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I. Introduction


“I often say that when you can measure what you are speaking about, and express it in numbers, you know something about it; but when you cannot measure it, when you cannot express it in numbers, your knowledge is of a meager and unsatisfactory kind; it may be the beginning of knowledge, but you have scarcely, in your thoughts, advanced to the stage of science, whatever the matter may be.” – Lord Kelvin


The object of a quantitative physical experiment is to measure some quantity either directly or indirectly. No physical measurement is ever exact. The accuracy is always limited by the degree of refinement of the apparatus used and by the skill of the observer. Hence the numerical measurement of a physical quantity must include the error associated with the measurement.


The objectives of this discussion are (1) to classify different types of error, (2) to explain the most commonly used measures of error, and (3) to specify how one computes the measure of error of a physical quantity constructed from a combination of component measurements.

II. Types of Errors


An error that tends to make a reading too high is called a positive error and one that makes it too low a negative error.


Systematic error – an error of constant magnitude and sign.


Random error – positive and negative errors are equally probable.


Example of a systematic error: in marking off distances he believes to be one meter each, a person inadvertently uses a yardstick.


Example of a random error: the end of a meter stick slips a little each time it is applied.


Corrections may be made for systematic errors when they are known to be present.


Because random errors are subject to the laws of chance their effect in the experiment may be lessened by taking a large number of measurements and using the average value as the best estimate of the true value. In what follows we will assume that systematic errors are negligible.

III. Measures of Error – Three Levels


We will mention three ways of indicating error limits of a measured quantity. These ways we shall designate as the first, second and third levels of approximation for the measure of error.


The first measure of error approximation is already contained in the specification of a number when it is recorded with the appropriate number of significant figures. Let us first discuss why significant figures are important.


Most physical measurements involve the reading of some scale. The fineness of graduation of the scale is limited and the width of the lines marking the boundaries is by no means zero. The final digit of a scale reading must by estimated and hence is, to some degree, doubtful. But this doubtful digit is significant in the sense that it gives meaningful information about the quantity being measured. A significant figure is defined as one that is known to be reasonably trustworthy. One and only one estimated or doubtful figure is retained as significant in obtaining a physical measurement.


For example, if a number is written down as x = 5 it is meant that x could be any value between 4.5 and 5.5. If  x = 5.0, then x lies between 4.95 and 5.05. Power of ten (denary) notation allows precision in significant number notation, e.g. 
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510 and 5.0010
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clearly indicate the precision needed.


A further discussion of significant figures can be found in Appendix A.


If one has more than one measurement of what is supposedly the same quantity then there are various ways in which the best value for the quantity and its measure of error can be constructed. We will call each of these a second level of approximation in error analysis. One of the simplest ways would be to use the difference between maximum and minimum measurements of a quantity as error range of measurements. For example, length measurements ranging between 5.0 and 5.4 cm with an average of 5.2 cm would be expressed as 
[image: image2.wmf]5.20.2 cm

x

=±

.


Another second level of approximation is to use the mean deviation. The mean deviation is defined as the average deviation of the measurements from the mean value of the measurements:
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For example, suppose we have the five time measurements as recorded in the table below. The mean value of these, 
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	t, s

	5.0

	5.2

	4.9

	5.4

	5.0



The mean deviation is a measure of the precision of the observations. (See Appendix B.)


It is known from the theory of probability that the mean value of N equally reliable observations is on the average more accurate than any one observation by a factor of 
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. Consequently, the probable error (p.e.) of the mean value is given by
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The p.e., a measure of accuracy, is another example of second level approximation in error analysis.


As an example consider the five time values listed in the table above.
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Thus the time measurement would be recorded 
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A third level of approximation in error analysis involves using the distribution of data. According to the theory of probability random errors are distributed in frequency according to the well-known Gaussian error curve. See Figure 1.
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The standard deviation (() for a Gaussian distribution is defined as follows:
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From the Gaussian error curve one can determine the probability that a single measurement lies within a given range about the mean. For example, the probability that a single measurement lies within ( of the mean is 0.683. This probability is proportional to the area under the graph in Figure 1 between the vertical lines at 
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. Hence from this curve one may construct measures of error each of which correlates with a certain probability that the actual error is less than or equal to the difference between the measure of error and the mean. For example, the measure of error may be chosen to be an integral multiple of (. It can be determined that
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Consider the five time values discussed previously.
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According to the Gaussian error curve 0.683 (or roughly 2/3) of the five values should be within 0.2 s of the mean. Is this approximately true for this example?


We will now discuss how to construct the measure of error of a combined result from the measures of error of its components. (Error propagation.)

IV. Effect of Component Errors on a Combined Result (Error Propagation)


Let A and B represent the two physical measurements one wishes to combine and let (A and (B be their measures of error, respectively. ((A and (B are positive numbers which may be determined by any one of the methods discussed in Section III above.)


