172 Calculus 2 Review 1
In problems 1 - 8 find the antiderivatives.

1. J.44dx We make the following substitutionu = 2x° +1. Thendu =12x°dx and
2x +1

therefore 3x°dx :%du . After the substitution we get the following integral %j%du
u

4 3/4

and by Power Rule%ju‘“"‘)du = 411 +C = ; u¥*+C= (2x +1)** +C.

2. j tan’ tsec” tdt . Because the power of secant is even it is convenient to write the
integral as jtanztsecztsecz tdt and, recalling thatsec’t = tan’t +1, as
j tan®t(tan®t +1) sec” tdt . After performing the substitution u =tant (recall

5 3 5 3
that du = sec® tdt ) we havejuz(u2+1)du:J.(u4+u2)du=u€+u?+C:tan tLlant ¢

dx . : . o L
3. IT\/Z——s . We will use here a trigonometric substitution x =~/5sect. Then

x? —5=5sec’t—5="5tan’t and /x> -5 = /5 tant . Alsodx = /5 tantsectdt .We plug in
these expressions and obtain the foIIowing
J5tantsectdt 1

1. . N
integral [Y2tantsectdt e 1 4 Lroostdt=Lsint+C. Using the identit
J J-5sec 2t./5 tant sect I 5 g y
/ 2
sint =% angd recalling that tant _ VX5 and sect =—< we can express our result
sect 5 5
asj VX5
5x

4. [J2x* +2x+3dx. First we will complete the square.

2X2 +2x = 2(x* + x) = 2[(x +%)2 —%] =2(x +%)2 —% . The integral becomes

| /2(x+1)2 +§dx which is a little bit more convenient to write

as-j [ j +5dx. Let u=x+%then du=dx and the integral
5

becomesﬁj\/w2 +5du . Now we perform a trigonometric substitution. u :7tant.



5

Then 4u®+5=5tan*t+5=>5sec*tand du :7sec2 tdt . Thus our integral

becomes — [ sec’ tdt = —=(secttant +In| sect-+tant|)+C . But tant == = Z**Land
242 a2 NS
2 2
sect = VAUt +5 _ Ax +4x+6 whence the answer can be written
J5 J5

/ 2
asi(2x+1)\/4x2 Fax1 64 In| ZXHIENACHAXHOE | o \we can drop the sign of
42 V5

absolute value because the expression 2x+1++/4x* +4x+6 is always positive.
Finally, because We can include In/5in the constant of integration, we have

J.\/Zx +2X+ dx— (2x+1)\/4x +4X+6 +In(2x+1+4x* +4x+6) +C..

5. jcos(3x)x2dx. We have to integrate by parts twice. First time we

takeu = x*,dv = cos(3x)dx . Thendu = 2xdx and v = %sin(Sx) . Plugging these expressions

into the formula J'udv = uv—J'vdu we get J'cos(3x)x2dx :%x2 sin(3x)—§jxsin(3x)dx .To

the integral in the right part we apply integration by parts once again
takingu = x and dv =sin(3x)dx . Thendu =dx and v = —%cos(Bx)dx . Thus we have

Icos(3x)x2dx i = x*sin(3x) — E(—% X €0S(3x) += j cos(3x)dxj

1.,. 2 2 .
== X*sIn(3x) + = xcos(3x) ——sin(3x) +C
3 (3x) 5 (3x) > (3x)

2
j XX we integrate a proper rational fraction so we can start with its

X} (x+1)
decomposition into partial fractions.

X X+l _ABLE, ? Multiplying both parts of this identity by the common

XX(x+D) x x* X

denominator x*(x+1) we get the identity
X+ X+1= AC(X+D) +Bx(Xx+D)+C(x+1D)+Dx* (*)
Two of the coefficients in (*) can be found quite easily. If we plug in x=0we
getC =1, and if we plug in x=-1we getD =-1. Next, let us compare coefficients by
x* In both parts of (*). In the left part the coefficient is O, in the right itisA+D.



Thus, A=1. Finally, to find B we compare coefficients by x* in both parts of (*).
We get 1= A+ B whenceB =0. Now we can finish the integration.

