead,  use other techniques such as those demonstrated in the next 
two examples below. 

( If the denominator of the fraction we are converting is equal to a power of 10, apply the 
algorithm for division by the power of 10 (move the decimal point to the left a number of 
spaces equal to the power of 10).             

For example,   07.01000.71007
100

7
!&!&!     or    4.23100.23410234

10
234

!&!&!   
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( If the denominator of a fraction is such that it is easy to find an equivalent fraction with the new 
denominator being a power of 10, rewrite it in its equivalent form with the denominator equal 
to a power of 10, then apply the algorithm for division by the power of 10.                         

For example, 4.0104
10
4

25
22

5
2

!&!!
#
#

!        or     015.0100015
1000

15
5200

53
200
3

!&!!
#
#

!  

 
 
To change a mixed number to a decimal, separate its integer part from the fraction. Change the 
fraction to a decimal, and use the integer as the integer part of the result.  

For example, let us write  
25
43  in decimal notation. We ignore the integer part, 3. We change the 

fraction to a decimal. 

16.010016
100
16

425
44

25
4

!&!!
#
#

!  

and, remembering about the integer part, we write    16.3
25
43 !  

 
Negative fractions or mixed numbers stay negative when written in decimal notation. 
 
 
Example 10.11  Change the following fractions (or mixed numbers) to a decimal. 

                                    a) 
100
234                     b) 

200
13"                    c) 

8
5               

 
                         Solution:                                

                       a) 34.21000.234100234
100
234

!&!&!        

                        b)  005.3
1000

53
5200

513
200
13 "!"!

#
#

"!"                                                          

          

0           

40           
40           

16 
20 

48
50

          

625.0
000.58        c)

"

"

"

                             

   Thus 625.0
8
5
!  
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Comparing decimals 
 
  
Decimals are compared in exactly the same way as other numbers: by comparing the different place 
values from left to right.  
To compare any two positive decimals, compare the integer part of each decimal. The one with 
bigger integer part is bigger. If the integer parts are the same, start with the tenths place. If one 
decimal has a higher number in the tenths place then it is larger than a decimal with fewer 
tenths. If the tenths are equal, compare the hundredths, then the thousandths etc. until one 
decimal is larger or there are no more places to compare. If each decimal place value is the same 
then the decimals are equal. 
 
For example, compare 0.263 and 0.268. 
 
Both numbers have integer parts equal to zero. 
We compare the tenths place value digits. 
 
 
                                         
                                      0 . 2 6 3                                         0 . 2 6 8 
                                 
The digits in the tenths place are the same, both are 2.  
We compare the digits in the hundredths place. 
 
                                  
                                            
                                   0 . 2 6 3                                         0 . 2 6 8 
 
The digits in the hundredths place are the same, both are 6. 
We compare the digits in the thousandths place. 
 
                          
                                                
                                      0 . 2 6 3                                         0 . 2 6 8 
 
 
The digits in the thousandths place differ. 

 Since 3 <  8, we conclude that 
 0.263  <   0.268. 

 
You might find performing the comparison easier if you write decimals vertically, lining up the 
decimal points properly and only then comparing the digits. 
   0.263   

0.268      The first digits that are not the same are 3 and 8, thus  0.263  <   0.268. 
If one decimal has more digits after the decimal point, we can always add zeros at the end without 
changing the value of the decimal. Thus, any time we compare a digit with “an empty decimal place”, 
we know that “the empty decimal place” stands for 0. 
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Compare 2.3 and 2.34.  
 

2.30  The integer part is the same. It is 2. 
2.34  The tenths digit is the same. It is 3.  

The hundredths digit in 2.34 is 4, and in 2.3 is 0. Since 4 > 0, we get  
2.34 > 2.3. 

 
To compare two negative decimals, compare them first ignoring the minus signs, and then 
reverse the inequality sign.  
 
Compare 7.0"   and 8.0" . 

We first compare 0.7 and 0.8:        0.7  <  0.8        (since 7 < 8) 
and then we reverse the inequality sign:               7.0"  > 8.0" . 

 
Example 10.12 Fill in the blank with one of the symbols <,  = , or  >. 
    a) 1.22_________99.21   

b) 823.4__________82.4 ""  
c) 90.3________9.3  
 

Solution: 
    a)  The integer part 22 is greater than 21, hence 1.2299.21 ) . 

b)  We first compare 4.82 with 4.823. Remembering that 820.482.4 ! , 
we get  823.482.4 )  After reversing the inequality sign, the final answer is     

                                             823.482.4 "*" . 
c) 90.39.3 ! . 

 
Example 10.13 Replace X with any digit to make the statement true. 
    0.2X > 0.27 
 
   Solution: 

 0.2X will be greater than 0.27 if we replace X with any digit greater than 7. 
There are two possibilities X 8!   or   X 9! . Either choice gives the correct 
answer. 

 
 
 

Exercises with Answers    (For answers see Appendix A) 
                                                                                                                                                                  
Ex.1 Fill in the blank with the word “right” or “left” to make the following statements true.  
Every integer has an unwritten decimal point to the __________.   
To multiply a decimal by a power of 10, move the decimal point to the _________ the same number of 
decimal places as the number of zeros in the power of ten.  
Fractional part of a decimal is to the _________ of the decimal point.  
To divide a decimal by a power of 10, move the decimal point to the __________ the same number of 
decimal places as the number of zeros in the power of ten.  
The place value of hundredths is to the _________ of the place value of tenths.  
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Place value of tens is to the _________ of the decimal point. 
 
Ex.2 Write a decimal that represents the shaded area. 

          
 
Ex.3 This is a unit. 

   
 
Write a decimal that represents the shaded area. 

           
 
Ex.4 Identify the integer part and the fractional part of each of the following decimals.  

a) 4.06    b) 986.2"    c) 0.901 
  
Ex.5 In the number 45.0129 find the following place values. 

a) hundredths 
b) tens 
c) ten thousandths 

 
Ex.6 In the number 678.345"  find the following place values. 

a) hundreds 
b) thousandths 
c) tenths 

 
Ex.7 Construct a decimal with the following place values: 3 in the tenths decimal place, 0 in the ones 
decimal place, 8 in the tens decimal place, 7 in the thousandths decimal place, and 5 in the hundredths 
decimal place  (be careful, since the place values have been given out of order). 
Ex.8 Construct a negative decimal with the following place values: 6 in the hundreds decimal place, 
7 in the ones decimal place, 2 in the thousands decimal place, 4 in the tenths decimal place, 0 in the 
tens decimal place, and 9 in the hundredths decimal place. 
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Ex.9 For each of the following decimals, count the number of decimal places to the right of the 
decimal point. Name the last digit (most to the right)   and name its place value. 

a) 78.4      b) 3.672     
 c) 48.0"      d) 0001.0"   
 
Ex.10    What is the name of the decimal place (ones, tens, hundreds, tenths, hundredths etc.) where the 
digit 6 is placed in each of the following number.            
    a)  78.264"      b)  0.456 
            c)   27.643     d) 4.6"  
 
Ex.11   Write each decimal in words. 
            a)  07.5"      b)  0.234 
            c)  124.0001     d) 4.0"  
 

Ex.12   Write the following fraction in a decimal notation. 
  a) three and fifty seven hundredths 
  b) thirty five hundredths 
  c) minus two hundred seven and ninety five ten thousandths 
  d) minus forty four and two  thousandths 
   

Ex.13   Fill in the blanks with the proper symbol %  or  =. 
 a) 800.0_____8.0     b)  0.95_____95  
 c) 5.00_____005     d) 789._____789.0  
 e) 23._____230.0 ""     f) 450_____45 ""  
 g) 360.0_____36.0000    h) 0002.7_____002.7 ""  
 i) 4.0_____4. ""     j) 71_____00071  
 
Ex.14   Circle all decimals that are equal to 23.7 

237.070.2300.2377.000237000.23237.0  
 

Ex.15   Write the decimal 0.7 in its equivalent way such that there are  
a)  2 digits after the decimal point 
b) 5 digits after the decimal point 

 
Ex.16     Write  a) 8  

b) 248"  
as a decimal. 
 
Ex.17   Write each decimal as a fraction. 
 a) 3.4      b) 7.0"  
 c) 2.005     d) 13.7 
 e) 003.0"      f) 0.2060 
Ex.18 Perform the following multiplications. 
 a) 17.01000#      b) 46.010#       
 c) 34.7#10000    d) 7#100 
 e) 10#0.7629     f) 100#3.4      
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Ex.19  Perform the following divisions. 
 a) 23.1&10     b) 678.2&100 
 c) 0.0067&1000    d) 421&100 
 e) 4&10000     f) 0.40&1000 
 
Ex.20 The decimal point of a given number was 

a) moved 3 places to the right 
b) moved 2 places to the left 
c) moved 1 place to the left 

Determine what kind of operation was performed on the number i.e. was the number multiplied or 
divided and by what power of 10. 
        
Ex.21  Perform the following operations. 
 a) 0.2#100     b)  0.7&100 
 c) 34&10     d)  1.2 #1000 
 e) 0.2#10     f)  54.90700&1000 
 g)  9.004&100     h) 3400#100 
 i) 100345.2 #      j) 100072 &  
 k) 35100#      l) 1008.567 &  
 

Ex.22     What is the smallest power of 10 we can use to multiply each of the following decimals in 
order to get an integer?  
 a) 78.0       

b) 4.23"  
            c)  891."                                                          
            d)  2.3701 
            e) 005.0"      
            f) 100.2  
 
Ex.23     Replace x  with a number to make the following statement true. 
             a) 3707.3 !+ x    b) 461.0461 !& x    c) 5.210 !&x   
             d) 4.664.0 !+ x    e) 02.0100 !&x    f) 2.37151000 !+x  
             g) 1200012 !+ x    h) 932.82.893 !& x    i)  9.09 !& x  
   
Ex.24     Change each of the following fractions (or mixed numbers) to a decimal.   

 a) 
25
7       b) 

2
145      

 c) 
1000

5
"      d)  

40
31       

 e)  
5
24       f) 

16
72"      

 g) 
8
7

"       h)  
50
3

"      
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 i) 
8
43       j)  

100
23917

"      

 k) 
10000
1024"      l)  

200
13  

Ex.25     Fill in the blank with one of the symbols <,  =,  or  >. 
a) 003.4_________3.4     
b) 6.25__________1.23 ""  
c) 01.0__________0.4"  
d) 2635.0_________2345.0  
e) 874.42__________87.2 ""  
f) 1824.0__________1234.0 ""  
g) 650.4_________56.4  

   
Ex.26    Between what two consecutive integers would be the following decimals located on a number 
line? 
  a) 6.0       b) 39999.2"  
  c) 4.0001     d) 78.0"  
 
Ex.27   Find all decimals that are less than 0.347 
   34.0347.1247.03471.01.03.0348.0 "  
 
Ex.28     Write the following numbers in order from the smallest to the largest. 
 5.036.251.309.07.834.24.0 """"  
  
Ex.29    Replace X with any digit to make the statement true.   
   a) 34.6X > 34.67    b) X8. 3 <  28.1 
   c) .05.0 ")" X    d) 0.27 !0.27X  
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Lesson 11  
__________________________________________________________________________________ 
 
Topics:  Addition, subtraction, multiplication, division, exponentiation and all operations combined 
on decimals. 
__________________________________________________________________________________ 
 
 

Addition/subtraction of decimals 
 
Recall that to add objects they must be of the same type. Hence, to add decimals, write them 
vertically to line up their decimal points and columns, then add corresponding place values: ones to 
ones, tenths to tenths, hundredths to hundredths and so on. Perform the addition just as you would 
add natural numbers, starting with digits from the right.  The decimal point in the result is 
written directly below the decimal point in the problem. 
 