When two or more quantities are to be mathematically combined the effect of the errors in these quantities on the physical result depend on whether the quantities are algebraically combined as sums (and differences) or as products (and quotients). We shall designate the rules for these two types of combinations Rule 1 and Rule 2 respectively.


Rule 1. If  S = A + B  and  D = A – B    then



(S = (D = (A + (B


i.e. the measure of error of the sum and difference is the same.


Example of Rule 1. A meterstick is used to measure the length of a wooden plank. The plank is a bit longer than the meterstick, so that two measurements must be made. The first is 98.0 ( 0.1 cm; the remaining length of the plank is measured and found to be 12.0 ( 0.1 cm. The total length is then 110.0 ( 0.2 cm. (Why was only a portion of the meterstick used in taking the first measurement?)


Second example of Rule 1. The mass of a beaker is 40.602 ( 0.002 g. The mass of the beaker and some salt is 40.987 ( 0.002 g. The mass of the salt is therefore 0.385 ( 0.004 g.


Rule 2. For products or quotients one adds the fractional errors of the component quantities.
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where we use the symbol e to designate the fractional error of a measurement.


In common parlance one usually describes fractional errors as % errors:

%A = 100eA.


We then have three measures of error: (, e and %. It is convenient to use the conversion formulas
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Equation (IV.1)

 is referred to as percent error.


Example of Rule 2. The length of a piece of notebook paper is 27.8 ( 0.1 cm; its width is 21.6 ( 0.1 cm. The area is
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(Why has the area been expressed in denary notation?)

To find the error in this number we must first compute the fractional errors:
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Note that earea is the fractional error in the area. Hence it is not correct to write: 
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. (Note also that the fractional error is always dimensionless.) Instead, write 
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To find the total error we make use of Equation (IV.2)

:
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Second example of Rule 2. Find the density of a sphere whose mass is 400.2  ( 0.4 g and whose radius is 2.000 ( 0.002 cm.
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Using Equation 
(IV.2)

 we find that  GOTOBUTTON ZEqnNum114396  \* MERGEFORMAT  The answer can be written 
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Let us review the rules for propagation of errors from the component measurements to the combined result. We first ascertain the errors (A and (B of the component measurements. This is sufficient if one deals only with sums and differences of these measurements. However, if a product or quotient of these measurements is to be calculated then one first computes the fractional errors: 
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. Also, one may express errors in percent by multiplying the fractional errors by 100. The derivations of Equations (IV.1) and (IV.2) for the combination of errors can be found in Appendix C.

To summarize we list the measures of error in Table 1.

	Delta A   (A = Measurement error in A.
	Mean Deviation       
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	Fractional Error    
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	Probable Error          p.e. = 
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	% Error        %A = 100eA      (p. 5)
	Standard Deviation  
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Table 1

QUESTIONS

1.) Explain why the absolute value of the deviation 
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 is used in the formula for the mean deviation (m.d.) rather than the deviation itself.

2.) Prove the following corollary to Rule 2: If the fractional error in x is ex, then the fractional error in xn is nex, where n is an integer.(Hint: Show that this statement holds for n = 1. Then, assuming it holds for an integer n, use Rule 2 to show that it must hold for n + 1. This method of proof is called proof by induction.) See Appendix C for a proof of this statement for arbitrary (nonintegral as well as integral) values of n.

3.) Let a and b be measured quantities. Suppose we wish to calculate a quantity z related to these by 
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. Which formula is better for calculating z from the measured data, or does it matter? (Hint: For the sake of argument let 
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 Use Rules 1 and 2 to compute the measure of error in z for both formulas.)

4.) If you made 100 measurements of a physical quantity, and if the different results are due to random errors distributed according to the Gaussian probability distribution, then how many of these measurements would you expect to be within one standard deviation of the average value? Within two standard deviations? Within three?

5.) Make rough sketches of two Gaussian error curves, one corresponding to high precision measurements, the other corresponding to low precision measurements. Note that in an exact drawing with x values expressed as multiples of (, the area under each curve would be the same. (Why?)

SAMPLE PROBLEMS
1.) The volume of a parallelepiped is abc. If 
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2.) The radius of curvature of a spherical lens is 
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in percent. Compute R and find its probable error in units.

3.) The relation of the quantities T, l, and g for a simple pendulum is 
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, what will the be the percentage probable error in g?

4.) Express each of the following with a proper number of significant figures in denary notation. Retain only one uncertain figure in both the number and the error.

Speed of light = 
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Mechanical equivalent of heat = 
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Electrochemical equivalent of silver = 
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Charge on one electron = 
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, good to 0.2%.

5.) Assuming that the following are written with the correct number of significant figures, make the following computations, carrying the answer to the correct number of significant figures:

(a) Add 372.6587, 5.61 and 0.43788.