2
IX3+_X+1dx=j££+i3_L K= In x|~ —In | x+1]+C = In| |- L ¢
X*(x+1) X X x+1 2X X+1| 2x
2_ 1 H = -
'[ 3X”—5X+0 dx . Again we integrate a proper rational function. The

(x> =D (x* +4)*

corresponding decomposition into partial fractions is

3x* —5x+6 A B Cx+D Ex+F
= + + -

(x> =1)(x*+4)> x-1 x+1 x*+4 (x2 +4)

~; After multiplying both parts by the

common denominator we
have
32 —5X+6 = A(X+1)(X* +4)* + B(X=1)(X* +4)* + (Cx+ D)(x* =1)(x* +4) + (Ex+ F)(x* -1) .

If we plug in x=1we get 4=50Awhence A= % Respectively, taking x=-1gives us
14=-50BandB = —% . Comparing coefficients by x° provides the equation
0=A+B+CwhenceC :%. On the other hand if we compare coefficients by x‘we

get 0=A-B+DandD = —2%. To find E we will compare coefficients by x,

-5=16A+16B-4C —E, whence E =5+16A+16B —4C =5+%—%—%=1. Finally,

comparing the constant terms we get

6:16A—16B—4D—thence|:=16A—168—4D—6=g+£+§—6=@=§.
25 25 25 25 5

We got that

2_
I ?X 5)2(+62 x=£ de—l de+1‘|‘ 2X dx—i > dx+J. 2X 2dX+§IﬁdX
(x*=1D(x"+4) 257 x-1 257 x+1 5/ x°+4 257 x“+4 (x*+4) 57 (x*+4)

The computation of the first two integrals is immediate,

j ZX dx :%In(xz +4) because the numerator equals to ¥ of the derivative of the

X°+4
1

X* +4

denominator, and j dx = %arctan G) according to the

formulaj > L 2dx:iarctan(fj,aw.
X" +a a a



To compute the integral j%@zdx we make the substitutionu =x*+4. It

1 ) i

results in Fu=—o=- . Finally, to compute the integral

I (X*+4) 7 I 2(x* +4) y P g
j%dxwe use the reduction

(x“+4)
1 1 X 2n—-3 1 . .

formula 4d . Applying this

(x> +a%)" {Zn 2 (x2tad)"! 2n—2-|.(x2+a2)”1} PPIyINg

formula in case when n=2 and a=2we
1 1 x 1 1 1 x
et| ———dx== += X==
g J‘(x2+4)2 8 x*+4 8-[x2+4 8 x* +4
expressions into the formula above and combining like terms we obtain the answer

+%arctan( ) Plugging these

1 3 X
> +——+C
2(x“+4) 20 x“+4

2_
[ 3 5)2(+62dx=£|n|x—ll—lln|x+1|+i|n(X2+4)—£amta”(§j_
(C-D(C+47 25 25 10 200 2

8. J' SINX__ . We will compute the integral with the help of a rationalizing

Sin X —Cos X
substitution. First we will divide both the numerator and the denominator by cos x.
Then [——— sin x dx= | N X_ 4 . Next we perform the substitutionu = tan x.
sin X —Ccos X tan x-1
Thenx =arctanu , dx = —du ,and I : SIn X =J- ——du.The
1+u sin X —Ccos X (u=-(u“+1)

u A Bu+C

——=——+———Wwhence
uU-Du°+) u-1 u"+1

decomposition into partials provides
u=A(®+1)+(Bu+C)(u-1). Plugging in u=1we obtain A= % Comparing
coefficients byu’ provides A+B=0whenceB = —%. Finally, comparing the constant

terms we get A—C =0whencecC = % .Therefore

I%du:i{ idu—_[ Zu du+j 21 du}:lln|u—1|—£|n(u2+1)+larctanu
u=-u°+1) 2'u-1 u-+1 u-+1 2 4 2

Recall that u=tanxwhencetanu=xandu?+1=tan’x+1=sec?x. Now, we can write
the answer as
J- sin x

_—dx=lln|tan x—1|—lln|secx|+1+c.
SIn X —COoS X 2 2 2