For example  
 
        1  4  . 5  3  Line up the decimal point and all columns.   
        +      2  2  .    7  1  

 
     1  4  .   5 3  Start addition with the column on the far right.  
        +      2  2  .   7   1      In this example, add hundredths: 413 !$  
                               4 
                     1 
      1  4  .  5  3   Add tenths: 1275 !$ .         
         +      2  2  .    7  1             We get 12 tenths !  1 ones + 2 tenths, so we carry 1 to the ones column. 
              2  4              
                                                            
                      1 
      1 4  .   5  3   Add ones: 7241 !$$  
         +      2   2  .   7  1     
                    7   .  2  4 

 
                      1 
     1  4  .   5  3   Add tens: 321 !$  
         +       2  2  .   7  1             Bring down the decimal point. 
                3   7  .  2  4 
                  
Thus 24.3771.2253.14 !$  
 
Subtraction is performed in the same manner. First line up the columns and the decimal points. 
Then subtract just as you would subtract natural numbers, starting with digits from the right, 
ignoring the decimal points, borrowing if necessary. The decimal point in the result is written 
directly below the decimal point in the problem. 
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      1  8  .   6    Line up the columns and the decimal points. Notice that there is no  digit   
$   1  2  .   4  1                    directly above 1 (in hundredths column). This always means that there is         

an “unwritten” 0 there. Many find it helpful to write in the zero (replace 
18.6 with 18.60).     

 
                     5   10 
         1  8  .   6 0  Borrow from tenths in order to subtract hundredths : 9110 !" .   
   $   1  2  .   4    1                  
                        9 
        
                    5  10 
         1  8  .                 Subtract tenths:  145 !"   
   $   1  2  .     4  1                  
                    1  9 
 
                       5  10 
         1 8  .                Subtract ones:  628 !"   
   $   1    2  .   4  1                  
            6      1  9 
                                
                      5  10 
        1  8  .                    Subtract tens. 011 !" . Since the zero would be the first digit, we do not 
   $    1  2  .   4  1                     write it. Bring down the decimal point. 
              6  .   1  9 
 
Thus, 19.641.126.18 !" .   
 
When adding or subtracting involves natural numbers, keep in mind that there is an “unwritten” 
decimal point that can be written in, if desired. For example, let us subtract 3.09 "  by writing 9 as 9.0.                    
      
                                                                     8  10 
                                        
                                                                           %  0. 3 
                                                  8. 7  

7.83.09 !"  
    
To add/subtract decimals, we replace any ‘double signs’ in the expression with one sign following 
the rules     (+)(+)  " (+)              (#)(+)  " (#) 

                    (#)(#)  " (+)              (+)(#)  " (#) 
and perform the operations according to the rules for decimals. 
 
For example,  

!"" )4.3(2.0    Replace the double minus signs by plus.  
!$ 4.32.0               If you do not want to perform the addition                            0.2 

6.3                                           mentally, you can do it off  to the side                  +    3.4 
                                                and then write your  result in the actual problem.                 3.6 
Example 11.1 Perform the indicated operations.  
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   a) 07.43$       b) 63.07.0 $"               c) )003.2()71.0(1.5 "$""
                                                                                                                                                                 

Solution: 
a) We set up the addition remembering that 00.33 ! . 

  3.00 
                        +     4.07 
                                                                                      7.07                  

Thus, 07.43$ =7.07. 
b) The numbers are of the opposite signs, and 0.7 > 0.63, so the sign of the result 

is negative and we need to subtract 0.63 from 0.7        
                                                                6  10     

          
                       +      0. 6 3        
                                                                                      0. 0 7                 

Thus, 07.063.07.0 "!$" . 
c)  We replace all “double signs” with one sign according to rules. 

003.271.01.5)003.2()71.0(1.5 "$!"$"" . 
                                                                                           0 10 

5.1 0           
           +     0.7 1                                               %   2. 0 0 3 

5.8 1                                                     3. 8 0 7         
      

Thus 807.3003.271.01.5)003.2()71.0(1.5 !"$!"$""  
Notice, that in both operations we wrote in additional zeros. We wrote 5.10 instead of  
5.1 and 5.810 instead of 5.81. As mentioned before it is not a necessary step, but is 
recommended, particularly for subtraction. 

 
Multiplication of decimals 

 
Let us multiply 0.2 and 0.08. 
 

!# 08.02.0    Change to fractions. 

!#
100

8
10
2    Multiply numerators and multiply denominators. 

!
#
#
10010
82    Perform the indicated operations. 

!
1000

16    Write the answer as a decimal. 

0.016 
 
Notice that:     The digits in the answer came from multiplying 1682 !# .  

Since the denominator is equal to 100010010 !#  and  division by 1000  (fraction bar  
indicates division)  means “moving the decimal point 3 places to the left”, we get 0.016 

Based on the above example, the multiplication of 08.02.0 #  done without converting decimals to 
fractions, should be performed as follows. 
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Step 1   Mentally delete the decimal points in both numbers:  0.2 becomes 202 !  and 0.08         
           becomes 8008 !  

Step 2     Perform the multiplication of the resulting integers: 1682 !#  
Step 3     Count the sum of numbers of decimal places in both decimals involved in the operation:  
 0.2 has 1 decimal place; 0.08  has 2 decimal places; together, there are 321 !$  decimal    

          places in both numbers 
Step 4    Write the integer obtained in step 2 as a decimal and move its decimal point to the left as 
               many places as the number obtained in step 4 indicates. If needed, before moving it, add 
               extra zeros at the beginning of the number:  write 16 as 0016.0  and  move the decimal     

          point 3 places to the left.                                 
        0    0   1   6  .  0  !   0 . 0  1  6  0 

                                                      
Step 5     Write the final answer without unnecessary zeros: 0.0160 016.0!  
 
As a result,  016.008.02.0 !#  
 
If negative decimals are involved in the multiplications, we follow the rules that we have always used 
for determining the sign in multiplication. For example, the result of 06.02.03.0 "!#"  is negative 
because we multiply numbers of opposite signs.  
 
We summarize the above procedures in the table below.  
 
                                            HOW TO MULTIPLY DECIMALS 
 
Step 1. Determine the sign of the result of the multiplication of decimals following the same rules as 
            in determining the sign of the product of multiplication.       (+)(+)  " (+)         (#)(+)  " (#) 

                                                                                         (#)(#)  " (+)         (+)(#)  " (#) 
 

Step 2. Multiply the decimals as if they were whole numbers. 
 
Step 3. Find the total number of decimal places in both factors. 
 
Step 4. Place the decimal point in the result so that the answer has the same number of decimal  
            places as the total found in Step 3. 
 
For example, !"# )01.1(2.0  !#" 01.12.0  202.001.12.0 "!#"              
                       (Multiply 2021012 !# ; Total number of decimal places is 321 !$ ; 
                        Move the decimal point in 202=202.0 three  places to the left)  
 
 
Multiplying more than two decimals: If the number of negative factors in the product is an even 
number, the result is positive. If the number of negative factors in the product is odd, the result is 
negative. Count the total number of decimal places in all factors.  
 
For example,   015.05.0)1.0(3.0 "!#"#  or  015.0)5.0()1.0(3.0 !"#"#    
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Example 11.2 Perform the indicated operations. 
   a) 4.005.0 #     b) )00001.0(34.0 "#  
   c) )2.0(4 "#"     d) )01.0()02.0(1.050 "#"##"  
 
  Solution: 

a) 02.0020.04.005.0 !!#         
( 2045 !# , move decimal point 3 places to the left; although initially we get 0.020, we 
should rewrite it as 0.02). 

   b) 0000034.0)00001.0(34.0 "!"#    ( 34341 !# , 7 places to the left). 
  c) 8.0)2.0(4 !"#"          

( 824 !# , 1 place to the left since 4 has no decimal places and 0.2 only has one) 
   d) 0.0010.00100)01.0()02.0(1.050 "!"!"#"##"      

( 10012150 !### , the sign is negative since there are an odd number of negative   
factors;  5 places to the left;  eliminate unnecessary 0’s in the final answer) . 

 
Exponentiation of decimals 

 
As always, once we know how to perform the multiplication operation, we know how to exponentiate. 
The only additional convention we need to remember is that to avoid confusion, we should place the 
decimal that is being raised to a given power in parentheses.   
 
                                008.02.02.02.0)2.0( 3 !##!  
 

Finding a decimal of a given quantity 
 

Recall that to find a fraction of a give number we multiply the fraction by the number. And thus, to 
find a decimal of a given number, we multiply the decimal by the given number.  
For example, if we know that on a given year, out of 58000 students attending Washington D.C. high 
school, 0.2 of them passed a proficiency exam, how many students passed the exam?  
We perform the multiplication:  0.2#58000=10600.  
Answer:   10600 students passed the proficiency exam. 
 

Division of decimals 
 
We often solve problems by reducing them to a situation we know how to handle.  We will apply this 
strategy to the division of decimals.  That is, we will perform certain operations so that instead of 
dividing decimals, we will be able to divide integers, which should be easier. The example below 
explains how to do that. Let us divide 05.03.0 &  
 

!& 05.03.0   

!
05.0
3.0  

 
 
 

Write the division using the fraction bar. 
 
We know that if we multiply the numerator and the denominator by the same 
non-zero number, the resulting fraction will be equal to the original one. Let 
us multiply the numerator and denominator by 100. We want to do that 
because after performing the multiplication, both the numerator and 
denominator are no longer decimals.  
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!
#
#

10005.0
1003.0  

!
5

30

Perform the indicated operations. 
 
 
Reduce. The obtained fraction (or integer) is the answer.