(b) Multiply 24.00 ( 11.3 ( 3.14159.

(c) Quotient  
[image: image48.wmf]3887.53.14159

25.4

´

.

6.) [image: image85.wmf]x

-s

Given that 
[image: image49.wmf](

)

0

00

ll

lTT

-

a=

-

,  where  
[image: image50.wmf](

)

(

)

00

0.0510.003 cm, =100.60.2 cm,

lll

-=±±

 
[image: image51.wmf](

)

(

)

0

=35.20.2 deg, 25.20.2 deg

TT

±=±

, find (.

7.) In the measurement of a block of wood, several trials give the following data:

Calculate: the mean, the mean deviation, the probable error and the standard deviation. Do roughly 2/3 of these data lie within one standard deviation from the mean?

Appendix A

Significant Figures


The significant figures in a result include only those digits which have been determined from experiment and do not include those zeros which are used to fix the decimal point.


Only one doubtful significant figure should be retained in any result, thus the following experimental results each include three significant figures, the third being doubtful.

L = (4.11 ( 0.02) cm

L = (0.0411 ( 0.0002) m

L = (0.0000411 ( 0.0000002) km


Note also that all represent the same length.


In computations involving measured quantities the process is greatly simplified without any loss of accuracy if figures that are not significant are dropped. Consider a rectangle whose sides are measured as 
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; the last and doubtful digits are overscored. When these lengths are multiplied, any operation by a doubtful digit remains doubtful. For example
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In the result only one doubtful digit is retained and we have 38.2 cm2 as the area. We may state a useful “rule of thumb” for multiplication and division.


( The product or quotient of two factors should have as many significant figures as the least accurate of the factors. (

It should be remembered, however, that the number of significant figures warranted in a result is ultimately determined by the combination rules for errors (see Section IV). For example, consider the two measured data 
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The product xy has the fractional error 
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Now 
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Note that the answer has three significant figures whereas the “rule of thumb” stated above implies that it should have only two. Thus this rule must be applied with judgment. If there is ever any doubt as to the proper number of significant figures in a result one can always fall back on the rules for combinations of errors.

APPENDIX B

Measures of Accuracy and Precision

Accuracy implies closeness to the true value.

Precision implies closeness to the mean value.


Consider three archers who take turns shooting arrows at a target. The arrows of each archer fall as shown:

The first archer demonstrates both high accuracy and high precision; all of the spots the arrows hit cluster about the bullseye. The second archer demonstrates high precision but low accuracy. The points where the arrows hit are clustered together but are shifted from the bullseye. Perhaps the archer is sighting incorrectly. The third archer demonstrates neither accuracy nor precision; the arrows hit the target randomly. One did hit near the bullseye; but that was one “lucky” shot.


The results of the first archer are analogous to good measurement technique; the bullseye, of course, is the analogue of the “true value” of some quantity of interest. The results of the second archer exemplify systematic error. Such errors can usually be corrected by making an appropriate adjustment. The results of the third archer are analogous to careless measurement or faulty equipment. They may also be the result of random external or internal interference (noise) that adversely influences the results.


When a measurement of a quantity having a known or accepted value is made, the percent error is:
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When two measurements of the same quantity are made their precision is measured by the % difference:
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Use % Error when an accepted value is known or can be looked up in a handbook.


Use % Difference when both values have the same reliability so that neither can be considered an accepted value.


Note that the mean deviation discussed in Section III is a measure of precision as is the % Difference. Use the mean deviation if you are dealing with more than two measurements.

APPENDIX C

Derivation of Rules for Combination of Errors

Sum or Difference

Let A and B be measured quantities and (A and (B their respective measures of error (positive quantities). Let C = A + B. Then
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Now (C can range from 
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(C is also the measure of error for A – B since this is the same as writing 
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Product or Quotient

We have that
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Multiplying out the binomials in the erroneous product gives
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The key idea is that 
[image: image67.wmf] and 

AB

ee

 are presumably small numbers. (See, for example, the first example of Rule 2 in Section IV.) Hence 
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By definition
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so that
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This establishes Rule 2 for products. For quotients we can write
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Using the product rule proved above we have
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 in dealing with random error we have that
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This completes the proof of Rule 2.

Power Law

The product-quotient rule (Rule 2) can be stated in a simplified form when dealing with a power law relationship.
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The binomial theorem states that if a, b, and n are numbers


[image: image76.wmf](

)

(

)

22

1

1

1!2!

n

n

n

n

nnab

nab

aba

-

-

-

+=+++

K

.

This theorem holds for any rational or irrational n. Hence
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Since ex is a small number we can write to a good approximation
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That is, if 
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 and ex is the fractional error in x, the fractional error in y is nex, where n is any real number.
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