 6
 
The missing part of the algorithm is how to find a number by which we should multiply the 
numerator and denominator in order to eliminate decimals (in the above case 100). To find the 
number with this property we do the following. 
 
Step 1  Count the number of decimal places in the numerator:  the numerator 0.3 has decimal 
   place. 
Step 2  Count the number of decimal places in the denominator:  the denominator  0.05  has 2   
   decimal places. 
Step 3  Take the bigger number of the two found in previous steps:   2 is the bigger number 
Step 4  Raise 10 to the number found in step 3 to get the number we are looking for: 100102 !  
            
Instead of memorizing the above algorithm, let us understand how and why it works. Our goal is to 
eliminate the decimal point from the numerator and denominator by multiplying both by the same 
number equal to a power of 10. If we try to use 10, we can see that although it will work for the 
numerator 3103.0 !#  (no longer a decimal), it will not work for the denominator since 

5.01005.0 !#  (still a decimal).  Since the denominator has 2 decimal places, we need to use 100. 
The number 100 will work for both:  

                                                           6
5

30
10005.0

1003.0
05.0
3.0

!!
#
#

!  

 
The above algorithm will give us the answer in the form of a fraction or an integer. If, for some 
reason, we would like to have the answer in decimal form, we need to change the fraction (unless it 
is an integer) to a decimal applying the extended long division algorithm or, if possible, some other 
techniques.   
For example,      
 

16
1

106.1
101.0

6.1
1.0)6.1(1.0 "!

#
#

"!"!"& .   

 
To have an answer in the form of a decimal, we must perform the extended long division.       
        
                     0.0625 
                0000.116  
       1 00 
                        96 
                          40 
                          32 
                            80 
                            80 
                              0 
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Thus, 0625.0
16
1

106.1
101.0

6.1
1.0)6.1(1.0 "!"!

#
#

"!"!"&  

 
We summarize the above procedures in the table below.      
                    
                                                HOW TO DIVIDE DECIMALS 
 
Step 1.  Determine the sign of the result following the same rules as in determining the sign of the 
            quotient of integers.                              (+)(+)  " (+)              (#)(+)  " (#) 

                                                       (#)(#)  " (+)              (+)(#)  " (#) 
 

Step 2.  Count the number of   the decimal places in the numerator and the denominator and take the 
              bigger number. 
 
Step 3.  Move the decimal point in the numerator and denominator to the right by the number found 
             in step 2. 
 
Step 4.  Reduce the resulting fraction and if asked for the answer in the form of a decimal, change  
              The fraction to a decimal. If required, apply the extended long division algorithm. 
 

For example,  !"& )2.0(004.0  !"
2.0

004.0   02.0
100

2
200
4

2.0
004.0

"!"!"!"  

 
(Number of decimal places in 0.004 is 3, in 0.2 is 1; The bigger number is 3; We move the decimal 
points by 3 places to the right). 
 

 
 
Example 11.3  Perform the indicated operation.  

   a) .
6.0

24.0     b) 011.02.2 &"  

 
         Solution: 
             a) 

5
2

512
212

60
24

1006.0
10024.0.

6.0
24.0

!
#
#

!!
#
#

!        The decimal point was  

          moved in the numerator and denominator  2 places to the right. 
                 b)  200

11
2200

011.0
2.2011.02.2 "!"!"!&"     The decimal point was              

moved  in the numerator and denominator  3 places to the right. 
 
Example 11.4      Perform the following operation )8(4.0 "& . Give the answer as an integer or as a 

decimal. 
     
         Solution: 
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20
1

80
4

8
4.0)8(4.0 "!"!"!"& . If we were not asked to give the answer in the  

form of a decimal, 
20
1

"  would be a correct answer. Since the directions asked 

for an integer or a decimal, we must convert 
20
1

"  to a decimal. The easiest way 

is to multiply the numerator and the denominator by 5.    
              05.0

100
5

520
51

20
1

"!"!
#
#

"!"  

 
 

All operations on  decimals combined 
 
 

As always, if more than two operations are involved in evaluating an expression, we perform them 
according to the order of operations. 
 
Example 11.5   Perform the indicated operations. 

    a) , -22.03.0 #"    b)  
04.0

)9.1(1.2 """  

    c) 02.07.06.0 #$"    d) )002.0()3.0(9.0 "#"&"  
 
   Solution: 
    a)  , - 0036.006.006.0)06.0(2.03.0 22 "!#"!"!#"  

    b)  5
4
20

10004.0
1002.0

04.0
2.0

04.0
9.11.2

04.0
)9.1(1.2

"!
"

!
#
#"

!
"

!
$"

!
"""  

 
    c) 586.0014.06.002.07.06.0 "!$"!#$"  
   

    d) !"#
#
#

!"#
"
"

!"#"&" )002.0(
103.0
109.0)002.0(

3.0
9.0)002.0()3.0(9.0  

006.0)002.0(3)002.0(
3
9

"!"#!"#  

 
 

Exercises with Answers    (For answers see Appendix A) 
 
 

Ex.1 Perform the indicated operations. 
 a) 4.71$ 12.14   b) 644.577.0 $    c) 8$ 0.004  
 d) 2.88 41.0"    e) 02.09.3 "     f) 003.044 "  

  
Ex.2 Perform the indicated operations. 
 a) 299.123.0 $"   b) % 2.3 % 0.8    c)  67.49.3 "   
 d) % 0.93 $ 0.8  e) % 0.5 % 0.79    f)  0.2 % 2 
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Ex.3 Perform the indicated operations.   
       a)  3.2 % (% 1.4)     b) % 0.8 % (%0.04) 

c) % 0.9 % 0.2 % 0.4     d) 7.22 + (% 0.002)     
 e)  4.3)1.5(71.0 """      f)  % (% 0.8) + (% 0.2) 

g) % 2.3 % 0.5 % (%1.1)    h) %2.4 + 0.3 + 0.2 % 0.7 
i) 0.3 % ( + 0.55) % (%0.65)    j) 0.2 + 2.345 % 0.6 + 0.4 % 2.345 
 

Ex.4 Perform the indicated operations. 
 a) 4.003.0 #       b) )01.0(4.0 "#  
 c) )2.0(8.0 "#"      d) % 0.3 #2.01 
 e) %3.5 #  (%2)      f) 0.0009 # (%0.2) 
 g) 4 #  (%0.005)     h)  % 79.3#0.001 
 
Ex.5 Perform the indicated operations. 
 a)  %0.2 # (%0.3)# ( %0.4)    b)  1.5# (%0.2)#0.03 
 c)  (%0.5)#1.1#0.001     d) 0.2 #  (%0.2)# ( %0.5)  
 e)  50.2#0.1# (%0.05)     f)  %2# (%0.4)# ( %0.2)# ( %0.001) 
 g)  40# (%0.5)# ( %0.3)#2    h) %0.1 #0.2# (%0.3)#0.5# (%0.3) 
 i)  0.02# (%0.3)# ( %7)# ( %1)# ( %0.02)  j)  4#5# (%0.1)#100#0.5 
 
Ex. 6 If 0.7 of my 20 dresses are long, how many long dresses do I have? 
 
Ex. 7 Tim ate 0.4 of 2 pounds of salad during one day. How many pounds of salad did Tim eat?  
 
Ex.8 Out of 2000 applicants, 0.95 of them obtained a job. How many applicants obtained a job? 
 
Ex.9 What is 3.1 of 20? 
 
Ex.10 Write the following statement using exponential notation and determine the sign of the 
result. Remember about the proper use of parentheses. Do not evaluate. 

a) 1.89 raised to the seventh power 
b) % 3.4504 raised to the eleventh power. 
c) %0.6402 raised to the sixteenth power. 

 
Ex.11 Perform the indicated operations. 
 a) 2(0.9)     b) 3)4.0("     c) 2)1.1("  
 d) 2)06.0("     e) 4)01.0(""     f) 7)1.0("  
  
Ex.12 Perform the indicated operations.  

 a) 0.8&(%0.33)     b) 
018.0
2.1

"
    

 c) 
21.0
49"       d) %0.5&(%0.0001) 
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 e) 
4
26.0

"
"       f)  2.46&6.8    

 g)  0.7&(%0.8)      h) %0.02&0.3 
 
Ex.13 Perform the indicated operations. Give your answer in the form of a decimal or an integer. 

 a) %0.3&0.6   b) %0.03&(%0.8)   c) 
025.0
01.0

"
  

 d)  
1.0

0073.0    e) 0.006&(%0.8)   f)
4
16.0

"
"  

 
Ex.14 Perform the indicated operations. 
 a) %7.4%4.8      b) %6.7&100 
 c) %4%(%0.9)      d) %(%0.9) 2  
 e) %0.03# (%5)      f)  2&(%0.004) 
 g) 0.15# (%0.04)     h) %0.7+0.4%0.5%0.6 
 i) 0.3%(%2.4)+(%0.08)     j) 2.234#100 
 k) %0.7# (%0.002)#10                 l) 0.05&(%0.025) 

 m) 
002.0

5"       n) 0.7# (%0.2)# (%0.02) 

 o) 4)01.0("       p) %5.7%(%67.2) 
 
Ex.15 Perform the indicated operations if possible. Otherwise, write "undefined". 

a) 0.3% (% 0.2+0.7)      b) %2+0.7 1.0#    

 c) 
2.0

1.02.41.4 "$"      d) )2.001.0)(9.02.0( """   

 e) 3)5.23.2( ""      f) )100(5.005.0 "#&"  
 g) 5)5.02.0( #""      h) )06.005.0(7.0 $"    
 i) )6.49.3(2.4 """      j) 2)7.0(2#"     

 k) 
02.0)2.0(1.0

9.9
$"#

     l) 1.20
01.0
2.0
"

"
"   

 m)  108.19.0 #&      n) )3.0)(2.0()5)(2.0( "$""   
 o) )02.0)(3.07.0( "$"     p) )02.0)(3.0(7.0 "$"   
 q) )05.4)(1.0()3.2( "$""     r) )002.0()6.34.3( "&$"   
  
Ex.16 Write the following statement as a single numerical expression and then evaluate them. 

a) Add %0.5 and 0.2 and then multiply the result by 10 
b) Raise %0.3 to the third power and then divide the result by 0.09. 
c) Subtract 3 from %4.1 and then add the result to 7.2. 
d) Multiply %0.03 and %0.05 and then subtract the result from 2. 
e) Divide 0.4 by 0.02 and multiply the result by %0.01. 
f) Add %0.6 to %0.4 and then raise the result to the seventeen power. 
g) Find the product of %0.2, %0.06 and 1000. 
h) Divide %2 by 0.2 and then subtract the result from %0.3. 
i) Add %2.1 and %3.9 and then multiply the result by 0.0001. 
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Ex.17 Knowing  that  173.01.323.0 !#  evaluate. 
 a) )1.3(23.0 "#            
 b) 173.01.323.0 $#"                  
 c) 101.323.0 &#                     
 d) 1.323.010 #$                   
 e) 1.323.010 ##            
 f) 3)073.01.323.0( "#           
                 
Ex.18 Replace x  with a number to make the statement true.     
 a) 04.02.0 !x      b) 1.02.0 !" x  
 c) 13.0 !$ x      d) 12.0 !&" x  
 e) 001.03 !x      f) 23.0 !"x  
 g) 235.2 !" x     h) 6.03.0 !+x  
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Lesson 12  
__________________________________________________________________________________ 
 
Topics:  Percent; Changing percents to decimals and decimals to percent; Solving percent problems: 
finding the percent and finding the amount. 
__________________________________________________________________________________ 
        
Percents are a popular way of presenting numerical information. We will now study percent notation. 
 

Percents 
 
 
The figure is cut into 100 equal parts and 1 of them is shaded. 

                                                       
The shaded portion is 

100
1  =  0.01 of the whole figure. But one can also say that the shaded portion is  

1% , one part out of one hundred parts. 
   

         Percent means “parts per one hundredth”:  
100

1%1 !  

 
                              
Example 12.1  Using  percent notation, write the number representing  

a)  the  portion of the area that is shaded. 
b) the portion of the area that is NOT shaded. 
 

                                                    
 
  Solution: 
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a) 31 out of 100 parts are shaded, thus the number representing the portion 
shaded is 31%. 

b) 69 out of 100 parts are not shaded, thus the number representing the portion 
that is not shaded is  69%. 

 
Notice that 100% always represents one unit and thus anything less than 100% represents less 
than one unit and anything over one unit will always have to be greater than 100%. 
 
If  today’s gas price is 90% of yesterday’s price, it means the price went down. If the today’s price is 
(let us say) 120% of yesterday’s, the price went up. 
 

Changing percents to decimals 
 

To change a percent to a decimal, we use the definition of percent, i.e. 
100

1%1 ! .  

For example, 

07.0
100

7
100

17%7 !!#!  

or 

  345.0
100

5.34
100

15.34%5.34 !!#!  

 
Notice, that each time we divided the number of percents by 100, and so to change the percent to a 
decimal, drop the % symbol and divide it by 100 by moving the decimal point 2 places to the left. 
 
Example 12.2  Write the following in decimal notation.  
   a) 16%    b) 125%  c) 0.05%  
  
  Solution: 
  In each case we move the decimal point two places to the left and drop % symbol. 
   a) 16%  = 16.0% = 0.16 

b) 125% = 125.0% = 1.25 
   c) 0.05% = 000.05% = 0.0005. 
 
 

Changing decimals to percent 
 
Writing decimals as percents must be done by reversing the operation of changing percents to 
decimals. So, to change a decimal to a percent, multiply the decimal by 100 by moving the 
decimal point 2 places to the right, and then insert a % symbol. 
 
Example 12.3  Write the following decimals as percents. 
   a)  0.06    b) 4     c) 0.327  
 
  Solution: 

In each case we move the decimal point two places to the right and insert the % symbol. 
   a)  0.06 = 6% 
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b) 4 = 4.00 = 400% 
   c) 0.327 =32.7% 
 
 

Solving percent problems: finding the percent 
 
 
Recall the following type of questions (you can find them in Lesson 5). 
 
There are 100 senators in the US Senate. If there is one African-American senator appointed to             
the Senate right now, what fraction of all senators is African- American?  
 
The same question could be phrased in terms of percents. 
 
There are 100 senators in the US Senate. If there is one African-American senator appointed to             
the Senate right now, what percent of all senators is African- American? 
 
The first question asks us to give the answer as a fraction, while the second one requires us to give it as 
a percentage.  To find what percentage of all senators is African-American we first find the answer in 
terms of a fraction, and then change the fraction to percent by first changing it to a decimal and 
then changing the decimal to percent.   

We find the fraction of senators who are African-American:  
100

1 .  

We change the fraction to a decimal:     01.0
100

1
!     

We change the decimal to percent:          %101.0 ! . 
Answer: 1% of all senators is African-American. 
 
 
Example 12.4 There are 4 oceans on the Earth, and two of them, the Atlantic and Pacific Oceans, 

border the USA.  What percent of  all oceans borders the USA? 
 

  Solution: 

The fraction of oceans that borders the USA is 
2
1

4
2
! .  We change it to a decimal    

5.0
10
5

52
51

2
1

!!
#
#

! . We change the decimal to a percent 0.5 = 0.50 =50%. 

Answer:  50% of all oceans borders the USA. 
 
 
Example 12.5 Three out of the 8 biggest countries in the world are English speaking. What percent of 

the 8 biggest countries are English speaking?    
 
  Solution: 
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We first find the fraction of English speaking countries among the 8 biggest countries. 

It is 
8
3 . As a next step, we change the fraction to a decimal. Since it does not look like it 

is easy to rewrite this fraction with the denominator equal to a power of 10, we perform 
long division.     
        0. 3 7 5       

0.38  0 0 
    3 0 
    2 4 
       6 0 
       5 6 
          4 0 
          4 0 
             0 

So, 375.0
8
3
! . We now change the obtained decimal to a percent by moving the 

decimal point 2 places to the right,  0.375 =  37.5%. 
Answer: 37.5% of the 8 biggest countries in the world are English speaking. 

 
 
Example 12.6  If this is one unit 

   
What percent represents the shaded area? 

 
 

  Solution: 

Let us first express the shaded area as a fraction 
4
5 . Then, change 

4
5  to a decimal 

25.1
100
125

254
255

4
5

!!
#
#

! ,  and finally to a percent 1.25 = 125%  (recall, more than one 

unit always represents  more than 100%). 
Answer: The shaded area represents 125% of a unit. 

 
 
Example 12.7 What percent of 25 is 4?  
 
  Solution: 
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The number 25 represents one unit. 4 out of 25 gives us 16.0
100
16

425
44

25
4

!!
#
#

!  

Answer: 4 is 16% of 25 (*). 
 

Solving percent problems: finding the amount 
 

The fraction of all current governors in the USA who are women is 
50
7 . How many women governors 

are serving right now? 
 

Recall, that in order to find what is 
50
7 of 50, we multiply the numbers: 

         750
50
7

!# . 

Answer: Currently, there are 7 women governors in the USA. 
 

 
In the same manner, to find a percent of a given number, we perform multiplication.  

What is 4% of 6? It is  6%4 #  
To perform the operation of multiplication of percent by a number, we must change the percent 
to a decimal and then multiply the result by the given number.  
  24.0604.06%4 !#!#  
 
So if the question about women governors is asked in terms of percents: 
 
The percent of all current governors in the USA who are women is 14%. How many women governors 
are serving right now? 
 
To answer the question we need to perform the following operations. 

Change 14% to a decimal:              14% = 0.14 
Multiply the decimal by 50 (the number of all governors):    0.14 70.750 !!#  

Answer:  Currently, there are 7 women governors in the USA. 
 
Example 12.8  22.5%  of a class speaks  Spanish fluently.  If the class consists of 40 students, how 

many students speak fluent Spanish?  
 
  Solution: 
________________________________ 
(*) The example is not set up in any specific real life situation. If we wish, we can always assign some interpretation to this 
example. For instance, we can think about it as  
  - We invited 25 people to a party and 4 is the number that could not attend. Then we could say that 16% of those 
 invited could not come. 
  - We spent 25 day vacation in Hawaii and 4 is the number of days it was raining. Then we could say 16% of all 
 days were rainy. 

 - We watched 25 movies last year and 4 is the number of movies we did not like. We could say that we did not like 
 16% of movies we saw. 

Notice that although all real life descriptions are different, from a mathematical point of view there is no difference between 
them. The mathematical model is the same. 
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         The question is really asking what is 22.5% of 40? 
  22.5% 225.0!   
  0.225 940 !#  
  9 students in the class speak Spanish fluently. 
 
Example 12.9 What is 7% of 30? 
 
  Solution: 
  07.0%7 !   
  1.210.23007.0 !!#  
  7% of 30 is equal to 2.1 (*). 
 
 

Exercises with Answers    (For answers see Appendix A) 
 
 
Ex.1 Using the percent notation, write the number representing the portion of the area that is shaded. 
Assume each figure represents one whole and parts are equal. 
 

             
 
Ex.2 This is one unit. Assume that parts are equal. 
 

           
____________________________________ 
(*) Once again this example is not set up in any specific real life situation but we can always assign one. For instance, we 
can think about it as 

- We buy an item for 30 dollars and in addition we must pay 7% tax. 7% tax on 30 is 2.1 dollars.  
- During a 30 kilometer bike ride Maria needed to rest after completing 7% of the ride. This means she rode 2.1 

kilometers before she got to rest.  
Again, although all real life descriptions are different, from a mathematical point of view there is no difference between 
them. The mathematical model is the same. 
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Using the percent notation, write the number representing the portion of the area that is shaded. 

           
 
Ex.3 Shade the area corresponding to 
              a) 3%                                            b) 20%                                      c) 80% 

            
 
Ex.4 This is one unit. 
 

            
 
         a) Shade the area corresponding to 120%. 
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          b) Shade the area corresponding to 203% 

           
 
 Ex.5 Write the following in decimal notation. 
 a) 78%       b) 0.2% 
 c) 234%      d) 3.78% 
 e) 0.56%      f) 2% 
 
Ex.6 Write the following decimals as percents 
 a) 0.14       b) 3 
 c) 2.357      d) 0.02 
 e) 70       f) 0.5 
 
Ex.7 In a survey of eighth graders, 4 out of 5 students preferred using pens over pencils. What 
percent of the students preferred using pens? 
 
Ex.8 On a test there were 40 questions. Gail had 26 correct answers. What percent of all answers did 
Gail have correct?  What percent of all answers did Gail have incorrect?  
 
Ex.9 What percent of 500 is 22? 
 
Ex.10 What percent of 1 is 1.33? 
 
Ex.11 Geoff bought a book for $20 on line. He paid $5 for shipping and handling.  

a) What percent of his total bill was for shipping and handling?  
b) What percent of his total bill was the cost of the book? 
c) What percent of the cost of the book was for shipping and handling?  
d) What percent of shipping and handling was the cost of the book? 

 
Ex.12 What percent of 0.8 is 0.02? 
 
Ex.13 The regular price of a text was $70. It was reduced by $10.50. By what percent was it reduced? 
 
Ex.14 What percent of 25 is 0.5? 
 
Ex.15 Out of the 8 people at the office, 3 have been working there  more than 20 years.  

a)  What percent of office workers has worked there no more than 20 years? 
b)    What percent of office workers has worked there more than 20 years? 
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Ex.16 What percent of 200 is 3? 
 
Ex.17 What percent of the area is shaded (assume that parts are equal)? 

           
 
Ex.18 What percent of the area is shaded (assume that parts are equal)? 

            
 
Ex.19 This is a parking lot 

           
The shaded parts of the diagram represent the spaces that are reserved. What percent of the spaces is 
reserved? 

 
Ex.20 This is Pedro’s land and his garden on his land.  
 

            
 

What percent of the land owned by Pedro is his garden? 
 
Ex.21 All marks are equally spaced. 

 
a)  What percent of the segment AI is AB?  
b)  What percent of the segment AI is AE?  
c)  What percent of the segment AE is AI? 
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Ex.22 20% of the books on a shelf are about  the  history of the USA. If there are 85 books on the 
shelf, how many of them are about the history of the USA? 
 
Ex.23 What is 25% of 160? 
 
Ex.24 What is 0.02% of 124? 
 
Ex.25 Lilla paid $15 for her lunch. She decided to  leave a 15% tip. How much did she leave for the 
tip ?  
 
Ex.26 What is 250% of 50?  
 
Ex.27 David earns $3000 per month. If he spends 22.5% of his monthly earnings on his housing, what 
are his monthly housing expenses? 
 
Ex.28 What is 3.3% of 20? 
 
Ex.29 Dan invested $500 and he will get 110% of his investment back after a year. How much money 
will Dan get after one year? 
 
Ex.30 What is 67.82% of 1000? 
 
Ex.31 How does 70% of a positive number compare with that number? 

a) It is greater than that number. 
b) It is less than that number. 
c) It is equal to that number. 
d) It depends on the number. 

 
Ex.32 How does 135% of a positive number compare with that number? 

a) It is greater than that number. 
b) It is less than that number. 
c) It is equal to that number. 
d) It depends on the number. 
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APPENDIX  A:                     ANSWERS TO EXERCISES 
 

Lesson 1 
 
1. 3 and  7 are called factors.   Numbers 0, 1, 2, 3,  ...  are called natural numbers.  
              Operation of division by zero is not defined.  Zero divided by any number except zero is equal to zero. 
              The result of addition is called sum. The result of multiplication is called product. 
               In the expression  15! 5 = 3, 5 is called divisor, 3 is called quotient. 
               In the sum  4+5, 4 and 5 are  called the terms of addition. 
2. b)  c)  d) 
3. a) 4"5       b) 4"7      c) 3" (2!5)     d) 8"9+4"6 e) 34! 3"4 f) (10!2)" (4 ! 2)  

4.           a) 
33

456
           b) 

3
56

 

5.     a) division, quotient, 11     b) subtraction, difference, 11    c) multiplication, product, 48 
            d) addition, sum, 124         e) division, quotient, 5              f)  multiplication, product, 10 

6. a) 3"8 = 24      b)  73 !3 = 70       c) 100+2=102   d)  5"0=0       e)  10! 2=5 or         f) 15! 3=5 or 5
5

15
#   

7.  a) cannot be performed      b) 0     c)  cannot be performed   d) 1       e) 0        f)  15  
8.  a) 1                     b) 1              c) 0                    d) 0   
9.  a)  The opposite operation to subtraction is addition. 15 ! 9 + 9 = 15   
  b) The opposite operation to division is multiplication.   32 !  8 "8 = 32 
               c) The opposite operation to addition is subtraction.        2 + 5  ! 5 = 2 
            d) The opposite operation to multiplication is division.   4 "  12 ! 12 = 4 
10.    40986, because of the commutative property of multiplication. 
11. a) 200    b) 330    c) 5000  d)  45000        e) 100000          f) 0 
12.    Multiplication:  a)   and  d)   Division:  d) 
13.  5 is called the base, 25 is called exponent. 
14.   a)  514           b) 123            c) 102          d)  713 
15.   a) 12"12"12              b) 251"251"251"251        c)  7              d) 8"8"8"8"8                                 
16.  a) 46      b)  584       c) 3482          d)  73(8)(9)      e) 33(34)          f)  4+4+4+42            g)  (2+3)3      h) (12+8)2+12+8 
17. a) 9²=81        b) 16       c) 100000        d) 64            e) 1000000        f)  100000000            g)  56           h)  1 
18.   a)   
19. a) 6                   b)  3                 c) 1 
20.   No. For example, 23=8   and   33=9  (They are not equal) 
21. a) division  14! 7"2=2"2=4          b) addition (parentheses)  (8+2)6=(10)6=60      c) subtraction  10!5+2=5!2=3
 d) multiplication  14!2"3=14!6=8           e) multiplication (parentheses)  (2"4)2=82=64    
 f) exponentiation 3"104=3"10000=30000 
22.  Many good answers are possible. For example:      a)  5"8+2        b)  (63! 3)"2       c)  15+33     d)  (5+2)(7!1) 
23. a) (3+7) "8=80 3+7"8=59   b)  (2"50)3=1000000  2"503=250000  

c)  20! (5"2)=2  20! 5"2=8   d)  14!(2+3) = 9            14!2+3=15 
         24. a)  (3+2) "1000=5000         b) (44! 44) "16=16 

 
c)  10!8+5=7            d)  7+3"6=25       e)  18! (7!1)=3                        

 f)  (5"2)7=10000000             g)  23"10=80                 h)  18!(36! 9)=14
     

 i) 30!2"7             j ) 15 + 2=3
 25. a) 100            b) 18              c)  12             d)  27          e) 12         f)  2         g) 32          h) 512            i) 7                   

j)  0               k) 3              l) 25          m) 30      n) 1400        o) cannot be performed         p) 16             q) 97900     
r) 38          s) 300     t) 21      u) 30              v) 23                w) 402         x) 36            y) 9            z) 2  

26. yes 
27. a) 75$ 5"7           b) 75 =7"7"7"7"7                c) 75$ 5"5"5"5"5"5"5          d) 4" 35$ (4" 3)5     

e)65213" 678=678" 65213            f) 9" 343   = 343" 9     g) 12+690! 345=12+(690! 345)  

               h) 6534 !356 $ 356!6534     i) 2345"0=0"45      j) 0
35
35

$     

28. a) 4758                                                    b) 50076 
29. a)  10"74008=740080   b) 42"42"42=74008          c)  74008 + 1=74009   d)  42 3 "1000 =74008000      
               e)  74008  !74009=0    f)  1"74008 =74009                                                                                                 
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30. a) 34008  b) 340080 c) 34009  d) 0  e) 34008  f)34000  
31.  a) 348"10=3480    b) 33 =27 c) 459+781=781+459 d) 15! 3=5 e)  7!2=4+1       f) 57"100=5700
 g) 1

135
135

#    h) 62 =36  i) 823
1

823
#  j) 24! 6=2+2 k) 67"835=835"67 l) 25+5=30

 m) 100! 2=50 n) 5"7=30+5 o)746!6=740 
 

Lesson 2 
 
1.       All positive numbers are to the right of zero on a number line.  

All negative numbers are to the left of zero on a number line.   
2.    a) 3<5         b)  4 > !2 
3.   a) C   b) B   c) 16   d) 5    e) A, C, D, E, F     f) B, D  g) !13, !8, !2, 0, 3, 8 
4.    a) F,     b) A     c) C     d) E      e) D     f) !14, !12, !5, !1, 0, 6, 8  
5.    a) 5 < 8   b) 3 >!4   c) 0<10   d) 0 >!1   e) !4 > !5   f) !2 >!3  g) !2= !2     h) !99 > !100 6.  a)  !10, !7, !3, 0, 5, 8      b)  !7, !5, !2, !1, 2, 3     c)  !63, !62, !51, !43, 48, 49 
7   Many correct answers are possible. * can be replaced by one of the following: 

a)  0, 1, 2, 3, 4, 5        b) 9. 8, 7       c)  5, 6, 7, 8, 9        d)  1, 2,3 

 

                    

  

             
11.            4, 3, 2, 1, 0, !1, !2 
12.            More than one correct answers are possible. 
                  a) 6, 7, 8, ...   b)  !8,!9,!10, ...  c)  2, 3, 4    d) !6,!5,!4, !3, !2,!1, 0 
13.             a)  !4         b)  16            c)  102          d) 0 

 
15.  a)  5!7= !2  b)  !2+6=4    c) !4!3=!7 
16.  a)  $40 ! $60= !$20            b) !$25 ! $25 = !$50 
17.  a)    !60F!80F = !140F  b)  !60F + 100F = 40F  
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18.    5 inches;    !7 + 12 = 5 
19.   a)  2      b) !20      c) !2       d)  20       e)  0     f)  0 
20.    a) positive;  3         b) negative;  !19   c)  negative;  !3 
21.       a) !1 b)  !5    c)  0        d)  3         e)  !3   f) 4       g) !5 h)  1 i)  !4     

     j)  !7      k)  1           l)  !18     m) !4    n)  0         o)  2            p) 5   q)  3%         r)  0 
22.         a)  5  b) !13     c)  1        d) !12 e) !4    f)  11        g) 3           h) !6  i) 42  

     j)  !8           k) !8       l) !21     m) 24           n) 0          o) !12     p)   15 q)  4         r)  !30 
23.         a)  !4       b) !4       c) 14       d) !34        e) 5        f) 10      g) !20       h) !7       i)  0         j) !19       k) !2      l) 0 
24.    After the series of steps a) – d)  you get back the original number, you started with. You get the same number 

after repeating a) – d) again 3 or 5 times. 
25.  a) !5+3=!2  b) 1!10=!9    c) !2!2=!4 d) 31!31=0   e) !2+5=3   f) !5!2=!7       
 g) !5!3=!8   h) 7!2=2+3 i) !1!1=!3+1  
 

Lesson 3    
 
1. Several correct answers are possible. For example:   

a) 7+(!3)+4=7+(!3)+4=7+4!3=!3+7+4        b)  !2+(!5)+12 = !5+12!2 =12!5!2 
2.                        

   1!3!8+2                         !8!3+2+1               2+3!8+1                        2+1!3!8             !3+1!2+8 
3.  a) 0     b)  !27       c)  !7     d)  0      e) !2     f)  !15    g)  !10      h)  !20      i) !4      j)   !5         k) 7           l) 0 
4.  a) 0        b)  !15        c)  10       d)  !10  e) 12         f) 5         g) !12       h)  !15 i)  !5    j) 6          k) !70     l)  13 
5.  a) 5        b) 22            c) 20        d) !5      e) !13     f) !6       g) 4          h) !     i) 11      j) 6              k) !8       l)  !2 
6.   a) 100" (!2)= !200           b)  (!3(!9)=27      c)  (!20)6=!120     d)  (!100)( !10)=1000   
7.   a) !6   b) 4200   c) !8    d)  !63   e) 18    f) 48   g) !77000   h) 0   i)  40    j)  !36    k)  56  l)  !63   m) 36    n) !345 

8.  a)  14! (!2)  or 7
2

14
%#

%
  b)  !25! (!5)  or 5

5
25

#
%
%  c)  !36! 6 or 6

6
36

%#
%  d)  !40!8  or 5

8
40

%#
%  

9.  a) !7       b) 2       c) !9      d) 8      e) !6      f) 10      g)  0     h) not possible    i) !3        j)  7          k) !4       l) !9 
10.  a)   8(5)( !10)= !400               b)  (!1) (!100)( !3)= !300         c)  (!7)(3)( !2)=42 
11.  a)  54        b) 27      c) 27     d) !3400     e) !48      f)  !54000    g) !60     h) 0        i) 1     j) !48000    k) !32   l)  !4 
12.  a) negative     b) negative          c) positive     d) negative 
13. a) 48          b) 40        c) 1          d) 40000        e) !7          f) !42    g) 6            h) not possible         i)  !6           j)  14 
14.  Several correct answers are possible.     a) 8(!7)( !9)=( !9)(8)( !7)                  b) (14)( !8)( !3)( !2)  
15. a) (!1)( !1)( 4)=4         b) (!1)( !1)( !1)(13)= !13      c) (!1)( !1)( 7)=7     d)  (!1)(!1)( !1)( !1)(5)=5 
16. a) !26                    b) 45 
17.   a) !(!9) and  !(!(!9)) ,  0  and 0 ,  !(!12) and !12 
18.  a) !5!7$ 5+7                 b) 12!7=!7+12           c) 5"2"4=2"4"5         d) !(!5) $ !(!(!5))              

e)     (!3)( !7)( 8) = !3(7)(8)            f)  !7+3!2=3!2!7       g)  2!(!4)+( !5)=2+4+5    
19. a) !479!832=!479!832    b) 439!512=!512+439   c) 5!6!1=!6!1+5     d) 2!8+3=3+2!8     e) !10"56=!560
 f) 543" (!784)= !784"543      g) !20! 5=!4        h) !4"7=!28        i) !7(!2)=10+4      j) !1!1!1=!1"3 
20. a) 15570  b) !15570 c) 15570 0 d) ! 15570  
   

Lesson 4 
 
1. a) (!5)6                b) 87                 c) (!4)2               d) (!7)8 
2. a) 32                b) !71 
3.            a) !84             b) (!8)3           c) (!8)3!8!8          d) !83!84          e) 5274            f) !(!8)384     g) 23!83           h) 3223  
4.    a) !11"11"11                    b)  (!11) (!11) (!11) (!11) 
5.    a) 1000000     b) !16             c) !123               d) 1 e) !64             f) !1                g) !49                 h)27  
6.            a) positive        b) negative       c) negative   d) negative      e)  positive      f) negative 
7.            a) multiplication; !19   b) subtraction (parentheses); 5   c) multiplication (parentheses); 36   d) exponentiation;!18  
               e) addition (parentheses);  !3               f) subtraction; 7           g) division; !6                   h) subtraction; !12 
8.    a) 15   b) 1   c) !32   d) cannot be evaluated    e) 64    f) 4    g) 49    h) !2    i)2     j) 3    k) 6    l)12     m) 2    n) !10   

o) !1   p) 0      q) 0     r) !72     s) 8      t) cannot be evaluated     u) !42     v) !1     w) !1000   x) 3     y) !1        z) 1 
9. a) (!3)( !2)(4)=24      b) 2!7+5=0    c) (!4)! 2!9=!11     d) 5+7(!3)= !16     e) (4!6)3=!8    f) (!5+8)! (!3)= !1     

g) (!3"2)2=36        h) 30!(!3)3=57      i) !11!(5+7)= !23         j) 1!(!1)22=0                k) (!5!2) "1000   =!7000 
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10.  a) (!2)3 =!8   b) 127 = 1 c) !4"2+567=!8+567     d)  67(!8+3)=67(!5)  

11.  a) !7+(!2)4 =!7+16    b)   (!5+10!2)7 =37 c) 114 %#x d) !341+(!25)! 5= !341+(!5)  
12.  a) !2240  b) 22400  c) 0   
 

Lesson 5 
 
1.        Numerator: 2 ; denominator: 3 
2.        

354
29  

3.        The top number of a fraction is called numerator, the bottom number is called denominator. The denominator   
 names the number of equal parts the unit has been divided and the numerator names how many of those parts we 
 take. 

4.  a)  
4
2

                 b) 
4
1

                   c) 
8
3

            d) 
8
5

 

5.   a)  
4
2

                  b) 
4
2

                   c) 
2
1

            d)  
3
2

              e) 
2
1

 

6. C 
7.  B 

8.   a) 
100
64

               b) 
100
80

                c) 
100
95

 

9.  To find 
8
1  one has to divide it into 8 equal parts and take 1 of them.  

       To find 
8
2  one has to divide it into 8 equal parts and take 2 of them. 

10. 
8
6

     numerator:6; denominator: 8 

11.  
9
5

 

12.  a)   
14
4        b)   

14
2       c) 

14
10  

13.  c 

 
15. a) 4 b) 1 c) 3 d) 2 
16.   Other solutions than the ones presented below are possible.                               
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17. c 
18. 5 M&M’s 

 
 

      
     There are 4 days left; 

30
4  (or 

15
2 ) of all days in October Austin does not have to study. 

21.             a) 
3
1      b) 

3
2      c) 

2
1    d) taller 

               
                  Ann                  Oliver           Lauren              dog 
 

                                                            
  part  for the teacher                                              part for the friend            part that is left: You get

24
6  (or 

4
1 )  of  a chocolate bar. 

               
         part  for the teacher                                     part for the friend                  part that is left: You get

24
9  (or 

8
3 )  of the chocolate bar. 

23. 
8
1
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24. 
30
1  

25.  
100
80  

26.  
9
4  

27.  
15
3  

28.   3 
29.    a) 8        b)  4      
30.    30 minutes 
31.   5 miles 
32.   75 pages 
33.   20 miles 
34.   2 halves       3 thirds 
35.   67! 89 
36.  

5
4   

37.  a)  
2
1        b)   

3
1         c)  

782
19  

38.  a) 
14
3       b) 

17
4          c)  

26
7

%     d) 
7
5

%  

39.    
1
3

        
1
1

      
1
23

%        
1
7

       
1
0

   

 
40.         

12
15,

5
3,

12
60,

15
30,

1235
1235,

8
4,

103
103

%%  

41.     
6
9

        

42.     
2
7

        

43.  a)  
5
6

                     b)  
5
7

                     c)   
5
8

          

44. a) 
3
2   b) 

5
3   c) 

4
3   d) taller 

 

  
                rhododendron   boxwood                      azalea                     juniper 

45.    
2
5      

11
8      

32
57                  (many correct answers are possible) 

46.  a) 1
5
7
&        b) 1

85
86

&       c)  1
5
4
'         d)   1

5
13

&        e)  1
14
14

#          f)  1
89
4
'      

47.  a)   9, 10 …       b)  1, 2 … 6          c)  1, 2 … 122        d)  123        a) and b) and c)  have many correct answers 
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48.  proper fractions: 
17
7

 , 
51
19

                 improper fractions:   
34
34,

8
8,

3
3,

3
8

           

49.  a)   
4
7

4
7
#

%
% b) 

2
1

2
1

%#
%       c)   

6
5

6
5

%
%

$
%

         d)  
8

3
8
3

%
#

%     e)  
9
4

9
4

%
%

$%        f)  (
)
*

+
,
- %%#

5
3

5
3           

50.   
478
35

478
35

478
35

%
#

%
#%  

51.   
11
9

11
9

11
9

%#
%

#
%

 

52.  D 
53.   

3
2,

6
4  

54.  a) 
35
15

57
53
#

"
"

              
b) 

6
5

1060
1050

#
!
!

              
c) 

9
7

436
428
#

!
!            d) 

12
18

62
63
#

"
"

    
 

55.   
35
20,

21
12,

14
8

    
  (answers vary) 

56.   Yes.   
8
6

24
23
#

"
"

    
        

40
30,

20
15,

12
9

 

10
6,

40
24,

50
30.57

%
%

 

58. 
32
20      

59. 
16
12

%  
 

60. 
64
24  

61.  a)   
32
6

16
3
#

            
b) 

 900
500

9
5
#

         
c)  

6
305 #            d) 

27
15

9
5
#         e)  

90
30

9
3
#       f)  

8
567 %#%  

62.  a) 
4
1     b) 

20
1      c)  

4
3     d)  

10
3       e)   

7
2

%        f)  3       g)  
3
2         h)  

3
10

%    

63. a) 
2
1        f) 8%     

 
Lesson 6 
 
1. 

7
3

9
4

9
4

7
3

.#.             Subtraction is not commutative. 

  
3. a) 

5
8       b) 

3
1      c) 

5
4       d)  

6
23     e)  1      f) 

2
11   g)  

5
3  h) 1 i) 

2
1  

4.   a) 
30
29

            b) 
72
43

           c) 
30
13

             d)  
20
23

               e)  
12
17

         f) 
36
55

             g) 
24
41

             h) 
14
15
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5. a) 
3
2

6
4

6
51

##
.%

               b)  
8
1

8
1

8
)3(2

%#
%

#
%.

               c) 
5
1

25
5

%#%  d) 0               e) 
7
4

%             

f)    1%              g) 2%                    h)  
14
1

%       i) 
9
7

               j)  
2
1

 

6.  a) 
2
1

%           b)  
33
31

%       c) 
15
2

%              d) 
63
41

%             e) 
3
5

%     f) 
20
9

%           g)  
3
1

               h) 
8
25

%  

7. a) 
12
11

%       b) 
56
45

     c) 
36
11

%       d) 
24
1

     e) 
63
53

%        f)  
49
31

     g)  
50

161
     h)  

20
9

%      i) 
18
5

%      j)
6
1

 

8.   a) 
20
37

%       b)  
21
5

    c) 
36
31

%       d) 
24
11

      e) 
7
33

%         f) 1%       g)  
63
22

     h) 
36
67

%       i)  
6
5

      j) 
28
1

 

       k) 
7

10
%      l)  

22
1

     m) 
45
29

%       n) 
18
5

     o) 0     p) 
24
29

      q) 
10
3

%         r)  
8
1

%        s)  
5

12
%             t) 0 

9. a) 
8
3

8
12
#

.
        b) 

13
9

13
6

13
3

#.    c) 
13
9

13
6

13
3

#.   d) 
5
3

5
1

5
4

#%     e) 
9
4

9
2

9
2

%#%%

 f) 0
11
7

11
7

#.%  g) 
7
5

7
3

7
2

%#%%  h) 
10
3

10
2

10
3

5
1

.#.   i) 
15
3

15
10

5
1

3
2

%#%  

 j) 1
3
2

3
1

#.  k) 1
5
2

5
3

#.  l) 1
8
3

8
11

#%  

 
Lesson 7 
 

1.           
7
3

5
4

5
4

7
3

"#"     Division of rational numbers is NOT commutative. 

2. a) 
5
4

5
1

5
1

5
1

5
1

5
1

5
14 #....#"   b) 

13
15

13
3

13
3

13
3

13
3

13
35

13
3

#....#"   

 c) 
107
46

107
23

107
23

107
232 #.#"  

3.      a) 
15
2

35
21

3
2

5
1

#
"
"

#x          b)  
35
72

57
89

5
8

7
9

%#
"
"

%#"%      c)  
9

14
33
27

3
2

3
7

%#
"
"

%#(
)
*

+
,
- %x                           

d) 
8
45

24
95

2
9

4
5

%#
"
"

%#(
)
*

+
,
-
(
)
*

+
,
- %       e)  

24
19

83
119

8
1

3
19

#
"
"

#(
)
*

+
,
- %(
)
*

+
,
- %  f)  

63
80

97
108

9
10

7
8

#
"
"

#x  

4.   a) 
7

12
  b)  

3
4

%        c)  4        d)  
4
3

%        e)  
3
2

%         f)   19      

5.   a)  
3
2

 b)  
5
21

          c)  
27

2300
        d)  4%          e)  16        f)  

5
8

%  

6.   a)  
21
4

  b)  
21
4

%        c)  
16
1

%           d)  
14
1

          e) 
4
3

%         f)  8%  

7.   a) 
13
8

       b)  
55
12

       c) 
21
50

        d)  8%        e)  
5
4

%        f) 
45
8

%     g) 1%         h) 
16
3

%        i) 
3
2

%     j) 
62
1

%  

8. Austin ate 
16
1  of the pizza.  

9. Noah ate 
20
1  of the chocolate bar. 

10. There are 15 blue marbles in the jar.  
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11.  Jon studied  biology  
6
1  of an hour.  

12.  
6
35

  

13.  a) 
9
1

9
1

9
1

9
1

"""           b) (
)
*

+
,
-%(
)
*

+
,
-%(
)
*

+
,
-%

8
9

8
9

8
9

       c)  (
)
*

+
,
-
(
)
*

+
,
-
(
)
*

+
,
-%

8
9

8
9

8
9

   d) 
8

999 ""
 

14.  a) 
7

9
2
(
)
*

+
,
-

        b) 
23

4
3

12
5

(
)
*

+
,
-%(

)
*

+
,
-%              c) 

32

5
3

8
7

(
)
*

+
,
-

(
)
*

+
,
-%                d) 3

2

6
5

%  

15.  a) 
64
81

  b) 
16
1

%         c) 
9
64

         d) 
6
25

%         e) 
16
1

         f) 
27
8

 

16.  a) 
2
7

           b) 
9
5

%           c)  
4
1

          d) 
14
15

%         e)  
6
1

%        f) 3%  

17.  a) 
25
6

        b) 
4
9

%         c) 
2
5

%        d) 2          e) 
4
9

%        f) 
26
45

      g) 
3

32
%         h)  

5
28

 

18.  a) 
5
6

          b) 49%        c)  
3
1

%       d) 
16
1

%      e)  
19
8

       f)  
7
1

%      g) 
9
2

%    h) 50 

19.  a) 10          b) 
2
3

%       c)  
3
4

       d) 6%       e)  
45
1

%       f) 
55
2

%       g)  
4

39
       h) 

15
16

%  

20. a) 3            b) 
3

16
         c)  

27
1

       d) 16%         e) 
3

35
         f)  

81
49

     g) 
11
8

%          h)  
3
40

        i)  
7

16
          

j)  
35
18

          k) 4%         l)  
140
27

  m) 
21
2

%        n) 
1000000

1
%     o) 

3
10

       p) 0          q) 
8
9

%       r) 6%  

s) 
12
1

            t) 
64
27

      u) not possible    v) 
2
5

%          w) 
2
1

         x) 1%    y) 20%          z) 
36
5

%  

21.  a) 4)14(
7
2

%#%"            b) 
100
81

10
9 2

#(
)
*

+
,
-

          c) 
7
6

7
10

5
3

#(
)
*

+
,
-%(
)
*

+
,
-%                d) 

7
24

8
73 %#(
)
*

+
,
-!%     

 e) 6

27
1
9
2

#
%

%
                 f) 

44
3

4
11
3

%#
%

            g) 
4
3

8
21)2(

7
1

#(
)
*

+
,
- %"%"          h) 

24
1

2
9
16
3

%#
%

                               

 i)  
125

8
5
2 3

%#(
)
*

+
,
- %    j) 2

33
28

21
12

8
33

%#(
)
*

+
,
- %(
)
*

+
,
- %(
)
*

+
,
- %  

22. a) 
2
33

2
1

#/  b) 
7
8

5
3

8
7

5
3

/#!      c) 
21
16

7
2

3
8

#"       d) 
9
4

3
2 2

#(
)
*

+
,
-

    e) 
25
8

5
4

5
2

%#/%

 f) 
2

123
7

123
7

123
7

(
)
*

+
,
-#/   g) 

6
51

6
5

#!   h) 1
6
5

6
5

#!   i) 8
2
14 #!  

 j) 6
2
13 #!   k) 

7
53

7
5
3

!#   l) 
5
73

7
5
3

/#  
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Lesson 8 
 

1 a) 
3
1

               b) 
9
1

%                 c) 
2
1

%              d) 
30
7

%               e) 
64
25

              f) 
50
237

 

2.  a) subtraction (parentheses);  6%          b) multiplication;  
15
58

%        c) division; 
21
10

              d) division; 
9
5

%            

e) multiplication(parentheses); 
25
16

      f) multiplication; 
20
13

%        g) not possible     h) multiplication;  
25
24

%  

i) addition(parentheses);  
5
1

%      j) subtraction; 
6
49

%     k) exponentiation ; 
2
1

     l) subtraction; 
5
1

%                  

m) addition; 
20
3

%        n) exponentiation; 
36
1

%        o) subtraction; 
7

16
              p) exponentiation; 

8
5

%    

 q) addition; 1%          r) exponentiation; 
48
23

    s) multiplication; 
40
37

    t) division; 
21
4

%   

u) exponentiation;
44
1

%   v) addition (parentheses);  
4
1

 

3.  a) 
13
4

13
4

9
5

9
4

%#(
)
*

+
,
-%(
)
*

+
,
- .       b)  

3
2

16
1

4
38 #(

)
*

+
,
-%"!%        c)  

21
2

5
2

7
5

21
4

%#(
)
*

+
,
-%".   d) 45

5
3

9
42 %#(

)
*

+
,
- %!               

 e)  1
12
13

13
12

7

%#0
1

2
3
4

5
(
)
*

+
,
-
(
)
*

+
,
-%               f) 

27
1010

3
1 3

%#"(
)
*

+
,
-%             g) 

4
1

12
25

6
5

20
3

#(
)
*

+
,
-%!%%  

4. a) 
3
2

5
4

3
2

5
14

7
2

.%#."%  b) 
55

14
3

14
1

7
2

(
)
*

+
,
-#(

)
*

+
,
- %     c) 

5
215

5
2

5
13 /%#/!%  

 d) 
81
1

7
3

9
1

7
3 2

%#(
)
*

+
,
-%    e) 2

8
52

8
7

4
1

!%#!(
)
*

+
,
- %        f) 

16
5

2
11

2
1

2
11

16
5

2
1

.%%#%.%  

5.  a) 
11
8

11
3
'           b)  

5
1

2
3
&            c) 

3
8

9
8
'              d) 

5
2

5
7
&    e) 

4
1

4
3
&                     f)  

11
5

2
5
&  

6.   
6
5,

5
9

 

7.  a) 
3
1

5
2
&                b)  

7
9

8
11

&                c) 
21
10

7
3
'              d)  

6
1

9
2
&          e) 

5
1

10
3
&                 f)  

7
8

4
5
&                   

8.  a)  
3
1

9
2

%&%      b) 
4
3

9
7

%'%      c)  
5
2

8
3

%&%     d)  
5
2

4
1

%&
%       e)  

6
1

8
3

%'
%

    f)  
100
29

10
3

%'%  

9.  a)  
8
9

4
5

%'%              b)  
22
3

11
2

&            c)  &%
8
2

5
2%          d)  

7
9% < 

5
2

%  e)  
123

5
%  > 

5
123

%      

f) 
6
8

  > 
9

10
            g) 

4
13

%  < 
7

13
%       h)  

2
1

%  < 0 

10. a)  Suzanne 
11.  ginger 

12.    
7
9,

7
8,1,

15
14,

5
4,

5
4,

6
5

%%  

13.  a) 
4
5

4
3
'          b) 

4
7

6
7
'             c)  8

7
3
7
&           d) 

12
7

12
5

%&%  
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        ...2,3,4#x          ...3,4,5#x        ...4,5,6#x           ...8,7,6#x  
 

Lesson 9 
 

1. a) 1, 6,
2
15,5,

2
14,4,

2
13,3,

2
12,2,

2
11  

 b) 4,
5
43,

5
33,

5
23,

5
13,3,

5
42,

5
32,

5
22,

5
12,2,

5
41,

5
31,

5
21,

5
11,1  

2.  
4
14  

3.  
7
32  

4.  a)  
4
32               b)  

4
31                c)  

4
11  

5.  a) 
2
15                b)  

2
11                c) 

2
14  

6.  
5
17  represents 7 units and 

5
1  of the next unit or 

5
36 ;   

 (
)
*

+
,
-

5
17  represents 7 times 

5
1 , or 

5
7 , which is equivalent to 

5
21 . 

7.  a) 
6

23           b) 
3

302
%         c)  

5
22          d)  

100
207

%         e)  
3

23
%            f)  

345
354  

8.  a) 
8

19
8
32 #                          b)  

9
77

9
58 #                      c) 

10
27

10
72 %#%  

9.  a) 
7
46           b) 

5
310

10
610 %#%        c) 

5
25%        d) 

3
23

9
63 #          e)  

6
13         f) 

4
35%  

10.    
3
13

3
10

9
306

9
5

###"  

11.   
3
14

6
24

6
26

##  

12.   
2
14

2
9
#  

13.   a)  0 and 1        b)  !3 and !2       c)  !8  and !7    d)  !8  and !7        e)  2 and 3        f) !1  and   0.    
14.      a)   The point representing 

2
3

%  is between  !2  and !1. The interval  between !2  and !1 must be divided equally 

into 2 parts and 1 such part (counting from !1 to the left) should be taken: 

               
               b) The point representing 

4
11  is between 2 and 3. The interval  between  2 and 3 must be divided equally into 

               4 parts and 3 such parts (counting from 2 to the right) should be taken: 
 

              
c)    The point representing 

3
11

%  is between !4 and !3. The interval  between !4 and  !3  must be    

divided equally into 3 parts and 2 such parts (counting from !3 to the left) should be taken: 
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16. a) 
5
11

5
6
#            b) 

7
6

%               c) 
3
21

3
5

%#%              d) 6
2

12
%#%              e) 

3
2

9
6
#             

17.         a) 
7
344       b)

5
1108      c)  

3
2124      d) 

5
43245  e)  

5
1272    f) 

17
16121  g) 

3
250      h) 

27
1412                   

18. a) 
24
1764        b) 

7
52004  c)

10
9767         d) 

24
1320  e) 

18
1145  f) 

10
950          

19. a) 
35
2340  b) 

24
17350  c)

4
1200       d) 46  e) 

20
1121  f) 

2
158            

20. a) 
3
180            b) 

20
172000          c) 

2
1199       d) 20  e) 

12
18   f) 

11
2

          

21.  a) 
7
23

7
23 #.      b) 

3
17

3
152 #.      c) 

7
45

7
2

7
25 #.  d) 2

9
5

9
52 #%             

 e) 
9
83

9
83 #%   f) 1

7
23

7
24 #%        g) 5

2
1

2
14 #.  h) 

3
1

3
21 #%                               

22.  a) 
26
1140  b) 

35
6562  c) 

24
762       d) 

8
1200     e) 

63
13300  f) 

33
1366           

23.  a)
42
1310     b) 

56
3778     c) 

9
557      d)

9
730         e) 

29
2565    f) 

6
59       g) 

8
742   h) 

27
205            

24. a) 
25
1430%   b)

21
122%   c)

6
128%    d) 

15
7221    e) 

7
4200%     f) 

112
111

%   g) 
10
7

   h) 
100

1101%    i) 
7
440   

25. a) 
2
120      b)

15
1133    c) 

11
37%  d)

28
540%  e)

21
1623%     f) 

19
1410                                            

26.  a)
10
7

%   b) 5%    c) 6   d)
31
98

31
53 #    e)

17
44

17
102 %#%    f)

5
24

5
44 #    g)

28
13

%   h) 5%   i)
21
8

%   j)
18
11

%  

27.  a) 
64

125
%      b)  

16
81

         c) 
16
81

%       d)  
16
121

%                                                                               

28.  a) 
14
85

14
16 #      b) 

5
36

5
33

#    c)  
2
110

2
21

%#%         d) 32%      e)  
81
44

      f)   13     g) 
2
1

      h) 
36
1

       

 i)  
14
19

         j) 
21
2

%     k) 
44
45

%      l)  
36
11

%  m)  
10
92

10
29

#         n) 
7
42

7
18

#     o) 
20
31

20
23

%#%        

 p) 
43
9

%       q) 
3

154
3
151 %#%       r) 

20
35%         s) 

25
66

25
156

%#%           t) 
3
112

3
37

%#%  
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Lesson 10 
 
1.  Every integer has an unwritten decimal point to the right. To multiply a decimal by a power of 10, move the 

decimal point to the right the same number of decimal places as the number of zeros in the power of ten. 
Fractional part of a decimal is to the right of the decimal point. To divide a decimal by a power of 10, move the 
decimal point to the left the same number of decimal places as the number of zeros in the power of ten. The place 
value of hundredths is to the right of the place value of tenths. Place value of tens is to the left of the decimal 
point. 

2.  a) 0.1          b) 0.04   
3.  a) 3.2   b) 2.4 
4.        a) integer part: 4  fractional part:.06   b) integer part:!2  fractional part: .901  c) integer part:  0 fractional part: .901 
5.            a) 1         b) 4  c) 9 
6.            a) 3        b) 8  c) 6 
7.            80.357 
8.            – 2607.49 
9.             a) 4 tenths      b) 2 thousandths      c) 8 hundredths       d) 1 ten-thousandths 
10.           a) tens           b) thousandths         c) tenths                  d) ones 
11.           a) minus five and seven hundredths    b) zero and two-hundred thirty-four thousandths 
                c) one-hundred twenty-four and one ten-thousandths      d) negative zero and four tenths 
12.           a) 3.57           b) 0.35       c) – 207.0095      d)  – 44.002 
13.   a) 0.8=0.800         b)  95=95.0 c) 0.05"0.0      d) 0.789=.789      e) !0.230= !.23  f) !45$  !450               
  g)  0000.36=0.360      h) !7.002 $  !7.0002     i) !.4= !0.4     j) 00071=71 
14.      23.7000,  00023.7, and  23.70    are equal to 23.7. 
15.  a)  0.70               b) 0.70000 
16.  a) 8.0                  b)  !248.0 
17.  a)          b)        c)        d)       e)       f)  
18.          a) 170      b) 4.6          c) 347000      d) 700        e) 7.629      f) 340 
19.          a) 2.31     b) 6.782      c) 0.0000067    d) 4.21    e) 0.0004    f) 0.0004 
20.          a) multiplication by 1000       b) division by 100      c) division by 10 
21.          a) 20    b) 0.007   c) 3.4   d)1200    e)2    f) 0.054907  g) 0.09004   h) 340000   i) 234.5  j) 0.072   k) 3500   l) 5.678 
22.          a) 100      b) 10     c) 1000     d) 10000    e) 1000   f) 10 
23.          a) 3.7"100=370    b) 461! 1000=0.461 c) 25! 10=2.5     d) 0.64"10=6.4       e) 2! 100=0.02       
               f) 3.7152"1000=3715.2    g) 12"1000=12000   h) 893.2! 100=8.932    i)  9! 10=0.9 
24.  a) 0.28       b) 45.5        c) – 0.005        d) 0.775       e) 4.4      f) – 2.4375      g) – 0.875       h) – 0.06 
       i) 5.375    j) – 239.17    k) – 4.0102    l) 3.005 
25.  a)  4.3>4.003              b) !23.1>!25.6          c)  !4.0<0.01         d) 0.2345<0.2635 
       e) !2.87>!42.874 f) !0.1234>!0.1824  g)  4.56<4.650 
26.  a) 0 and 1               b)  – 3 and  –2            c) 4 and 5                    d) – 1 and 0   
27.          0.3 !0.1 0.247 0.34 
28.          !8.7 !0.5 !0.4 !0.09 2.34 2.36 3.1 5  
29.          a) X can be 8 or 9        b) X can be 1 or 0       c) X can be 4 or 3 or 2 or 1 or 0.      d) X must be 0. 
 
Lesson 11 
 
1. a) 16.85       b) 6.414    c) 8.004       d) 2.47     e)  3.88    f) 43.997 
2. a) 1.069       b) – 3.1     c) – 0.77      d) –  0.13  e)  – 1.29    f) –1.8 
3. a) 4.6         b) !0.76    c) – 1.5       d) 7.218    e) 2.41     f) 0.6       g) – 1.7     h) – 2.6 i) 0.4          j) 0 
4. a) 0.012     b) – 0.004     c) 0.16       d) – 0.603    e) 7      f) – 0.00018   g) – 0.02      h) – 0.0793 
5.   a) – 0.024  b) – 0.009   c) – 0.00055   d) 0.02    e) – 0.251   f) 0.00016   g) 12  h) – 0.0009   i) 0.00084   j) – 100 
6. 14 
7. 0.8 
8. 1900 
9. 62 
10. a)  1.897 ; positive   b) (–3.4504)11 ; negative  c) (–0.6402)16 ; positive 
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11.   a)  0.81    b) – 0.064  c) – 1.21   d) 0.0036    e) – 0.00000001   f) – 0.0000001 

 12.   a)  !        b) –       c) –     d) 5000      e)     f)      g)     h)    

 13.  a) – 0.5    b) 0.0375     c) – 0.4      d) 0.073     e)  –0.0075     f) 0.04 
 14.  a) – 12.2   b) – 0.067   c) –3.1       d) – 0.81    e) 0.15     f) –500   g) – 3.75  h) – 1.4 
             i) 2.62      j) 223.4      k)  0.014     l) – 2    m) – 2500   n) 0.0028   o) 0.00000001    p) 61.5 
 15.   a) – 0.2   b) – 1.93    c) 0      d) 0.209    e) 0.008     f) 10     g) 0.00001   h) 0.007   i) – 3.5 
               j) – 0.98      k) undefined   l) – 0.1       m) 5        n) 0.94        o) 0.008      p) – 0.706     q) –1.895     r) –100 
16.  a) (!0.5+0.2)"10= !3       b) (!0.3)3 ! 0.09= !0.3      c) 7.2+( !4.1 !3)=0.1          d) 2 !( !0.03)" ( !0.05)=1.9985      
 e) 0.4! 0.02" ( !0.01)= !0.2         f) [(!0.4)+( !0.6)]17 = !1           g) (!0.2)" ( !0.06)"1000=12 
17. a) !0.173 b) 0 c) 0.0173 d) 10.173 e) 1.73  f) 0.001  
18.  a) 0.22 =0.04 b) 0.2 !0.1=0.1 c) 0.3+0.7=1 d) !0.2! ( !0.2)=1    e) 0.13 =0.001  
 f) 2.3 !0.3=2 g) 2.35 !0.35=2 h) 2"0.3=0.6               
        

Lesson 12 
 
1. a) 12%    b) 50%    c) 25% 
2. 145% 
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5.  a) 0.78     b) 0.002     c) 2.34    d) 0.0378   e) 0.0056    f) 0.02 
6.  a) 14%     b) 300%      c) 235.7%    d) 2%   e) 7000%   f) 50% 
7.   80% 
8.   65%   35% 
9.   4.4% 
10.   133% 
11.  a) 20%      b) 80%     c)25%    d)400% 
12.   2.5% 
13.   15% 
14.   2% 
15.  a) 62.5%   b) 37.5% 
16.   1.5% 
17.   50% 
18.   40% 
19.   40% 
20.   22.5% 
21.   a) 12.5%    b) 50%    c) 200% 
22.   17 
23.   40 
24.    0.0248 
25.    $2.25 
26.   125 
27.   $675 
28.   0.66 
29.   $550 
30.   678.2 
31.   b) 
32.   a) 
 
 
 


